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Abstract

The autoencoder is an unsupervised learning paradigm
that aims to create a compact latent representation of data
by minimizing the reconstruction loss. However, it tends to
overlook the fact that most data (images) are embedded in a
lower-dimensional latent space, which is crucial for effec-
tive data representation. To address this limitation, we pro-
pose a novel approach called Low-Rank Autoencoder (Lo-
RAE). In LoRAE, we incorporated a low-rank regularizer to
adaptively learn a low-dimensional latent space while pre-
serving the basic objective of an autoencoder. This helps
embed the data in a lower-dimensional latent space while
preserving important information. It is a simple autoen-
coder extension that learns low-rank latent space. Theo-
retically, we establish a tighter error bound for our model.
Empirically, our model’s superiority shines through various
tasks such as image generation and downstream classifica-
tion. Both theoretical and practical outcomes highlight the
importance of acquiring low-dimensional embeddings.

1. Introduction

Learning effective representations remains a fundamen-
tal challenge in the field of artificial intelligence []. These
representations, acquired through self-supervised or unsu-
pervised learning, serve as valuable foundations for var-
ious downstream tasks like generation and classification.
Among the methods employed for unsupervised represen-
tation learning, autoencoders (AEs) have gained popularity.
AEs allow the extraction of meaningful features from data
without the need for labelled examples. The process in-
volves the transformation of data into a lower-dimensional
space recognized as the latent space. Subsequently, this
transformed data is reconstructed to match its original form,
facilitating the acquisition of a meaningful and condensed
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representation known as a latent vector. To ensure the
avoidance of trivial identity mapping, a key aspect is to re-
strict the information capacity within the autoencoder’s in-
ternal representation. Over the course of time, various adap-
tations of autoencoders have been introduced to address this
limitation. The Diabolo network [2], for instance, sim-
plifies the approach by employing a low-dimensional rep-
resentation. On the other hand, variational autoencoders
(VAEs) [3] introduce controlled noise into latent vectors
while constraining the distribution’s variance. Denoising
Autoencoders [4] are trained to intentionally generate sub-
stantial reconstruction errors by introducing random noise
to their inputs. Meanwhile, Sparse Autoencoders [5] en-
force a strict sparsity penalty on latent vectors. Quantized
Autoencoders like vector quantized VAE (VQ-VAE) [6]
discretize codes into distinct clusters, while Contrasting
Autoencoders [7] minimize network function curvature be-
yond the manifold’s boundaries. Notably, Low-rank Au-
toencoders, like implicit rank minimizing autoencoder (IR-
MAE) [8], implicitly minimize the rank of the empirical co-
variance matrix of the latent space by leveraging the dynam-
ics of stochastic gradient descent (SGD). In essence, the ar-
ray of techniques for autoencoder refinement has expanded
significantly, leading to a comprehensive toolkit of strate-
gies for overcoming inherent drawbacks and enhancing the
efficacy of these latent space learning models.

In this work, we let the network learn the best pos-
sible (low) rank/dimensionality of the latent space of an
autoencoder by deploying a nuclear norm regularizer that
promotes a low-rank solution. We call this model Low-
Rank Autoencoder (LoRAE). This method consists of in-
serting a single linear layer between the encoder and de-
coder of a vanilla autoencoder. This layer is trained along
the encoder and decoder networks. The primary objective
of this methodology involves not only minimizing the con-
ventional reconstruction loss but also minimizing the nu-
clear norm of the added linear layer. Due to the presence
of nuclear norm minimization in the loss function, the net-
work will now adjust to an effective low-dimensionality of
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latent space. The nuclear norm regularization of a matrix
A is an [y regularization of the singular values of A, and
it, therefore, promotes a low-rank solution [9]. Similar to
various regularization techniques, the additional linear layer
remains inactive during inference. Consequently, the ar-
chitecture of both the encoder and the decoder within the
model remains consistent with the original design. In prac-
tical application, the linear layer (matrix) is treated as the
last layer of the encoder during the inference phase.

