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Abstract

Reconstructing atmospheric surface COs is crucial for un-
derstanding climate dynamics and informing global mitiga-
tion strategies. Traditional inversion models achieve pre-
cise global CO5 reconstruction but rely heavily on uncer-
tain prior estimates of fluxes and emissions. Inspired by
recent advances in data-driven weather forecasting, we ex-
plore whether data-driven models can reduce reliance on
these priors. However, COs reconstruction presents unique
challenges, including complex spatio-temporal dynamics,
periodic patterns and sparse observations. We propose CO5-
Net, a data-driven model that addresses these challenges
without requiring extensive prior data. We formulate CO4
reconstruction as solving a constrained advection-diffusion
equation and derive three key components: physics-informed
spatio-temporal factorization for capturing complex trans-
port dynamics, wind-based embeddings for modeling pe-
riodic variations and a semi-supervised loss for integrat-
ing sparse COo observations with dense meteorological
data. CO3-Net is designed in three sizes—small (S), base
(B) and large (L)—to balance performance and efficiency.
On CMIP6 reanalysis data, COz-Net (S) and (L) reduce
RMSE by 11% and 71%, respectively, when compared to the
best data-driven baseline. On real observations, CO2-Net
(L) achieves RMSE comparable to inversion models. The
ablation study shows that the effectiveness of wind-based
embedding and semi-supervised loss stems from their com-
patibility with our spatio-temporal factorization. Code is
available at hitps://github.com/Leamonz/CORE.

1. Introduction

Atmospheric surface COs is a primary driver of climate
change, contributing significantly to global warming through
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Figure 1. CO2 concentrations (umol/mol): (a) Ground-truth; (b)
Sparse direct observations; (c) Output of ViT; (d) Output of our
CO2-Net (L). Our CO2-Net (L) outperforms ViT in ground-based
COx, reconstruction, and well captures CO2 dynamics.

the greenhouse effect. Comprehensive surface CO, data is
critical for understanding the carbon cycle, improving cli-
mate predictions and supporting mitigation strategies such as
carbon capture, emissions reduction and renewable energy,
aligned with international climate goals like the Paris Agree-
ment. However, historical surface CO5 observations are lim-
ited due to sparse monitoring networks like the NOAA Fed-
erated Aerosol Network [2]. While recent satellite data and
related reconstruction methods provide detailed CO5 records
for the past decade, reconstructing atmospheric surface CO4
before the satellite era relies on limited station data. Inverse
modeling approaches, including Bayesian synthesis [33],
variational methods [21] and Kalman filters [32], address
the sparsity by combining sparse CO5 observations with
auxiliary meteorological variables (e.g., temperature, wind,
surface pressure) within physical transport models. While
accurate, these methods are constrained by their reliance on
uncertain prior estimates (e.g., fluxes and emissions) and
are computationally expensive, limiting their scalability for
real-time applications.

Recently, deep neural networks have made significant
advancements in climate modeling. Models such as Four-
castNet [31], ClimaX[29], ClimODE [42], Pangu [3] and Au-
rora [5] achieve error rates comparable to traditional medium-
range weather prediction systems while offering substantial
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improvements in computational efficiency. Despite these
advances, data-driven approaches for reconstructing global
surface CO, concentrations remain relatively underexplored.
This gap raises a critical question: Can data-driven methods
reconstruct global surface COy concentrations with error
rates comparable to inversion models, within the same order
of magnitude, without relying on extensive prior data?

This reconstruction problem can be framed as an image
inpainting task, where missing data needs to be filled. How-
ever, it introduces three unique challenges that are not typi-
cally encountered in conventional inpainting tasks. First, cap-
turing the spatio-temporal dynamics of CO4 concentration is
inherently difficult. While spatio-temporal factorization tech-
niques have been explored in video understanding [19, 43], it
remains unclear how to effectively adapt them to accurately
model atmospheric dynamics. Second, atmospheric patterns
exhibit strong temporal periodicity, including seasonal (e.g.,
summer-winter) and diurnal (day-night) cycles, as well as
spatial periodicity driven by phenomena like trade winds.
Prior work [22, 42] incorporated spatial and temporal em-
beddings to model these periodic signals. However, how
these embeddings improve the model’s ability to capture
atmospheric dynamics remains unclear. Third, CO5 obser-
vations are sparse (Figure 1(b)), with limited spatial cover-
age (covering 0.7% of global surface) and a relatively short
time span (collected after 2000). Although self-supervised
training methods have shown promise in addressing spar-
sity in computer vision [13, 41], their application to CO4
reconstruction remains unclear. The key challenge lies in
identifying appropriate hidden representations and selecting
input variables that adhere to physical principles to design
an effective self-supervised reconstruction loss.

