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Abstract

In recent years, there has been a growing trend of incor-
porating hyperbolic geometry methods into computer vision.
While these methods have achieved state-of-the-art perfor-
mance on various metric learning tasks using hyperbolic
distance measurements, the underlying theoretical analy-
sis supporting this superior performance remains under-
exploited. In this study, we investigate the effects of inte-
grating hyperbolic space into metric learning, particularly
when training with contrastive loss. We identify a need
for a comprehensive comparison between Euclidean and
hyperbolic spaces regarding the temperature effect in the
contrastive loss within the existing literature. To address this
gap, we conduct an extensive investigation to benchmark the
results of Vision Transformers (ViTs) using a hybrid objective
function that combines loss from Euclidean and hyperbolic
spaces. Additionally, we provide a theoretical analysis of
the observed performance improvement. We also reveal that
hyperbolic metric learning is highly related to hard negative
sampling, providing insights for future work. This work will
provide valuable data points and experience in understand-
ing hyperbolic image embeddings. To shed more light on
problem-solving and encourage further investigation into
our approach, our code 1 is available online.

1. Introduction

In computer vision, the central concept of metric learn-
ing [71] is to bring similar data representations (positive
pairs) closer in the embedding space while separating dis-
similar data representations (negative pairs). This approach
hinges on the embedding space’s similarity, which mirrors
semantic similarity. Applications of metric learning include
content-based image retrieval [39, 58, 97, 70, 105, 99], near-
duplicate detection [131, 53, 35, 46], face recognition [10,
41, 64, 90], person re-identification [127, 60, 17, 125], zero-
shot [99, 7, 45, 13] and few-shot learning [96, 103, 82, 47].

1https://github.com/YunYunY/HypMix
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Figure 1: For a random chosen anchor, we arrange hard
negatives selected by a well-trained model based on their
distance to the anchor. The top row displays the anchor
and its positive pair. We present sorted negatives from Eu-
clidean embedding model (“Sph-ViT") and the hyperbolic
embedding model (“Hyp-ViT"), respectively. Negatives are
ordered by increasing distance from left to right. “Sph-ViT"
is trained with τ = 0.05, while “Hyp-ViT" is trained with
τ = 0.05 and c = 0.1. Red boxes highlight negatives that
are absent in the top 6 hard negatives of the other model.

Pair-wise losses including contrastive loss [34], triplet
loss [119], N-pair loss [98], and InfoNCE [75, 14] are fun-
damental in metric learning, constructed based on instance
relationships within a batch. Contrastive loss, for instance,
treats views of data from the same class as positive pairs and
other batch data as negative pairs, encouraging the encoder to
map positive pairs close and negative pairs apart. Contrastive
learning embeddings are positioned on a hypersphere using
the inner product as a distance measure [16]. However, fields
like social networks, brain imaging, and computer graphics
often exhibit hierarchical structures [6].

A recent trend in representation learning is using hyper-
bolic spaces, which excel in capturing hierarchical data [78].
Unlike Euclidean space with polynomial volume growth,
hyperbolic space demonstrates exponential growth suitable
for tree-like data structures. Hyperbolic representations have
shown success in NLP [72, 73], image segmentation [121, 3],
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few-shot [49] and zero-shot learning [63], as well as repre-
sentation learning and metric learning [25, 29, 128, 62, 61].
In hyperbolic space, feature similarity is calculated via dis-
tance measurement after projecting data features.
Motivation. While hyperbolic contrastive loss is effective
in metric learning, the underlying reason has yet to be fully
understood. Prior research has demonstrated that employing
a vision transformer-based model for metric learning with
output embeddings mapped to hyperbolic space outperforms
Euclidean embeddings [25]. Nonetheless, our experimental
findings indicate that a straightforward embedding approach
in one geometry doesn’t consistently yield superior results
compared to the other. The choice of temperature parameter
(τ ) in the loss function and the curvature values in hyper-
bolic space contribute to the performance variations among
different embeddings. Moreover, Euclidean and hyperbolic
embeddings exhibit complementary behavior with diverse
τ and curvature values. As depicted in Fig. 1, embedding
features under different geometries occasionally highlight
different crucial instances. This observation sparks our inter-
est in delving further into hyperbolic metric learning.