We showcase the superiority of LORAE in learning rep-
resentations, surpassing the performance of conventional
AE, VAE, IRMAE and several state-of-the-art determinis-
tic autoencoders. This validation is carried out using the
MNIST and CelebA datasets, employing diverse tasks such
as generating samples from noise, interpolation, and classi-
fication. We additionally perform experiments to probe the
influence of the regularizer on the rank of the latent space’,
achieved by varying its penalty parameter. Furthermore, we
explore the impact of varying the dimension of the latent
space while maintaining a constant penalty term.

The fundamental objective of this paper is to highlight
the capacity of low-rank latent spaces acquired through the
encoder to yield substantial data representations, thereby el-
evating both the generative potential and downstream per-
formance. Moreover, we assert that the presence of a nu-
clear norm penalty in LoORAE offers several robust math-
ematical assurances. It’s important to note that our paper
does not strive to propose a new generative model. Only one
of the essences of this work lies in empirically confirming
that a low-rank constraint on the latent space of a simple
deterministic autoencoder promotes generative capabilities
comparable to well-established generative models.

This paper serves as a proclamation that the utilization
of low-rank autoencoders with nuclear norm penalty can
yield significant representation outcomes while simultane-
ously affording the opportunity for the establishment of ro-
bust mathematical guarantees.

We summarize our contribution as follows:

1. We introduce a novel framework to enrich the latent
representation of autoencoders. This is achieved by
incorporating a sparse/low-rank regularized projection
layer, which dynamically reduces the dimensionality
of the latent space.

2. We provide substantial mathematical underpinning for
LoRAE through an analysis of distance prediction er-
ror bounds. This analysis sheds light on the reasons
driving LoRAE’s superior performance in downstream
tasks such as classification. Additionally, we offer the-
oretical guarantees (under certain assumptions) on the
convergence of our learning algorithm.

IThe rank of the latent space corresponds to the count of non-zero sin-
gular values of the empirical covariance matrix of the latent space.

3. We showcased LoRAE’s superior performance by
comparing it with several baselines, like (i) a con-
ventional deterministic AE, (ii) a VAE, and (iii) an
IRMAE. We also conducted comparisons of LORAE
against several state-of-the-art deterministic autoen-
coders and various established generative adversar-
ial network (GAN) and VAE based generative models
across a variety of generative tasks.

2. Literature Survey

Training a fully linear network with SGD naturally re-
sults in a low-rank solution. This phenomenon can be inter-
preted as a form of implicit regularization, which has been
extensively investigated across diverse learning tasks. Ex-
amples include deep matrix factorization [10, 1 1], convo-
lutional neural networks [12], and logistic regression [13].
The implicit regularization offered by gradient descent is
believed to be a pivotal element in enhancing the generaliz-
ability of deep neural networks. In the domain of deep ma-
trix factorization, Arora et al. [10] extended this concept in
the case of deep neural nets with solid theoretical and empir-
ical results that a deep linear network can promote low-rank
solutions. Gunasekar et al. [12] further extended this work
towards convolutional neural networks (CNN) and proved
that deep linear CNNs can derive low-rank solutions when
optimized with gradient descent. Numerous other studies
have concentrated on linear scenarios, aiming to empirically
and theoretically investigate this phenomenon. The work
by Saxe et al. [14] demonstrates theoretically that a simple
two-layer linear regression model can attain a low-rank so-
lution when optimized using continuous gradient descent.
Later Gidel et al. [15] extended this same concept of low-
rank solutions in linear regression problems for a discrete
case of gradient descent.