1.1. Our Contribution

In this paper, we propose CO5-Net, a physics-informed
spatio-temporal model designed specifically for CO» recon-
struction with three key components.

CO,-Net employs a spatio-temporal factorization in-
spired by the linear superposition of PDE solutions. We
frame the reconstruction problem as a constrained advection-
diffusion equation, decomposing it into a time-invariant par-
ticular solution and a time-varying homogeneous solution.
Using this decomposition, we apply a spatial expert to model
the particular solution, capturing spatial distribution of COs,
and a temporal expert to model the homogeneous solution,
capturing the temporal dynamics of CO; and its interactions
with other variables. This design enables CO»-Net to capture
complex spatio-temporal dynamics.

COs-Net is equipped with wind-flow based spatio-
temporal embeddings designed to capture periodic patterns
in atmospheric dynamics. We theoretically prove that the ho-
mogeneous solution can be uniquely represented as a series
of spatio-temporal basis functions. These functions guide

the design of periodic embeddings, enabling the model to
effectively represent periodic variations.

CO;-Net incorporates a semi-supervised loss to address
the challenge of sparse CO5 observations while ensuring
physically grounded reconstruction. The novel aspect lies in
identifying the appropriate hidden representation to recon-
struct the relevant input features, which enables the design
of a self-supervised loss. We prove that the wind field can be
exactly recovered from the homogeneous solution. Based on
this, we leverage the hidden representations of the temporal
expert to reconstruct the wind field, ensuring that the model
outputs adhere to physical principles and effectively mitigate
the sparsity issue in the CO5 observation.

We develop CO»-Net in three sizes, ranging from 38M
to 247M, to balance performance and efficiency. Exten-
sive experiments on reanalysis data show that CO,-Net (S)
achieves lower RMSE than all baselines, while CO5-Net (L)
further reduces it significantly, with reductions of 11% and
71%, respectively, compared to the best data-driven base-
line, Vision Transformer (ViT), as shown in Figure 1(c) and
(d). On real observation data, CO5-Net (L) achieves an
RMSE comparable to inversion models. The ablation study
shows that the effectiveness of wind-based embedding and
semi-supervised loss stems from their compatibility with
our spatio-temporal factorization, highlighting the crucial
interplay between model architecture, embedding design and
self-supervised task formulation in CO reconstruction.

2. Preliminary

Notations. Let S? denote the unit sphere in R?, pa-
rameterized with the latitude-longitude grid ( ; ) 2 Q =
[ 5:5) [ + ] Foratime-dependent function ”( ; ;t),
we write 7 = %t . The symbol “ ” denotes the standard inner
product on R3. The spherical gradient ¥ on S? is given in
(; )-coordinates by r” = %—’ é + Cols g—’ € : where é
and € are the unit tangent vectors in the -and -directions,
respectively. The divergence on S? is denoted by ¥ , and
the spherical Laplacian is denoted by r2.

Atmospheric Data. Reconstructing CO5 concentrations
requires integrating sparse COy observations with auxiliary
data, such as temperature, humidity, and pressure, which are
densely sampled via satellites and sensor networks. While
auxiliary variables provide near-complete spatio-temporal
coverage, CO5 data remain sparse and unevenly distributed,
collected primarily from ground-based stations [46]. Prior
studies [6, 20, 49, 50] demonstrate that leveraging the dense
observation of auxiliary variables and the shared spatio-
temporal dynamics between these variables and CO5 en-
hances reconstruction precision. Building on these insights,
we assume full observations of the wind field w and aux-

Q  [0;T], while CO2 data are limited to specific ground-
based locations, denoted by Z Q.



Atmospheric Advection-Diffusion Dynamicsdescribe iS" general= ' homot ' part. Moreover, if the wind eld, source

the spatiotemporal transport and diffusion ©0, con- and diffusion coef cient are constant over the interjal +
centration,' (; ;t ), and K auxiliary variables, = t], the particular solution' ,ax becomes time-invariant,
1;::1; k), driven by the wind eldw( ; ;t ). These depending only on the initial time.

processes are governed by the advection-diffusion equation, K Th i dix A foll directly f
capturing the interactions of advection, diffusion, and ex-  kemark: The proofin Appendix A follows directly from

ternal sources. The dynamics are represented by the Iineatrh,e Iipearity ,Of the advectior'ljdiffusion operatq@ and the
differential operator: principle of linear superposition for PDE solutions.

