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Abstract

Recent approaches to the tensor completion problem
have often overlooked the nonnegative structure of the data.
We consider the problem of learning a nonnegative low-
rank tensor, and using duality theory, we propose a novel
factorization of such tensors. The factorization decouples
the nonnegative constraints from the low-rank constraints.
The resulting problem is an optimization problem on man-
ifolds, and we propose a variant of Riemannian conjugate
gradients to solve it. We test the proposed algorithm across
various tasks such as colour image inpainting, video com-
pletion, and hyperspectral image completion. Experimental
results show that the proposed method outperforms many
state-of-the-art tensor completion algorithms.

1. Introduction

Recent years have seen an increase in the quantity of
multidimensional data available, such as colour images,
video sequences, and 3D images. Flattening multidimen-
sional data to matrices usually leads to loss of information
as matrices cannot capture the inherent structures present
in most multidimensional data. This has led to increased
research on tensor-based techniques for handling such data.

The low-rank tensor completion problem aims to recover
an original tensor from partial observations. A well-known
[6] formulation for such problems is

min CLOW,Ya)+ ROW), (D
WERM X XNk

where Yo € R™1* %™K ig a partially observed tensor for
indices given in the set 0, L : R™>* " X"x — R is a loss

*Equal contribution

function, C' > 0 denotes the cost parameter, and R is a
regularizer enforcing low-rank constraint.

In many applications of tensor reconstruction such as
color image recovery, video completion, recommendation
systems, and link prediction, the data is nonnegative. Prob-
lem (1) does not enforce this structural constraint, and as
such, the recovered tensors might contain negative entries.

To incorporate these constraints, we consider the non-
negative low-rank tensor learning problem of the form:

min C|Wq — Yall*> + ROWV)
WeRan---XTLK (2)

subjectto W > 0,

where (Wa)iy i = Wiy,ig 1 (41,...,ix) € Q. We
convert the problem (2) into a minimax problem by con-
structing a partial dual similar to [15]. This leads to a fac-
torization of the tensor W in a form with separate factors
for the nonnegative and low-rank constraints. The mini-
max problem has a rich geometric structure. We employ
a Riemannian conjugate gradient algorithm to exploit this
structure and develop an efficient solution.
The main contributions of the paper are listed below.

e We propose a novel factorization for modeling nonneg-
ative low-rank tensors.

e We develop an algorithm exploiting the inherent geo-
metric structure of this factorization.

e Experiments carried out on several real-world datasets
show that the proposed algorithm outperforms state-
of-the-art tensor completion algorithms.

The rest of the paper is organized as follows. In Section 2,
we introduce the notation used in the paper. In Section 3, we
review previous work related to the tensor completion prob-
lem. In Sections 4 and 5, we develop the dual framework

3732



and present our algorithm. Section 6 details experiments
carried out to compare our algorithm with several state-of-
the-art algorithms. In Section 7, we end with concluding
remarks.

2. Notation

For a full treatment of tensors, we refer to [2]. Here,
we outline the basic notation we use for tensors. We denote
tensors by calligraphic capital letters and matrices by capital
letters. For a matrix X € R™*", the nuclear norm of X,
denoted by || X ||, is the I;-norm of the singular values of
X. The inner product of two same-sized tensors W, U €
R™1 > Xn"K jg the sum of the products of their entries

ny ng ng
<Wau> = Z Z t Z Wil,...,iKuil,...,iK
i1 o %

A mode-k fiber of a tensor W € R™* X"k denoted
by Wii,...ik_1,5yiks1,....ixc» 18 @ VECtor obtained by fixing all
but k-th index of W. The mode-k unfolding of a tensor
W e Rﬂl X XNk is a matrlX Wk 6 Rnkxnl...nkflnk+1...n[(
formed by arranging the mode-k fibers to be the columns of
the resulting matrix, i.e.,

Wk = [Wil,...,ik,1,Z,ik+1,...,iK] vz]?] # k'

The reverse of unfolding operation is called the folding op-
eration which converts a given matrix to a tensor of spe-
cific order. We also represent the mode-k unfolding by
the map unfoldk . RT},1X"'XHK _> Rnk an...nkflnk_',l...’n}(
such that unfold, (W) = Wy, and the mode-k folding by
the map fold, : R™X™1Mk-1Tkg1 Ky RUXC XK
The k-mode product of a tensor W € R X"k with
a matrix X € R™*™ s denoted by W x, X €
RPXe-Xnk—1xXmxXnp41 XK - defined element-wise as fol-
lows:

ng
(W Xk X)il7'~~;ik—17jaik+1;~wiK = E Wi17~~~xiKXj7ik'
ik

Then we have
U="Wx, X< U,=XW,.

