




For instance, if the radar is swept in the xy-plane (with zero
angle corresponding to the x-direction) then n is given by

n(θ) =

 sin(θ)
− cos(θ)

0

 . (3)

The downside of this model is of course that we now need
more than one radar position to estimate a 3D position. This
leads us to the following basic problem

Problem 1 Given N observations (ri, θi), i = 1, . . . N , of
a 3D point, from radar positions yi, what is the best esti-
mate of the 3D point position x?

Since each measurement puts two constraints on x we need
at least two measurements to estimate x.

2.1. Linear solution
Given two or more radar positions, we can linearly estimate
the unknown target 3D position x, using standard tech-
niques. For example, if we have two radar measurements
from y1 and y2 respectively, we have

||x− y1||22 = r21, (4)

nT
1 (x− y1) = 0, (5)

||x− y2||22 = r22, (6)

nT
2 (x− y2) = 0. (7)

Taking (4) − (6) will give a linear constraint on x, giving a
linear formulation for the solution of x according to nT

1

nT
2

2yT
2 − 2yT

1

x =

 nT
1 y1

nT
2 y2

r21 − r22 − yT
1 y1 + yT

2 y2

 . (8)

If we have more measurements, we can simply stack the
linear equations, giving an overdetermined system of 2N −
1 equations given N radar positions.

2.2. Minimal solution
Given two radar observations we can also simply derive
a minimal solution by dropping one of the quadratic con-
straints. Using (5) and (7) will constrain x to

x = vo + λv1, (9)

where vo and v1 are known vectors depending only on the
data, and λ is an unknown parameter. Inserting this expres-
sion into (4) gives a second-degree polynomial in λ lead-
ing to two potential solutions for x. These solutions can
be checked in (6) for the final estimate. If we have more
available radar measurements, we can directly use this sim-
ple minimal solver in a RANSAC framework [11] to get a
robust estimate of x.

3. Optimal approximate triangulation
Using the linear solution given in Section 2.1 will often give
a reasonable solution if we have many measurements, from
radars that are spatially separated. However, if we have
many measurements, and if we have some knowledge about
the accuracy of our measurements, we would like to use this
to find a statistically more valid solution. We would also
like to find the target position where the cost is geometri-
cally well founded. We will in this section describe how we
can model our problem and derive a non-iterative method
for finding the near optimal solution in a statistical sense.
To this end, we assume that our measurements are corrupted
by additive noise, that is also assumed to be independent
between measurements. Our error model is illustrated in
Figure 2. The range measurement is simply assumed to be
offset with additive noise with zero mean and standard de-
viation σ (in e.g. meters). We will throughout the paper
assume that we have a reasonable estimate of σ given. The
azimuth heading is assumed to be disturbed with zero mean
noise of standard deviation δ, given in angle units. Again,
we assume this quantity to be known. Now, if we look at a
measurement, the standard deviation of the orthogonal off-
set to the corresponding plane n (due to the error in θ) can
then be well approximated with rδ. If we assume that the er-
rors follow normal distributions, we get for a measurement
the following equations,

||x− y||2 − r = ϵr, ϵr ∈ N (0, σ), (10)

||nTx− nTy||2√
nTn

= ϵθ, ϵθ ∈ N (0, rδ). (11)

We will in the following assume (w.l.o.g) that nTn = 1.

3.1. Maximum likelihood formulation
Given N measurements, we would like to find the x that
maximizes the likelihood of getting these measurements
(the ML estimate). On the assumption that the errors in
these measurements ϵ = (ϵr1 , ϵr2 , . . . , ϵθN ), are indepen-
dent we get the following maximization problem

argmax
x

P (ϵ|x) = argmax
x

N∏
i=1

P (ϵri |x)P (ϵθi |x). (12)

We will in this paper assume that the errors follow normal
distributions, and hence the probabilities are given by

P (ϵri |x) =
1√
2πσi

e
−(||x−yi||−ri)

2

2σ2
i , (13)

P (ϵθi |x) =
1√

2πriδi
e

−(nT
i x−nT

i y)2

2r2
i
δ2
i . (14)

Looking at the Negative Log Likelihood (NLL), and disre-
garding the normalization constants, will then give us the
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following non-linear least squares problem,

argmax
x

P (ϵ|x) = argmin
x

− logP (ϵ|x) =

(15)

argmin
x

N∑
i=1

− logP (ϵri |x)− logP (ϵθi |x) =

(16)

argmin
x

N∑
i=1

(||x− yi||2 − ri)
2

2σ2
i

+
(nT

i x− nT
i yi)

2

2r2i δ
2
i

.