Inspired by this, we introducespatial experto model
the particular solution andtemporal experto model the
homogeneous solution, with an MLP fusing the two experts
to produce the nal prediction. While CASTLP], a model
designed for action recognition in videos, employs a similar
spatio-temporal factorization, our approach is derived from
underlying physical principles.

Spatial Expert. The spatial expert models the time-

cients for ""T‘d k- Thetermss( ; ;t .) gndsk( it _) de- invariant particular solutioh 4 by capturing spatial cor-
note external in uences, such as radiation or chemical trans-

. e . relations within individual frames of the input sequence.
format|on_s._Notany_, all d.'ffu.s.lon coef cients and SOUrCe - ag jllustrated in Figure 2, it consists of a spatial tok-
terms exhibit dynamllc variability |n'both space and time. enizer and 4 -layer ViT. The input is a tensor of shape
Problem Formulat|on. The goalis to re_constructglpbal B (K+1+ E) t H W,whereB is the batch
CGO, concentrations from sparse observations by solving the

following constrained partial differential equation (PDE):

1 @l L} 2I
= — + :
Lel 1= gyt (w r) cr?
where the diffusion coef cien€ varies dynamically in space
and time. The governing equations 060, and auxiliary
variables are expressed &5 [' | = s;Lp, [ k] = sk;k =

size,K + 1+ E isthe number of channels (includi@0,,
K auxiliary variables an& additional spatio-temporal em-

"1 e : , — . beddings), t is the number of input frames, akd W
L =s; subjectto a =1 — 1 ’ o ) L
ol'] ) z O] z pri @) denote the spatial dimensions. The spatial expert processes
wheref denotes the observedO, concentrations and €V€N frames of the input sequence, mixing them across the
f denotes its restriction to the subst [0;T] sequence to discard inter-frame features. This ensures a fo-
zZ [0;T] Tl

cus solely on spatial correlations within individual frames.

To address the dif culty of solving this PDE, we reformulate HW

it as an optimization problem to minimize the mean squared
error between observed and predic@@, concentrations:

The spatial tokenizer divides each frame ito= b

non-overlapping patches of sipe @, attening each patch

into tokens of dimensioD, resulting in a tensor of shape

minLeypu(F), K Flw; ;fIK3; 2) (B =) N D. TheL—Iayer\ﬁT then processes theseT

F tokens to learn intra-frame spatial correlations while main-

taining the tensor shape. The spatial expert outhssia a

hidden representation encoding spatial dependencies.
Temporal Expert. The temporal expert models the time-

varying homogeneous solutidoneme by capturing inter-

frame dynamics in the input sequence. It shares the same

where the functional nortk k, denotes thé 2 norm over
[0; T]. Here,F[w; ;f]is areconstruction model map-

ping the wind eld w, auxiliary variables , and partial

CO, observationg to an approximation of the fulCO,

concentration . ) . :
input tensor as the spatial expert and comprises a temporal
3. Our Approach:; CO,-Net tokenizer and & -layer ViT. Unlike the spatial expert, it
tokenizes the sequence in@ N non-overlapping tubelets
3.1. Physics-based Spatiotemporal Factorization of size2 p qwithout subsampling or rearrangement,

To design an appropriate spatio-temporal factorization preserying inter-frame _relatio_nships. Thesg tubelets are pro-
for CO, reconstruction, we analyze the solution of the con- Jethed Into tolt<ens of dlmenﬁldh,kresultmg 'r? a tensor of
strained PDE in Eq(1) over a shorttime intervdl; + t].  ShapeB (5 N) D. The tokens are then processed

The following proposition establishes that the general solu—?y thel(_j-layer_\ﬁT tohmodelzl temporal cr(])_rdrglatlons and inter-
tion comprises two components: a time-invariant particular rame dynamics. The nal output is a hidden representation,

solution and a time-varying homogeneous solution. temporal WhiCh_ encodes the. temporal dependencies.
Output Fusion. The spatial and temporal expert outputs,

Proposition 1 (Linear Superposition of Solutions in PDE). Nspatial @Nd hemporar are fused via element-wise addition:
Let' part be the particular solution of the equation, satisfying hsusion = Nspatiait Ntemporai This fused representation is pro-
Lo[ pat] = S. Let' nhomo be the homogeneous solution, cessed by a three-layer MLP with hidden dimensions of 768,
satisfyingLp [ homd = O under the constraint nome = and the nal layer maps the output to the target dimension
f ' paronZ [0; T]: Then, the general solution to E(.) H W, producing the prediction.



Figure 2.0verview of CO,-Net. CO,-Net integrates a spatial expert and a temporal expert, each condistayar ViT blocks. The two
experts interact via the layer-wise B-CAST module, strengthening spatio-temporal understanding. Hidden representations from the two
experts are fused through a three-layer MLP to generate the nal prediction.