While the previously mentioned works primarily aimed
to comprehend how gradient descent contributes to general-
ization within established practices, our approach diverges
by harnessing this phenomenon to design deep models ca-
pable of learning better latent representations of data. Au-
toencoders are simple yet powerful unsupervised deep mod-
els capable of learning latent representations of data. As
most complex data (like images) are embedded in some
low-dimensional subspace, it is necessary to limit their la-
tent capacity. A significant category of these methods is
founded on the concepts of variational autoencoders [3], in-
cluding variations like 5-VAE [16]. A notable limitation
of these methods arises from their probabilistic/generative
nature, often resulting in the generation of reconstructed
images with reduced clarity (blurry images). Conversely,
basic deterministic autoencoders encounter an issue char-
acterized by the existence of “holes”” within their latent

2Discontinuous regions in the latent space of an autoencoder.
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Figure 1. Low-Rank Autoencoder (LoRAE): We employ a simple deterministic autoencoder coupled with a nuclear norm penalty in its
loss function to facilitate the acquisition of a low-rank latent space. During the inference phase, the linear matrix M is condensed into the

final layer of the encoder.

space, primarily arising from the absence of constraints on
the distribution of its latent space. Several deterministic au-
toencoders are proposed to tackle this issue, namely regu-
larized autoencoders (RAE) [17], wasserstein autoecnoder
(WAE) [18] and vector quantized VAE (VQ-VAE) [6]. Re-
cently, Jing et al. [8] proposed implicit rank minimizing au-
toencoder (IRMAE) which leverages the “low-rank” phe-
nomena [10] in deep linear networks to learn a better latent
representation. It uses a series of linear layers sandwiched
between the encoder and decoder of a simple autoencoder.
A sequence of linear layers maintains functional and ex-
pressive parity with a single linear layer. However, it’s
essential to note that implicit regularization doesn’t man-
ifest for unstructured datasets like random full-rank noise,
as pointed out in [10]. This observation suggests that the oc-
currence of this phenomenon hinges on the underlying data
structure. Moreover, it lacks vital mathematical assurances
such as the convergence of its iterations and the underlying
principles driving its effectiveness in downstream tasks.

3. Low-Rank Autoencoder (LoRAE)

In this section, we unveil our proposed architecture. Let
E : R™x¢ 5 Rband D : R! — R™X"%¢ denote the
encoder and decoder of a simple deterministic autoencoder
respectively. Let z € R! denote a vector in its latent space,
where [ is the dimension of latent space. The latent space
is modelled by E(x). Here z € R™*"*¢ be an image of
size m X n with ¢ number of channels. A simple (vanilla)
deterministic autoencoder optimizes the Lo reconstruction
loss Loyanitia = || * — D(E(z))|| 3 without any constrain
over its latent space, hence promoting the presence of holes.

In LoRAE, we add an additional single linear layer be-
tween the encoder and decoder. Let M € R'*! denote a
real matrix characterized by a linear layer. The diagram of
LoRAE is shown in Figure 1. We explicitly regularize the
matrix M with a nuclear norm penalty to encourage learning
a low-rank latent space. We train the matrix M jointly with
the encoder and decoder. Hence, the final loss of LORAE
can be written as:

L(E,D.M) = ||z = D(M(E(@))[| 3 + A M[[ . (1)

where || M| . is the nuclear norm® (also known as the trace
norm) of matrix M. We will now minimize the loss given
in Eq.(1) using ADAM [19] optimizer in batch form. Let 5
denote a mini-batch of training data and |B| be the number
of training points in it that are randomly sampled from the
training set. We can now write Eq.(1) in mini-batch form as
follows:

Lyaten(E, D, M) @) 3+ M| .

(2)

Let§ € {E,D,M}, 5; and 35 € [0,1) and € > 0. Here,

mg; = fimg ;1 + (1 — B1)VeLsatch, Vo, = PaVo,—1 +

(1 — B2)(VoLpaten)? and Vp; = diag(ve,:). Now, we can
solve for Eq.(2) using Algorithm 1.

- gy 2l =0

zeB

Algorithm 1: Minimizing Eq. (2) using ADAM

Input: Training data {z}Y ,, Batch size |B| € Z+,
Learning rate: « € (0, 1]

1 Initialization:

2 for t from 1 to T: do

3 (i) Randomly sample |5| number of data points
from training set.

4 (i1) Compute gradient of L4, With respect to
E, D and M.