(17)

This is a non-linear and non-convex problem, so it’s diffi-
cult to derive a closed-form solution. If at least the cost was
polynomial in x we could potentially differentiate the La-
grangian of (17), and solve for all possible local minima,
and evaluate these to find the optimal x. In order to do this,
we linearize the square root in the first terms of the sum in
(17) to get

(||x− yi||2 − ri)
2 ≈ 1

4r2i
(||x− yi||22 − r2i )

2. (18)

Note that we choose the point that we linearize around to
be the actual measurement ri. Inserting this approximation
into (17) will then give a cost on the form

L(x) =

N∑
i=1

ωi(||x− yi||22 − r2i )
2 + γi(n

T
i x− nT

i yi)
2,

(19)
with ω−1

i = 8r2i σ
2
i and γ−1

i = 2r2i δ
2
i . This is then the

problem that we would like to solve,

Problem 2 Given N observations (ri,ni), with standard
deviations σi and δi, i = 1, . . . N , from radar positions yi,
what is the approximate maximum likelihood estimate of the
3D point position x, i.e. that minimizes (19)?

3.2. Maximum a posteriori formulation
The previous section described how we can formulate the
ML problem for triangulation. In some cases, we have some
prior information on the position x, such as e.g. that the
height is close to some ground plane. We will now show
how we can incorporate such priors in our model. Using
Bayes formula, we can directly formulate this problem as

argmax
x

P (x|ϵ) = argmax
x

P (x)P (ϵ|x)
P (ϵ)

. (20)

The optimization problem will not depend on P (ϵ), so we
can discard this factor. The second factor in the nominator
is the likelihood described in the previous section. If we
model the prior P (x) using a Gaussian with mean x0 and

covariance matrix Φ and take the negative logarithm of (20)
we will get the following problem

x = argmin
x

L(x) + (x− x0)
TΦ−1(x− x0), (21)

with L(x) given by (19). This gives us the Maximum a
posteriori (MAP) problem formulation

Problem 3 Given N observations (ri,ni), with standard
deviations σi and δi, i = 1, . . . N , from radar positions yi,
and the prior assumption that x ∈ N (x0,Φ), what is the
approximate MAP estimate given by (21).

3.3. Solution by enumerating all local minima
We will now describe our method for finding the solution
to Problem 2. We will do this by differentiating the cost in
(19) w.r.t. x, and finding all solutions. The global optimum
of (19) will be located at one of these local minima. Here
L(x) is of fourth-degree in x, so the derivatives will be of
degree three,

L′(x) =

N∑
i=1

4ωi(||x− yi||22 − r2i )(x− yi)+ (22)

2γi(n
T
i x− nT

i yi)ni. (23)

We can write this in the following way, in terms of different
degree terms in x,

L′(x) = a(xTx)x+ (xTxI + xxT )b+ Cx+ d, (24)

with

a1×1 =
∑
i

4ωi, b3×1 =
∑
i

−4ωiyi,

C3×3 =
∑
i

4ωi((y
T
i yi − r2i )I + 2yiy

T
i ) + 2γinin

T
i ,

d3×1 = −
∑
i

4ωi(y
T
i yi − r2i )yi + 2γi(n

T
i yi)ni.

This problem has the same structure as the optimal trilater-
ation problem described in [25]. We will follow the same
solution strategy here, which will lead to an eigenvalue for-
mulation. To see this, we first translate our coordinate sys-
tem so that b =

∑
−4ωiyi = 0. This will eliminate second

degree terms. We then do an orthogonal diagonalization of
the symmetric matrix C = UĈUT . Writing this in terms
of x̂ = Ux and d̂ = Ud gives a separation of variables
according to

(x̂T x̂)x̂j + Ĉjj x̂j + d̂j = 0, j = 1, 2, 3, (25)

where x̂ = [x̂1, x̂2, x̂3]
T and d̂ = [d̂1, d̂2, d̂3]

T . Mul-
tiplying each equation with x̂j then leads to the following
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eigenvalue formulation of the problem −Ĉ − diag(d̂) 03×1

03×3 −Ĉ −d̂
11×3 01×3 0


︸ ︷︷ ︸

Q7×7

w = λw, (26)

with λ = x̂T x̂ and w = [x̂2
1, x̂

2
2, x̂

2
3, x̂1, x̂2, x̂3, 1]

T . The
matrix Q on the left-hand side is 7× 7, and there are hence
seven eigenvectors. Each possible eigenvector will corre-
spond to a local minimum of our problem, and we can find
the global optimum by simply evaluating the cost for each
solution, and choose the best one. The different steps are
summarized in Algorithm 1. This approach gives us the

Algorithm 1 ML Eigenvalue solver

Require: yi, ri,ni, σi, δi, i = 1, . . . , N
Ensure: x

1: Change coordinate system
2: Build the matrix Q in (26)
3: Find the eigenvectors wk of Q, k = 1, . . . , 7
4: Change back to original coordinate system
5: For all eigenvectors extract local minimizers xk

6: x = argminxk
L(xk), k = 1, . . . , 7

solution to Problem 2, but we can use the exact same ap-
proach to solve Problem 3 using some minor changes. We
get the derivative of the cost in (21) by simply adding the
term S(x − x0) to (24), where STS = Φ−1. The only
change that this leads to is that we will use the modified
constants

C ′ = C + S, d′ = d− Sx0, (27)

in the algorithm.