3.2. Wind-Flow based Spatio-Temporal Embedding  rst use the identity theorem for real-analytic functions to
show that the initial condition is uniquely determined and

In this subsection, we design spatio-temporal embeddings | iic. allow ¢ v the Cauchv—Kovalevsk
grounded in the physical dynamics of the advection-diffusion real-analy’iC, allowing us to apply the Lauchy=rovalevskaya
theorem rigorously.

equation. We prove that the homogeneous solution of the By this theorem, the unique solution is a power series
constrained equation is unique and explicitly represented _ ! P i .
g d PUCITY rep of the basis functiong, € , € , €Y, andeV!, capturing

as wave components in spatial (latitude and longitude) and™" " "~ - . \
temporal dimensions. Under a zonal ow model, we derive periodic patterns in time and space. Using Euler's formula,
’ we de ne the temporal embedding as

these components analytically, capturing periodicity and

dlrectlor_1al atmosphercoz dynan_ncs. These msghts:. g_wde (t) = fcos(2Ut );:sin(2 Ut ); cos(2Vt);sin(2 Vt); 1g;

the design of embeddings that incorporate periodicity and

transport dynamics for modeling atmospheric processes. whereU andV denote the zonal (east-west) and meridional
We formalize these ideas in the following theorem, which (north-south) wind speeds, respectively. The spatial terms

establishes the existence, uniqueness, and wave-based rep)- ande’ can be expressed using trigonometric functions,

resentation of the homogeneous solution to the constrained

: O ) 2 2 2 2
advection-diffusion equation. © ) = £ -sint_- £ g - .
q (; ) cosN ;sin N 71 COSM ;sin M 1

Theorem 2 (Existence and Unigueness of the Real Ana-
lytical Solution). LetZ  S? be a non-empty open subset.
Let sources and coef cient be two real analytic functions
de ned onS? [0; T]. Letf ( ;t) be real analytic orZ for
eacht. The PDEL [ ]= s, subjecttd =f onZ f Og,
admits a unique analytical solution,
X X .
"(rat)= Anm ()™ Pr:n (cos ); (3)

n 1jmj n

whereN andM denote the grid resolutions for latitude
and longitude. Combining the temporal terms and spa-
tial terms leads to thpint spatio-temporal embedding:

G;:t)= (;) (t): Following ClimODE }2], we
adopt the same spatial embeddings but incorporate wind- ow
dynamics into the temporal embeddings, replacing its daily
and yearly approach for improveZiO, reconstruction. In
Appendix D, we present an additional theorem demonstrat-
ing that, with joint spatio-temporal embedding, the solution
whereA . (1) are time-dependent coef cients af" are in Eq. (3) can be implementgd as a neural network with an
associated Legendre functions. Furthermore, assuming ad"chitecture closely resembling Glet.

source terns, and a constant diffusion coef cient, the

expansion coef cientd nm (t) take the formAnm (t) = Prior researchl9, 37] has shown that exchanging hidden
Byme N+ trimut 4 ’Cn_m whereB . andén-m are representations between spatial and temporal experts in early
time-independent constants determined by the initial condi-/2Y€rs signi cantly improves model performance compared
tion and the source term. to simple summation at the output layer. Lee efH)] in-

troduced the Bottleneck Cross-Attention in Space and Time

Remark: The proof, shown in Appendix B, establishes (B-CAST) module, which facilitates interaction between spa-
the existence and uniqueness of the solution using thetial and temporal models through early-layer representations,
Cauchy—Kovalevskaya theorem. However, a direct appli-enabling more balanced spatio-temporal learning. Similarly,
cation is not possible, since the initial condition is given Skean et al[37] demonstrated that embeddings from inter-
only on an open subsé, instead ofS%2. Therefore, we  mediate layers are more effective for downstream tasks than



Table 1. Overview of datasets.
those from the nal layer. Building on these ndings, we

adopt a layer-wise connection module based on B-CAST to Dataset Auxiliary Variables CO, Data

ef ciently exchange representations between the spatial and (Ppsa) 5‘,2’)33%5 (%’,\S (\r’nA,g) gnP)H (%F)*O mol =mol

temporal experts, enhancing spatio-temporal understanding: CabonTrackerCTX X X X X X X Spot Records
CMIP! X X X X X x x Monthly Avg.