5 (iii) Update the parameters using the ADAM
update rule:

6 | E1=E, —a(Vg} + diag(el)) 'mg,

7 | Dy =Dy — (VDl/t2 + diag(el)) " 'mp,

8 My =M, — a(VM .+ diag(el)) 'my

9 End:
10 Output: The learned E*, D* and M*

During the training phase, the use of the nuclear norm
penalty prompts the latent variables to occupy an even
lower-dimensional subspace. As a result, this process re-
duces the rank of the empirical covariance matrix of the la-

IM|| = Zé:1 o;(M) = trace(VMTM), here o/s denote singu-
lar values of matrix M.
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tent space. To enhance the impact of this regularization, one
can amplify its effect by adjusting the penalty term A to a
higher value.

During inference time, the linear layer is “collapsed”
into the encoder. Hence, we can directly use this new en-
coder for generative tasks. We can also use the encoder only
for downstream tasks.

4. Experiments

In this section, we conduct an empirical assessment of
LoRAE in comparison to baselines (AE, VAE, IRMAE)
and state-of-the-art models (WAE, RAE). In Section 4.1,
we highlight that LORAE occupies a relatively smaller la-
tent space compared to a standard AE and achieves smooth
dimensionality reduction, unlike IRMAE. Moving to Sec-
tion 4.2, we provide empirical evidence of LoRAE’s abil-
ity to generate images of superior quality compared to the
fundamental vanilla AE. This superiority is attributed to
its low-rank latent space. Additionally, the model demon-
strates enhanced quantitative performance when compared
against simple AE, VAE, and IRMAE. Next, in Section 4.3,
we leverage the encoder component of our trained model
to effectively classify images within the MNIST dataset.
Lastly, we study the effect of two crucial hyper-parameters
of our model in Section 4.4.

4.1. Dimensionality Reduction

In Figure 2, we present the dimensionality reduction
achieved by LoRAE and IRMAE in the latent space. Lo-
RAE’s gradual and smooth decay in the singular value plot
stands in contrast to IRMAE’s sharp decline. This dis-
crepancy contributes to IRMAE occupying an even smaller-
dimensional latent space than LoRAE. This distinction
arises because nuclear norm minimization penalizes larger
singular values more. Conversely, in the IRMAE plot, a
rapid transition toward zero is observed compared to ours,
potentially stemming from the fact that gradient descent dy-
namics penalize smaller singular values more than larger
ones, driving them toward zero. LoORAE employs a consid-
erably smaller latent space compared to a basic determinis-
tic AE.

In Section 4.4.1, we showcased that there exists a sweet
point of latent space rank which signifies a balance wherein
the model’s generative capacity is empirically maximized.
Hence, latent spaces with very low ranks/low dimensions
are also unfavourable as they lead to a deterioration in gen-
erative performance.

4.2. Generative Tasks

The effectiveness and quality of a learned latent space
can be assessed by generating images from it and examin-
ing the smoothness during transitions from one point to an-
other within it. When the generated images demonstrate a

Singular Values of Covariance Matrix (MNIST) Singular Values of Covariance Matrix (CelebA)

—— simple AE —— simple AE

— IRMAE — IRMAE
LoRAE

LoRAE

Singular Value Rank

Singular Values
singular Values

5 @ ® e
Singular Value Rank

Figure 2. Singular value plot of the empirical covariance ma-
trix of the latent space: A comparison between a basic AE, IR-
MAE and LoRAE on MNIST and CelebA datasets. The empirical
covariance matrix is computed from the test set of both datasets.