3. Previous Work

Tensor completion for visual data recovery was intro-
duced in [8], building on the framework for low-rank ma-
trix completion using matrix trace norm regularizer. The
trace norm for tensors can be defined in several ways, and
as such there exist multiple formulations for trace norm reg-
ularized tensor completion. [8], [13], and [12] use the reg-
ularizer ROV) = Zkl,(zl ||Wk ||, known as the overlapped
trace norm, which promotes a lower Tucker (multilinear)
rank in the recovered tensors.

Another popular trace norm regularizer is the latent trace
norm regularizer. Methods that use this formulation, model
the tensor as a sum of K individual tensors, and the latent
trace norm amounts to an /; norm regularizer that promotes
sparsity. A few examples of such methods are [16], which
uses a Frank-Wolfe algorithm for optimization, and [14],
which uses a scaled variant of the latent trace norm.

[6] uses a formulation that models the recovered tensor
as a sum of non-sparse tensors and proposes a regularizer
that uses /o norm regularizer as opposed to an /; norm. This
allows for the development of a dual framework for tensor
completion, which is solved using methods from Rieman-
nian optimization.

Another class of tensor completion algorithms attempt to
exploit the smoothness properties present in real-world ten-
sor data like hyperspectral images and 3D images. [18] in-
tegrates the smooth PARAFAC decompositions for partially
observed tensors and develops two variants using the total
variation and quadratic variation. [17] adopts total varia-
tion(TV) regularizer to formulate the model, and [19] uses
smooth matrix factorizations to incorporate tensor smooth-
ness constraints.

Tensor decomposition methods form another class of al-
gorithms. Tensor decompositions like Tucker and CP de-
compositions act as generalizations of the familiar notion
of singular value decomposition of matrices. [9] and [10]
exploit the Riemannian geometry of the set of fixed multi-
linear rank tensors to efficiently learn the Tucker decompo-
sition. [28] employs a Bayesian probabilistic CP decompo-
sition model to recover the incomplete tensors.

Other methods include [22], which uses another form of
tensor singular value decomposition to define a tensor rank
known as the tubal rank. [20] enforces the low-rank by fac-
torizing the unfoldings of the tensor as low-rank matrices.

In [11] an algorithm is proposed that uses a block coor-
dinate descent method for nonnegative tensor completion,
utilizing the CP decomposition. [23] performs nonnegative
tensor completion based on low-rank Tucker decomposi-
tion. Most of the research considering nonnegative tensors
is devoted to learning nonnegative tensor decompositions.
A few examples are [24], [25], [27], [26], etc. These meth-
ods cannot perform tensor completion task on incomplete
data.

4. Dual Framework

Problem (2) models the nonnegative tensor completion
using a regularizer that promotes low-rank solutions. We
seek to learn W as the sum ) W) of K tensors, as de-
tailed in [6]. For our formulation, we use the regularizer
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Following [6], we develop a dual formulation for prob-
lem (2), incorporating the structural constraint of nonnega-
tivity into the formulation. We do this following a similar
approach developed in [15] for nonnegative matrix comple-
tion.

A key lemma [7] used in the development of the formu-
lation is given below.

Lemma 1. For a matrix X € R¥T | the nuclear norm of
X satisfies the following relation:

IX[2= min
OcP

range(X ) Crange(©)

(07X, X)

where P4 = {S € R™*4: S = 0,tr(S) = 1}, range(©) =
{0z : z € R}, OF denotes the pseudo-inverse of ©. For a
given X, the optimal © is © = VX XT [tr(VXXT).

Using the above lemma, we can write (2) as

K

. 1 k k
min (k)C [Wa — yQH2 + Z ﬁ&)LWé ),ng )>
k=1

OreP"E W
ke{l,- K}

subject to W > 0. 3)

The following theorem provides the dual framework for
the nonnegative low-rank tensor completion problem. It is
a direct generalization of Theorem 1 in [6] to the case with
nonnegative constraints.