4. Experimental evaluation
We will now evaluate our proposed solver in a number of
ways, on synthetic and real data. The Matlab implementa-
tion of our solver runs in 60µs on an Apple M3 Pro. For
real radar datasets, it’s difficult to annotate and find ground
truth for 3D target point data. For this reason, we have
constructed semi-synthetic data, based on publicly available
large structure from motion reconstruction datasets.

4.1. Synthetic data
We will start by evaluating the solver on synthetic data with
no noise added. We generated problems with N = 15 radar
positions, and a randomly positioned target xt. From this
we calculated corresponding measurements ri and ni. Run-
ning Algorithm 1 gives an estimate position x. We can then
calculate the norm between the ground truth and the esti-
mate. We repeat this a large number of times (100000).

-15.5 -15 -14.5 -14 -13.5 -13 -12.5 -12
0

1000

2000

3000

4000

5000
Optimal

log10 distance to GT

Figure 3. Histogram of logarithmic errors on synthetic data with
no noise, given 100000 random instances using 15 radars. The
largest error was in this case 3.2e-12

A histogram of the logarithm of the errors is given in Fig-
ure 3. One can see that we get close to machine precision
errors in this case. Next, we would like to test how the
method performs in the presence of noise. To this end we
again generated synthetic sequences of data but added dif-
ferent amounts of noise to the measurements. We do the
tests by varying the standard deviations of the range mea-
surements σ and of the angle measurements δ, individually
and in combination. We compare our proposed solver with
the linear approach described in Section 2.1. The distance
between the estimates and the ground truth as a function of
standard deviation of the added noise is shown in Figure 4.
From left to right we vary σ, δ and both (σ, δ) in combi-
nation, respectively. One can see that the proposed solver
consistently gives more accurate solutions than the linear
solver. One can also see that when only one of the stan-
dard deviations increase, the error in the estimate becomes
bounded, even for very large standard deviations. When
both standard deviations are increased the error increases
linearly in the standard deviations. In the graphs we also
show the oracle maximum likelihood estimate (in dashed
yellow). This is obtained by minimizing the real (not ap-
proximate) cost given in (17). We find the minimum using
a Levenberg-Marquardt solver with the ground truth posi-
tion as starting point. One can see that our proposed op-
timal solver consistently finds a very close estimate to the
true ML estimate. All metrics are based on a large number
of runs (10000) for each standard deviation, and the mean
of the runs is reported in the graphs. The previous graphs
showed the errors compared to the ground truth positions.
We can also look at the errors that we optimize, i.e. the cost
in (19). Figure 5 shows these errors for the exact same ex-
periment. Since we normalize the cost with the given stan-
dard deviations, we should get a constant cost, for varying
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Figure 4. Results on synthetic data, for varying amounts of added noise. We compare our optimal solution with the linear solver
and the oracle maximum likelihood solver. On the y-axis the distance between the ground truth and the estimates are shown. From left to
right the graphs show reconstruction errors as functions of increasing noise in range individually, angle individually and range and angle in
combination, respectively. Due to the complementary nature of range and angle measurements, we get bounded errors if one of the errors
is fixed. Note that the linear solver is very sensitive to range errors due to (8).
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Figure 5. Results on synthetic data, as in Figure 4, but showing the maximum likelihood cost (17) for the estimates on the y-axis.

-2.5 -2 -1.5 -1 -0.5 0 0.5
0

500

1000

1500

2000

2500

3000

3500

4000
Optimal
Linear

log10 distance to GT

Figure 6. Comparison between the proposed optimal solver and
the linear solver when we have varying standard deviations for
the 15 different radar positions. The graph shows histograms of
logarithms of distances between estimates and the ground truth
3D positions.

degrees of added noise. One can see that when we vary
both the standard deviations, we overestimate the standard

deviation for very large added errors. For all these synthetic
experiments we added gaussian noise with the same stan-
dard deviation to all the radar measurements. In Figure 6
we show the result of an experiment where we randomly
chose standard deviations for the different radar measure-
ments (but these are still assumed to be known). The graph
shows the histogram of the logarithms of the distances to
the ground truth target position. One can see that the pro-
posed optimal solver gives much lower errors than the linear
solution in this case also.