(c) IRMAE

Figure 3. Interpolation: Employing linear interpolation among
data points on the MNIST dataset, we observe three instances in
a left-to-right top-to-bottom sequence: (a) Basic AE, (b) VAE, (c)
IRMAE and (d) LoRAE.

high level of quality, it indicates the latent space’s success-
ful learning. We trained our model using the MNIST and
CelebA datasets and conducted a comparison with a basic
deterministic AE, IRMAE as well as a VAE. We set the la-
tent space dimensions to 128 for MNIST and CelebA, train-
ing for 50 and 100 epochs respectively (Additional hyper-
parameter details are available in our supplementary mate-
rial). In this section, we conducted two experiments: (i) lin-
early interpolating between two data points, and (ii) gener-
ating images from the latent space using Gaussian Mixture
Model (GMM) and Multivariate Gaussian (MVG) noise fit-
ting. Additionally, we quantitatively evaluated our model’s
generative capability using the Fréchet Inception Distance
(FID) [20,21] score. Across the tasks mentioned above, we
compare our model qualitatively (see Figure 3, Table 1 and
Table 2) and quantitatively (see Table 3). with a simple AE,
VAE and IRMAE. All models reported in Table 3 shared the
exact same architecture.

4.2.1 Interpolation Between Datapoints

We conduct linear interpolation on the latent variables of
two randomly selected images from the test set. The results
depicted in Figure 3 show that LoRAE significantly out-
performs the conventional AE. Its generated quality aligns
with that of a VAE and surpasses IRMAE. The progression
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Table 1. Generation from GMM: MNIST and CelebA images generated from GMM with 4 and 10 clusters respectively. We show the
images generated by a simple autoencoder, VAE, IRMAE and LoRAE (from left to right).
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Table 2. Generation from MVG: MNIST and CelebA images generated from MVG noise. We show the images generated by a simple
autoencoder, VAE, IRMAE and LoRAE (from left to right).
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from digit 5 to 3 showcases a high degree of smoothness in in the transition from 0 to 5, IRMAE produces a somewhat
LoRAE, setting it apart from both VAE and IRMAE (high- blurry transformation (indicated by the violet box in Fig-
lighted by the red box). VAE’s probabilistic nature intro- ure 3 (c)). Remarkably, LORAE achieves seamless transi-
duces a slightly blurred transition for the same sequence. tions between individual digits, thereby effectively learning
Conversely, transitioning from 3 to 1, IRMAE generates a a better and refined latent space.

digit resembling 8 (marked by the green box). Likewise,
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4.2.2 Generating Images from Noise

Deterministic autoencoders lack generative capability.
Here, to demonstrate the generative capability of LoRAE,
we fit a Gaussian noise. We demonstrate the capability
of LoRAE to generate high-quality images from Gaussian
noise. In particular, we accomplish this by fitting (i) a Gaus-
sian Mixture Model (GMM) and (ii) a Multivariate Gaus-
sian (MVG) (which we denote as ) distribution to its la-
tent space. After fitting the noise distribution, we proceed to
sample from it and feed these samples through the decoder
to generate images. We take the number of clusters 4 and 10
for MNIST and CelebA respectively in the case of GMM to
avoid overfitting. We quantitatively evaluate the generating
capacity of each model using the FID score.

Analyzing the outcomes presented in Table 1 and Ta-
ble 2, a clear trend emerges: our model excels in gener-
ating images with higher visual quality when compared to
the simple AE and IRMAE models. Furthermore, its image
generation quality stands on par with that of the VAE. Dif-
fering from VAE, which often produces images with blurred
backgrounds due to its probabilistic nature, our model, be-
ing deterministic, avoids generating images with such blur-
riness. This distinction results in clearer and more defined
images produced by LoRAE. These findings are supported
by the data showcased in Table 3 where our model achieves
the best FID score among the three, highlighting the pivotal
role of low-rank latent space achieved through explicit reg-
ularization using nuclear norm penalty. This strategic en-
hancement of generative capabilities effectively surpasses
even the performance of a conventional VAE.

Table 3. FID scores obtained between the generated samples from
MVG and GMM noise and real test samples for all models.