Theorem 2. An equivalent partial dual formulation of the
problem (3) is

min max (Z,Yq) — 7”2”2
OReP"k, ZeC
ke{l,...K} SERilx'”X"K
A
— 7k<(Zk+Sk),®k(Zk+Sk)>, @)
k=1

where C = {Z € Rm>* " xnK . Z = Zqo}. Z is the dual
tensor variable corresponding to the primal problem (3), S
is the dual tensor variable corresponding to the nonnegative
constraints.

Proof. Consider the inner problem of (3) over W) We
introduce auxiliary variables Uj with the associated con-

straints Uy, = W,gk). The Lagrangian of this problem will

be
LoV, oowWE Uy Uk Ay, Ak, S) =
K 2 K 1
* _ et

(Zw )Q Yo +22Ak<@kUk,Uk>
k=1 k=1
K

+3 (A W = U) = (S, W) (5)
k=1

The dual function of the above will be given by

Q(O1,...,0k,A1,...Ag,S)= min L (6)

Applying the first-order KKT conditions, we get the follow-
ing equations:

fold, (Ax) = Z+ S, (7a)
U = \OrAg. (7b)

where Z/(2C) = Vq — (Zszl W(k))ﬂ. It can seen from

the definition of Z that Z = Zq.
Using (7a) and (7b), we compute each term of (5) to be

K CoolEry 1
WW) Yol = c( ) - Lz,
(Z ) e e

(Ag, Ug)

1

m@LUmUQ -

M=

k=1

KA
sz Zk-i-Sk @k(Zk+Sk)>7
k=1

—(SW) =(2,Ya) - *HZHZ

K
Z A]ﬁ
k=1

Summing the terms, we obtain the expression for the dual
function as

K

2] Mg S O (7t
e —Z?« k+Sk), Ok (Z +Sk))-
k=1

Q= <Zvyﬂ>_

This gives the minimax problem (4). From (7a) and (7b),
we can deduce the relation between optimal points of primal
and minimax problems. O

If {©1,...,0K, 2,8} is the optimal solution of (4),
then the reconstructed tensor is given by W = Zszl wik)
where W) = A\, (Z + S) x; O, for all k. This factoriza-
tion gives us a decoupling of the low-rank and nonnegative
constraints enforced on W in (3) - the low-rank constraint
is enforced by ©y, the nonnegative constraints are encoded
in S, and Z corresponds to the dual variables of the primal
problem.

5. Proposed Algorithm

Since ©;, € P™ we can enforce the rank constraint ex-
plicitly by factorizing Oy, as O, = U,U[!, U, € St*,
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where S = {U € R™*" : |U||r = 1}. We rewrite (4)
as
min g(U), (8)
UESH ! x- xS
where U = (Uy,...,Uk), and g(U) is the optimal value of
the problem
_ 121
gU)= max (2,)o)~- 77
S€R7L1><-~-><7LK
—Z | ze+sal” ©

5.1. Convex Optimization Problem

The optimization problem (9) is a convex optimization
problem over the variables Z and S, for a given U, hence it
has a unique solution.

The problem (9) is solved separately for Z and S using
an alternating minimization method. Equating the gradient
of objective with respect to Z to zero, we get

Z K
Yol -‘r;)\k ZxxUnUlN)a = Yo
K
—Z)\k(S Xk Uk,Ug)Q. (10)
k=1

This is a sparse linear system in Z, which can be solved
using linear conjugate gradient method.

Problem (9) has only one term involving S. Hence, the
optimization problem over S reduces to

. A
SGRJ}E?WZ Fulze+visd®.
+ k=1

This is a nonnegative least squares (NNLS) problem. We
use the method detailed in [21], modified to suit our objec-
tive.

5.2. Riemannian Optimization Problem

Given the optimizer (Z,8) of (9), we compute g at a
point U as

. Ak N
o) = (2,50) - 22 -3 2 oz, + 80|

12)

The set S is a Riemannian manifold, known as the spec-
trahedron manifold. The constraint set S;'t x - - X S{f; ,
therefore forms a product manifold and problem (8) is an

optimization problem on a manifold.