3.4. Semi-supervised Physics-informed Loss

Traditional supervised learning minimizes the lbsgpy. Table 2. Overview of dataset divisions by year.

to t reconstructed outputs to ground truth labels. While . —

ffective in vision tasks with complete inputs, such as clas- pataset Tran validation Test
e_ eC_ . P P = CarbonTracker(CT) 2002-2018 2001, 2019 2000, 2020
si cation [28, 51] and recognition 45, 47], this approach CMIPG 1865-1999 1860-1864, 1850-1859,
o . . 2000-2004 2005-2014
is inadequate folCO, reconstruction due to observation

sparsity, which can impede training. Inspired by the ef- RQ1: How doesCO,-Net compare in (1) globaCO;
fectlvgness of self-supervised ]earnlng in m|t|ga}t|ng data reconstruction accuracy against baselines and (2) spot recon-
sparsity [/, 13, 41], we leverage hidden representations from struction accuracy against inversion models?
intermediate layers for self-supervised reconstruction. RQ2: DoesCO,-Net perform better in reconstructing

A.‘ key challe_nge n self-superwsed_reconstructlo_n IS S€hoth long-term global dynamics and short-term local events?
lecting appropriate hidden representations and de ning suit- RQ3: How do spatio-temporal factorization, wind-based

aple reponstrugtlor? object|vg8, [L9). This chgllenge inten- embedding, layer-wise connections and the semi-supervised
si es with multiple input variables and the involvement of loss function individually enhance performance?

spatiotemporal experts, making it unclear which variables to
reconstruct and which representations to use. To address thig.1. Experimental Setups
we propose a theorem demonstrating that the wind eld can
be precisely reconstructed from the temporal expert when it
corresponds to the homogeneous solution, providing insights
into the design of self-supervised objectives.

In this subsection, we introduce the experimental setups,
including the data, baselines, evaluation metrics and imple-
mentation details. We provide details in Appendix E.

Reanalysis Data.We use two datasets, CarbonTracker
Theorem 3. Let' :S? [0;T]! R be asmooth function (CT)[16] and CMIP6 [L1], both with a spatial resolution of

with non-vanishing gradient and satisg, + (W r )’ = 2 3 .We use the CTreleased in 2022, and for CMIP6,
Dr 2'; wherew is a non-zero time-dependent smooth vector we use data from historical experiments conducted by the
eld on the spheres?. Thenw is uniquely determined By. CanESM3 model. CT provides high temporal resolution

data at 3-hour intervals, while CMIP6 offers coarser, monthly
averaged data. CT includes seven surface variables (Table 1),
such as surface air pressure (PS), speci ¢ humidity (HUSS),
air temperature (TAS), and wind components (UAS, VAS),
while CMIP6 excludes geopotential height (GPH) and orog-
raphy (ORO). Dataset splits are shown in Table 2, with val-

Based on this result, we de ne the wind eld reconstruc- idation and testing sets covering the rst and last years to
tion loss as a self-supervised objective. We implement it 9 9 y
evaluate long-ternCO, trends.

using a linear perceptron applied to the output representation ) . .
g P P PP P P Real Observation Data. We utilize real atmospheric

of the temporal experiemporas The loss is given by CO, observation data from GLOBALVIEWplus (GV+3],
L wind = mvivn kw W NemporalW; ;fIK3; provided by NOAA. GV+ comprises glob&O, measure-
ments collected from a network of surface spots worldwide.
wherew is the input wind eld andW is the weight matrix |t includes 3-hour intervaCO, measurements from 96 sur-
of the reconstruction module. The nokmk, denotes the face spots. We random]y select 72 spots and emp]oy obser-
L?normover  [0;T]. The nal semi-supervised los&  vations from these spots for training, while data from the
de ned as the weighted sum @fying and the supervised I0ss  remaining 24 spots are used to assess the capability of the

L supv.de ned in Eq. (2), i-e.L semi-supv= Lsupv.* L wind; model to reconstruct actu@lO, concentration and compare
where balances the two terms. This loss ensures alignmentiig performance with inversion models.

with SUperVised labels while enforCing phySical constraints Baselines.We evaluate three types of baselines: inver-
from wind-driven dynamics. sion, numerical and data-driven models. Inversion models
include 4D-Variation 16] and COLA [23]. Numerical mod-
els include Kriging interpolation30] with spherical and

In this section, we conduct experiments to address the  vhps://igml.noaa.govicegg/carbontracker/
following research questions: Y https://climate-scenarios.canada.ca/?page=cmip6-scenarios

Remark: The proof in Appendix C uses the fact that
if v satises(v r )" =0 inadomain where ' is non-
vanishing, thewv = 0. Hence, if the homogeneous solution
' has a non-vanishing gradient in a domain, this theorem
guarantees that the wind el is uniquely determined.

4. Experiment
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