MNIST CelebA
N GMM N GMM
AE 103.08 68.97 68.13 59.43
VAE 21.01 18.86 61.87 53.63
IRMAE 2658 2231 5898 48.56
LoRAE 19.50 11.09 5629 45.43

4.2.3 Comparing with other SOTA Models

We perform a comparative analysis of LoRAE against
state-of-the-art deterministic autoencoders such as wasser-
stein’s autoencoder (WAE) [18] and regularized autoen-
coders (RAE) [17], in terms of FID scores (we retrained
these models in our system using the exact parameters from
their original paper.). Based on the data presented in Ta-
ble 4, it can be observed that LORAE attains the top rank in
all cases, except for the MVG (N) case of CelebA, where it
shares the second position with RAE.

It is evident that LoRAE exhibits enhanced performance

on the MNIST dataset and remains competitively aligned
with the performance on the CelebA dataset.

Table 4. Comparision of LoORAE against modern state-of-the-art
deterministic autoencoders (FID Score is used for comparison).

MNIST CelebA
N GMM N GMM
WAE  21.04 1132 57.6 45091
RAE 2212 11.54 5031 46.05
LoRAE 19.50 11.09 5629 45.43

Moreover, we broaden our comparative analysis to in-
clude various other generative models on the CelebA
dataset. This encompasses fundamental models like the
generative adversarial network (GAN) [22], least squares
GAN (LS-GAN) [23], non-saturating GAN (NS-GAN) ]
[24], along with the combined architecture of VAE and
Flow models (VAE+Flow) [25].

The reported values for all GAN-based models in this Ta-
ble 5 correspond to the optimal FID results from an exten-
sive hyperparameter search, conducted separately for each
dataset, as detailed by Lucic et al. in [26]. Instances involv-
ing severe mode collapse were excluded to prevent inflation
of these FID scores. Our analysis clearly demonstrates that

Table 5. Comparison of LoRAE against well-known generative
models on CelebA dataset. (FID Score is used for comparison)

GAN LS-GAN NS-GAN VAE +Flow LoRAE

65.2 54.1 57.3 65.7 56.3

LoRAE achieves FID scores that align closely with those
attained by other established generative models.

To conclude Section 4.2, we offer empirical evidence
that the incorporation of a nuclear norm penalty term into
a simple AE framework, which enforces an explicit low-
rank constraint on the latent space, leads to a substantial
enhancement in the model’s generative capabilities.

4.3. Downstream Classification Task

Latent variables play a crucial role in downstream tasks
as they encapsulate the fundamental underlying structure
of the data distribution [27-29]. The potential of these
self-supervised learning methods to outperform purely-
supervised models is particularly promising. We engage in
downstream classification using the MNIST dataset. For
each method - the simple AE, VAE, and LoRAE - we train
a multi-layer perceptron (MLP) layer on top of the trained
encoder (Parameters for classification are given in our sup-
plementary material). The fine-tuning of the pre-trained en-
coder is excluded, except for instance involving the purely
supervised version of the basic AE (tagged as supervised in
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Table 6). As shown in Table 6, representation learned by
LoRAE showcases significantly superior classification ac-
curacy in comparison to simple AE and VAE. Hence, it is
evident that LORAE surpasses simple AE, VAE and the su-
pervised version in the low-data regime while maintaining a
similar level of performance when operating on full-length
datasets.

Table 6. Classification accuracy (in %) obtained from a simple
AE, VAE and LoRAE on MNIST dataset.

Size of
training set 10 100 1000 10,000 60,000
AE 41.0 68.16 89.8 96.5 98.1
VAE 41.5 7747 94.0 98.5 98.9
LoRAE 46.6 89.02 954 97.9 98.6

Supervised 37.8 73.59 942 983 99.2

We provide strong theoretical support for its improved
performance in downstream classification tasks through
Theorem 2 in Section 5.2.

4.4. Effect of Hyperparameters in LORAE

In this section, we investigate two crucial hyperparame-
ters: (i) penalty parameter A and (ii) encoder output dimen-
sion (latent dimension). We seek insights into their impact
on LoRAE’s generative capacity.