To develop optimization algorithms on manifolds, we
need a few geometric tools. We delegate development of
the specific tools to [5] and [6]. For an introduction to opti-
mization on general manifolds, we refer [4] and [1].

For our case, the Euclidean gradient for g can be com-
puted as

Vg(U) = _(A1A1> ey )\KAK)a
where Ay, = (Z 4+ Si)(Zk + Sp)TUp, for 1 < k < K. We
use a generalization of non-linear conjugate gradient algo-
rithm to Riemannian manifolds [29] to solve problem (8).

The proposed algorithm is detailed in Algorithm 1. The
reconstructed tensor is given by

K
W= M(Z+8) xx (UUY).

k=1

Algorithm 1 Proposed Algorithm for Nonnegative Tensor
Completion

Require: Yo, rank=(r1,...,7x
1: fort =1,2,--- do
2: Check Termination: if || Vg(U®)|| < 7 then break
3: Compute Z® in (10) using conjugate gradient algorithm
4: Compute S in (11) using NNLS solver
5:  Compute cost g(U(®)) and gradient Vg(U®))
6

), 7, (A1,...,AKk) > Input parameters

: Update U: U¢*D) = RiemannianCG-update(U®)
7: end for

8: Output: W ="K A (24 8) xx (UxUT)

5.3. Complexity

e Step 3 (Computing Z): We use the linear conjugate
gradient algorithm to solve the linear system (10). The
major cost in this step is to compute the matrix prod-
ucts Ul'Zy, and UL Sy, for k € {1,...,K}. We can
exploit the sparse structure of the problem to compute
the products in O(|2|r) steps, and hence, if the linear
solver takes T, iterations, the total cost of this step is

0 (i Tegl2r)-

e Step 4 (Computing 8): For each iteration of the NNLS
algorithm, we need to compute the cost function in
(11) and its gradient with respect to S. Both of
these operations can be computed in a similar man-
ner as done for Z, and the total cost of this step is

0] (Zle TmlS|Q|rk>, where T,,,,1s is the number of
iterations of NNLS algorithm.

e Step 5 (Computing cost and gradient): We can com-
pute g(U) from (12) given Z and S computed in
previous steps. This can be done in O(K|Q)).
The gradient requires computing the matrix products
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Type Dataset Dimensions
Hyperspectral Ribeira 203 x 268 x 33
Hyperspectral Braga 203 x 268 x 33
Hyperspectral Ruivaes 203 x 268 x 33

Video Tomato 320 x 242 x 167

Video Container | 144 x 176 x 150

Video Hall 144 x 176 x 150

Video Highway 144 x 176 x 150
Color Image Baboon 256 x 256 x 3
Color Image Splash 512 x 512 x 3

Table 1: Description of datasets.

(Z1 + Sk)(Zi, + Sk)TUs, and we can do this in
O(|2|rk). Hence, total cost for computing the gradient

is O(X 5y 1Qrs).

e Step 6 (Riemannian Conjugate Gradient): Search di-
rection and step length are computed in this step. Then
the current solution U(®) is updated to U**1) by per-
forming retraction at the U(*) along the search direc-
tion. This step ensures that the update remains on the
product manifold. These operations can be done in

K K
O =1 ”krl% + D k=1 7’1%)

Therefore, the overall per-iteration complexity of the pro-
posed algorithm is

K K K
O((Tcg Do) QY e+ > mary + Zr,?;).
k=1 k=1 k=1

We store all the tensors in the sparse format, and perform
operations accordingly. Hence, the overall space complex-
ity of the proposed algorithm is

K
O<|Q| + anTk>.
k=1

6. Numerical Experiments
6.1. Experimental setup

We have performed experiments on several publicly
available datasets (see Table 1). We compare the perfor-
mance of our algorithm to other state-of-the-art tensor com-
pletion algorithms. The baseline algorithms used for com-
parison are given below. Note that, with the exception of
NCPC, all the other baseline algorithms do not enforce non-
negativity in the completed tensors.

1. Dual [6]: A dual framework for low-rank tensor com-
pletion using a variant of the latent trace norm regular-
izer.

0
10 ‘ [~Hall ——Container]
Highway —~Hall

\ Braga 0.055 Highway

0 10 20 30 40 50 T2 4 6 8 10
Iteration Rank

(a) RMSE v/s Iters (b) RMSE v/s Rank

Figure 1: Variation of RMSE with iterations and rank. In
the iterations plot, RMSE is in log scale. In the rank plot,
the rank is taken to be value of X-label times [1, 1, 1].