4.2. Large-scale semi-synthetic data
In order to perform a controlled, but large-scale experiment
with realistic data, we used real structure from motion data,
and generated simulated radar data from the given camera
positions. We show results from two reconstructions, the
Notre Dame data from [44] and the Coliseum part of the
Rome16K dataset [27]. We use the estimated 3D struc-
ture as ground truth. For each camera position, we calcu-
late the range and heading angle to all visible 3D points in
that camera. We use the visibility given by the feature point
associations in each camera. We then add random noise
to the measurements with some realistic standard deviation
(σ = 0.024m and δ = 0.45◦). The resulting reconstruc-
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Figure 7. Example 3D reconstructions from the semi-synthetic experiment. Left shows the original 3D reconstruction from the datasets.
Also shown in white are the camera positions. Second shows the reconstruction from the simulated radar data, using the proposed optimal
method. The simulated radar positions are the same as the camera positions in white. Third shows the reconstruction using the linear
method. To the right the reconstruction error distributions are shown (on the x-axis we have the logarithmic distance from the estimates to
the ground truth 3D positions).

Car track
3D point

Figure 8. Figure shows 3D reconstruction from real radar data from [6]. The blue path shows the ground truth path of the vehicle that was
used in the reconstruction. In green, the 3D points estimated using the proposed optimal method are shown.

tions from the simulated radar data is given in Figure 7. To
the left the original SfM reconstruction is shown. In the
middle the proposed optimal solver is shown, and to the
right is the reconstruction using the linear solver. The 3D
points are colored with the colors from the reconstruction
for visualization purposes. Also shown in each image are
the camera/radar positions in white. In the rightmost panel
the error distributions for the two datasets are shown. The

graphs show histograms of the logarithms of the distances
to the ground truth positions. One can see that we get small
errors and better estimates using the proposed solver com-
pared to the linear solver.

4.3. Real data use-case

In order to test our method on real data we have used the
large-scale dataset Boreas (A Multi-Season Autonomous
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Figure 9. Reprojections for eight radar positions for the experiment based on the real data from [6]. The grayscale images show the raw
radar measurements in the cartesian frame centered and aligned with the radar. The blue dots are the extracted and tracked feature points
using the SLAM system of [1, 19]. The red circles are the corresponding reprojected 3D points, estimated by the proposed optimal method.
The rms values for these reprojected points are 0.41m, 1.1m, 8.6m, 0.97m, 0.53m, 0.92m, 0.72m, and 6.1m respectively.

Driving Dataset) [6]. There is unfortunately not any ground
truth available for the radar detections. We take the raw
radar measurement and run a radar SLAM pipeline to ex-
tract features and track them throughout a sequence. We
have used the open source implementation given in [1],
which is an implementation of the SLAM odometry system
described in [19]. We then use the ground truth positions
and orientations of the radar positions when we triangulate
the 3D points. We estimate points that are seen in at least
five radar positions, and where the baseline of the radars is
at least five meters in total. As standard deviations we used
the half-width of the measurement resolution (σ = 0.024m
and δ = 0.45◦). The resulting reconstruction is shown in
Figure 8. In blue the ground truth path of the car (and
the radar) is shown. The estimated 3D points are shown
in green, with a number of close-ups given. We see that
we get reasonable estimates of the 3D structure that follows
the path of the vehicle. In Figure 9 the reprojections for a
number of radar positions are shown. The grayscale image
shows the raw radar data in the cartesian frame centered
around the vehicle (at pixel (320,320) in the image). The
blue dots indicate the feature points that were extracted and
tracked by the SLAM system. The red circles show the re-
projections of the estimated 3D points in these frames. One
can see that we get small reprojection errors for most points.
There seem to be some outliers in the data, but we haven’t
done any additional filtering before we ran our solver. It’s
also clear that the tracking system fails to detect and track
a large portion of the potential data points in the radar im-
ages. The SLAM system in [19] is working purely in 2D.
We believe that having stronger 3D representations could
benefit radar SLAM and reconstruction systems. Here the
use of our solver could potentially make the mapping both
more robust and accurate.

5. Conclusion
We have in this paper presented a geometrically based
framework for triangulation of 3D target points, given radar
measurements on range and azimuth angle. By formulating
a tractable and statistically meaningful error cost, we can
estimate the 3D point by simply solving a small eigenvalue
problem. We have shown that this gives an estimate that
is very close to the true maximum likelihood estimate, and
which degrades nicely with increasing degrees of noise in
the measurements. We have also shown how to incorpo-
rate priors on our model, in order to find MAP estimates.
We believe that geometric algorithms, such as the one pre-
sented in this paper, could be important building blocks in
many radar SLAM system, leading to increase in robustness
and accuracy. There is also a great potential in using such
geometric methods in bootstrapping learning based feature
extraction and tracking algorithm. This is especially true,
since there is a lack of good ground truth for 3D point data
in radar datasets. Finally, our proposed methods could also
serve other downstream perception tasks, such as detection,
recognition and scene understanding.
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