4.4.1 Effect of Penalty Parameter \ on FID

Elevating the penalty term results in a more pronounced
regularization effect, whereas reducing it lessens this im-
pact. We investigate the effect of the regularization penalty
parameter on FID scores. Intuitively, the rank of the la-
tent space appears to have an inverse relationship with the
penalty parameter. A more pronounced emphasis on nu-
clear norm minimization is likely to lead to a reduction in
the rank of the latent space (more discussion in Section 5.3).

Table 7. Effect of varying penalty parameter for MNIST dataset.

A 10°Y 1072 1072 107%* 107°
Rank of
latent space 7 8 18 40 65
FID 23.65 22.18 11.09 25.60 40.75

In Table 7, it becomes evident that extremely low and
high-dimensional latent spaces result in suboptimal genera-
tive capabilities for LORAE. This highlights the significance
of identifying an optimal penalty parameter () that yields
the most suitable latent space for generative tasks, as indi-
cated by the best FID. Hence, the hyperparameter (\) as-
sumes a critical role and requires optimization in practical
applications.

4.4.2 Comparison with Simple AE on Various Latent
Dimension

Autoencoders that exhibit diverse latent dimensions or vary-
ing prior configurations inherently necessitate a balance
between obtaining valuable representations. In this con-
text, we explore the impact of latent dimensionality on
FID scores for both LoORAE and a simple AE. From Ta-

Table 8. Effect of varying latent dimensions on LoORAE compared
to a simple AE using CelebA. (FID Score is used for comparison)

Latent
Dimension 64 128 256 512 1024
AE 69.08 68.13 6694 91.42 107.98
LoRAE 71.58 56.29 6242 6293 63.89

ble 8, it becomes apparent that LoORAE, when endowed
with larger latent dimensions, demonstrates enhanced per-
formance compared to the optimally dimensioned AE. Ad-
ditionally, it is noticeable that as the dimensionality in-
creases, the performance of LoORAE tends to plateau.

5. Theoretical Analysis

In this section, we offer an exhaustive theoretical exam-
ination of our proposed model. Our focus revolves around
two key aspects: firstly, an exploration of the rate of con-
vergence exhibited by our learning algorithm, and secondly,
an exploration of the lower bound on the min-max distance
ratio. Furthermore, we also establish a proof demonstrat-
ing the inverse correlation between the rank of LORAE’s la-
tent space and the penalty parameter (\). Collectively, these
analyses highlight and confirm the effectiveness of LORAE..
All proofs are given in our supplementary materials.

5.1. Convergence Analysis

In this section, we are going to present the convergence
analysis for the loss function as described in Eq.(1), con-
sidering the ADAM iterations outlined in Algorithm 1. Be-
fore delving into the analysis, we will outline the assump-
tions that have been considered. (i) The loss function in
Eq.(1) is K — Lipchitz, (ii) it has a ¢ > 0 bounded gra-
dient, i.e |[VL(E,D,M)|]2 < o < oo, (iii) it has a well-
defined minima, i.e L(E*,D*,M*) < L(E,D,M), where
E*,D*,M" = arg ming p \ £(E, D, M) and (iv) we prove
convergence for deterministic version of ADAM.

Theorem 1. Let the loss function L(E,D,M) be
K —Lipchitz and let v < oo be an upper bound on the
norm of the gradient of L. Then the following holds for
the deterministic version (when batch size = total dataset)

of Algorithm (1):
For any o > 0 if we let « =
V2(L(Eo,Do,My) — L(E*,D*,M"))/K&2T, then
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there exists a natural number T(c,0) (depends on o and
d) such that || L(E¢,D¢,M;)||2 < o for some t > T(o,9),
2

where 62 = 1.

With our analysis, we showed that our algorithm attains
convergence to a stationary point with rate O(ﬁ) when
proper learning rate o > 0 is set.