2. RPrecon [10]: A low-rank tensor completion algo-
rithm with a multi-linear rank constraint using Rie-
mannian preconditioning.

3. geomCG [9]: An algorithm for tensor completion us-
ing optimization on the manifold of fixed multi-linear
rank tensors.

4. NCPC [11]: A nonnegative tensor completion method
using the CP decomposition.

5. TMac [20]: An alternating minimization algorithm
that uses parallel matrix factorization.

6. LRTC-TV [17]: An ADMM based algorithm that uses
total variation regularization to enforce smoothness.

7. SMF-LRTC [19]: An algorithm that enforces smooth-
ness constraint on factor matrices.

8. FFW [16]: An algorithm with scaled latent nuclear
norm using the Frank-Wolfe algorithm.

We randomly sample 10% of the tensor entries and use it as
training data. The metric we use for evaluation is the RMSE
between the reconstructed and original tensors

RMSE = ,/—”W = Wiruell:
ningns

The proposed method is implemented based on Dual code.
It uses MANOPT library [3] for implementing outer problem
(8) on manifolds. For the nonnegative least squares problem
in (9), we use the NNLS code [21] modified to work with our
objective.

6.2. Hyperparameters

The ranks (r1,72,73) are chosen as (10,10,5) for all
datasets, except color images where we chose (10,10, 3)
since the dimension in mode-3 is less than 5. We chose the
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Dataset Prop Dual RPrecon | geomCG | NCPC TMac | LRTC-TV | SMF-LRTC FFW
Ribeira 0.03090 | 0.03093 | 0.0454 | 0.06593 | 0.16465 | 0.1644 0.04984 0.04159 0.0696
Braga 0.02817 | 0.03054 | 0.0939 | 0.07348 | 0.07348 | 0.20226 | 0.20227 0.06445 0.06691
Ruivaes | 0.029211 | 0.04969 | 0.0352 | 0.07146 | 0.14059 | 0.14073 | 0.02955 0.040223 | 0.05437
Tomato 0.04282 | 0.04286 | 0.0589 | 0.05895 | 0.44175 | 0.44203 | 0.04638 0.053002 | 0.11463
Container | 0.044908 | 0.04693 | 0.0645 | 0.06452 | 0.5433 | 0.54413 | 0.09773 0.05894 0.15116
Hall 0.03696 | 0.03702 | 0.0687 | 0.06879 | 0.53629 | 0.53717 | 0.09409 0.06327 0.06327
Highway | 0.03255 | 0.03652 | 0.0405 | 0.04055 | 0.6416 | 0.64261 | 0.04171 0.03723 0.11204
Baboon 0.11943 | 0.33258 | 0.1563 27629 | 0.53315 | 0.5210 0.08729 0.13456 0.14222
Splash 0.06371 | 0.33475 | 0.3291 1.6897 | 0.50346 | 0.50014 | 0.05262 0.09331 0.07779

Table 2: RMSE of various methods. The best result among all methods is in bold and second best are underlined.

@ Wreal (b) W ©Wh  @w®  (ew®

Figure 2: Original frame, reconstructed frame and com-
ponents of reconstructed frame from Hall and Highway
videos.

regularization constants A\;’s according to [6]. The maxi-
mum iterations for outer optimization problem (8) was set to
200 as no improvement in RMSE is seen after 100 iterations
on most of the datasets. For the baseline algorithms using
rank as a hyperparameter, we have chosen the same rank as
in our case since it is sufficient for a variety of datasets (see
[6]). Additional hyperparameters for each baseline were set
as indicated in the code provided by the authors.

We consider the effect of RMSE on the variation in hyper-
parameters. Fig. 1(a) shows the variation of RMSE over iter-
ations of the proposed algorithm. We see that the RMSE de-
creases as the algorithm proceeds, and the decrease is rapid
in the initial iterations. The RMSE decreases monotonically,
so we have chosen 200 iterations as the threshold to guaran-
tee good solutions. Fig. 1(b) shows the variation of RMSE
with the rank. Increasing rank decreases the RMSE, but it
quickly saturates to 10, which can be due to the inherent
rank of the dataset. This justifies our choice of hyperparam-
eters.