Therefore, we are in a position to confidently assert that
the integration of the supplementary linear layer M and the
utilization of nuclear norm regularization indeed ensure the

guaranteed convergence of our learning algorithm.
5.2. Lower Bound on min-max Distance Ratio

Considering a given set of independent and iden-
tically distributed (i.i.d) random variables, denoted as
r,x1,T2,...,xN, Where each of these variables lies in
the Euclidean space R¢ (with = and x; applicable for all
i € {1,2,...,N}), the corresponding embeddings f*(z)
and f* ($1gi§ ~) also demonstrate an i.i.d nature, irrespec-
tive of the method used for their learning as highlighted
by Dasgupta et al. in [30]. Beyer et al. in [31] postu-
lated that, in high-dimensional spaces, the minimum dis-

tance (dﬁm = min d’ (z, xj)) * and the maximum dis-
1<j<N

tance (d{:am = max d/ *(x,xj)) tend to be similar when
1<j<N

considering f(z) and f(r1<;,<n) as i.i.d. Hence, the no-
tion of similarity and dissimilarity with respect to the dis-
tance function between data points in embedding space is
completely lost in such cases. In autoencoders, to avoid
learning high-dimensional latent features, one may directly
reduce the dimensionality of the output layer of the encoder,
but this will cause dimensional collapse. In our model, we
consider the matrix M to transform the encoder embedding
result E(z) into the latent vector M(E(z)). When we fur-
ther introduce the low-rank constraint for M, we can obtain
a low-dimensional latent space for a simple autoencoder.
Given that our approach explicitly imposes a constraint
on the dimensionality of the learned latent space, it follows

intuitively that the min-max distance ratio, i.e., (d&M" —
dEM™) "M " should invariably possess a lower-bound.
Theorem 2. Given any set of i.i.d x, ©1,%s,..., 25 € R,
we denote dEM" = 1I_<n%XNdE*M* (x,z;) and
dEM 1£rjli<11NdE*M* (x,2;), then we always have the
conditional p_ro_bability:
JEM _ gEM
P (m” e > O(D,\) |\ > 0) =1 3
dmin

where d¥ M (,x;) = ”M*(E*(flﬂ%;ﬁ?*(xi))HQ, D denotes

the training dataset and ©(D, \) depends on the training
set and regularization penalty parameter .

4Here, df” (.,.) is some distance metric/measure.

By examining Eq.(3), it becomes evident that the min-
max distance ratio inherently possesses a lower bound due
to the incorporation of the nuclear norm regularization term.
This suggests that the penalty parameter A governs the es-
tablishment of the lower bound. Given that the min-max
distance ratio maintains a consistent lower bound, LORAE
is equipped to effectively discriminate between similar and
dissimilar data points. Consequently, the learned embed-
dings capture inherent similarities, leading to enhanced per-
formance on downstream tasks.

5.3. Rank of Latent Space of LoORAE

As mentioned in Section 4.4.1, it is intuitively under-
stood that stronger regularization in LoRAE leads to a re-
duction in the rank of the latent space. Additionally, within
the same section, we presented empirical evidence of an in-
verse correlation between the rank of the latent space and
the parameter A. To provide robust mathematical support,
we propose the following proposition.

Proposition 1. Rank of the latent space follows O(1/X).

6. Conclusion

A pivotal element within autoencoder methodologies re-
volves around minimizing the information capacity of the
latent space it learns. In this study, we extend beyond mere
implicit measures and actively minimize the latent capacity
of an autoencoder. Our approach involves minimizing the
rank of the empirical covariance matrix associated with the
latent space. This is achieved by incorporating a nuclear
norm penalty term into the loss function. This addition aids
the autoencoder in acquiring representations characterized
by significantly reduced dimensions.

Incorporating a nuclear norm penalty alongside the
vanilla reconstruction loss introduces various mathemati-
cal assurances. We provide robust mathematical assurances
regarding the convergence of our algorithm and elucidate
the factors contributing to its commendable performance in
downstream tasks. Comparison experiments across multi-
ple domains involving image generation and representation
learning indicated that our learning algorithm acquires more
reliable feature embedding than baseline methods. Both the
theoretical and experimental results clearly demonstrated
the necessity/significance of learning low-dimensional em-
beddings in autoencoders.
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