6.3. Image Completion

The task of image completion is to reconstruct the orig-
inal image tensor, given only partial observations. As
mentioned earlier, we have randomly sampled 10% of ob-
servations for training. We have experimented with sev-

eral hyperspectral images (see Table 1, [30]) where each
data tensor contains stack of images measured at different
wavelengths. Following [6] we resized these datasets to
203 x 268 x 33 using bilinear interpolation. We have also
considered two color images (see Table 1, [31]) which are
naturally represented as third-order tensors.

We report the RMSE in Table 2 and some of the recon-
structed images in Fig. 3. Our proposed algorithm outper-
forms the baseline algorithms in all hyperspectral datasets
considered. The reconstructed images are of good qual-
ity, given only 10% of data for training. In color image
datasets, LRTC-TV performs best. We expect that this is
because the original images have the local smoothness prop-
erty, which is exploited by LRTC-TV through the smooth-
ness constraints it enforces. However, the low-rank and
nonnegative structure does not preserve such smoothness,
which explains the performance of other algorithms. Nev-
ertheless, the proposed algorithm achieves the best RMSE
next to LRTC-TV. We believe this indicates the usefulness
of nonnegative constraints.

For hyperspectral images, LRTC-TV performs badly.
On Braga, RMSE of LRTC-TV is 10 times that of the pro-
posed algorithm. By comparing the reconstructed images, it
can be seen that the smooth image produced by LRTC-TV
is an imperfect reconstruction, suggesting the lack of local
smoothness property in this dataset.

The effect of nonnegativity is more pronounced in color
images, where the proposed algorithm achieves 3 times
lower RMSE on Baboon and 5 times lower RMSE on
Splash compared to Dual. We see this effect in the re-
constructed image of Baboon and Splash, where, per-
haps due to negative entries, the reconstructed images ap-
pear darker.

6.4. Video Completion

Video completion task is the reconstruction of the frames
of the video from the partial observations given. We con-
sidered several gray-scale videos (see Table 1, [32]) which
form third-order tensors.
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(a) Original (b) Prop (c) Dual (d)RPrec  (e) geomCG  (f) NCPC (g) TMac (h) T-LRTC (i) S-LRTC (j) FFW

Figure 3: Original and Reconstructed Images for Different Algorithms given 10% of the fraction as training data. The datasets
shown from top to bottom are Container, Hall, Tomato, Baboon, Splash, Braga, Ribeira respectively. For videos, a random
frame was chosen. From left to right: Original, Proposed, Dual [6], RPrecon [10], geomCG [9], NCPC [11], TMac [20],

LRTC-TV(T-LRTC) [17], SMF-LRTC(S-LRTC) [19] and FFW-LRTC [16].

Fig. 2 shows the component frames, W)s of the re-

constructed frames, WV, of the proposed algorithm. For the
video data, most of the information varies along the frames
(i.e., along mode-3 rather than the other modes). Conse-
quently, we see the frames of W(!) and W(?) to have less
information, whereas the frame of W®) is close to the origi-
nal frame. As we enforce the low-rank constraint on mode-
k of W), each component has a compact representation
that captures the original scene very well.

The proposed algorithm achieves the least RMSE com-
pared to the baselines (see Table 2). In Hall, the RMSE
scores of all baseline algorithms, except Dual, is at least
two times that of the proposed algorithm. Despite the in-
crease in dimensions of the tensor compared to hyperspec-
tral images, choosing the same rank (10,10, 5) gives the
best RMSE scores. The reconstructed image shown in Fig. 3

are significantly clear as indicated by the RMSE scores. As
mentioned earlier, in Tomato and Hall, we believe that
the lack of local smoothness property leads to the failure of
LRTC-TV algorithm.

7. Conclusion

We have proposed a novel factorization for nonnegative
low-rank tensor completion, W = ZkK=1 (248) <, U UL.
The factorization decouples the nonnegative constraint and
low-rank constraint on S and U, U}/ respectively. The re-
sultant problem has a geometric structure in the constraints.
We exploit this structure to propose a Riemannian optimiza-
tion algorithm to solve the problem. On several real-world
datasets, our proposed algorithm outperforms the state-of-
the-art tensor completion algorithms.
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