The pair-wise contrastive loss relies on two key compo-
nents: positive pairs (x,x+), and negative pairs (x,x−) of
data. The strategies of positive sampling has been studied in-
tensively [5, 126, 4, 14, 108, 18, 107, 100, 65, 75, 80, 92], as
well as the negative data augmentation e.g., [48, 30, 85, 95]
where most of the works focus on “hard” negative data aug-
mentation. For instance, [85] provided a popular principle
that “The most useful negative samples are ones that the
embedding currently believes to be similar to the anchor”,
where the embedding refers to the network output. That is,
letting x−

1 ,x
−
2 be two negative samples w.r.t. the anchor

x and ϕ be the current network, then x−
1 is more useful

(i.e., harder) than x−
2 if ϕ(x)Tϕ(x−

1 ) > ϕ(x)Tϕ(x−
2 ) holds,

where (·)T denotes the matrix transpose operator.
Our analysis reveals that the differences in embedding

performance stem from the distinct effects of hard nega-
tive sampling in the two geometries. This analysis shifts
our focus from individual hard negative instances to hard
triplets. We demonstrate that triplet selection hinges on a
weight p(x−), which varies across different geometries for
the same instance. To capitalize on the benefits of these
diverse geometries, we introduce the concept of embedding
fusion. Our solution is driven by two essential insights: 1)
different geometries yield variety in hard negative selection
properties, and 2) distinct geometries complement each other
in triplet selection.

In contrast to prior studies that emphasize selecting more
meaningful negative samples [20, 84, 114, 48, 130, 40, 93,
30], our primary contribution lies in understanding the per-
formance disparity across different geometries. Our exper-
iments unveil the complementary performance of diverse
geometries. We delve into unexplored aspects of hyperbolic

metric learning through an analysis of hard triplet selection.
Furthermore, we present a direct solution for effectively uti-
lizing information from different geometries. Demonstrating
the efficacy of our straightforward fusion algorithm, we ad-
here to the standard design of vision transformer-based met-
ric learning. By adopting an ensemble approach, our model
effectively captures more informative negative samples from
an additional pool, resulting in enhanced performance.

2. Related Work

Hyperbolic Embeddings. The machine learning commu-
nity has a long history of embracing Euclidean space for
representation learning. It is a natural generalization of our
intuition-friendly, physically-accessible three-dimensional
space where the measurable distance is represented with
inner-product [27, 78]. However, the Euclidean embedding
may not best fit in some complex tree-like data fields such as
Biology, Network Science, Computer Graphics, or Computer
Vision that exhibit highly non-Euclidean latent geometry
[27, 6].

In the computer vision domain, the hyperbolic space has
been found well-suited for image segmentation [121, 3],
zero-shot recognition [63, 26], few-shot image classifica-
tion [49, 26, 28] as well as point cloud classification [69].
The work of [33] revealed the vanishing gradients issue of
Hyperbolic Neural Networks (HNNs) when applied to clas-
sification benchmarks that may not exhibit hierarchies and
showed clipped HNNs are more robust to adversarial attacks.
Concurrently, [25, 128, 29] mapped the output-of-image rep-
resentations encoded by a backbone to a hyperbolic space
to group the representations of similar objects in the em-
bedding space. They empirically verified the performance
of pairwise cross-entropy loss with the hyperbolic distance
in image embeddings while we investigate the reason why
contrastive metric learning works in hyperbolic space and
when the method will work without hyperbolic embedding.

Pair-wise Losses. One of the fundamental losses in metric
learning is contrastive loss [34]. The contrastive represen-
tation learning attempts to pull the embeddings of positive
pairs closer and push the embeddings of negative pairs away
in the latent space by optimizing the pair-wise objective.
Following these fundamental concepts, many variants have
since been proposed, such as triplet margin loss [119], angu-
lar loss [115], margin loss [122], etc. Other losses contain
softmax operation and LogSumExp for a smooth approxi-
mation of the maximum function. For example, the lifted
structure loss [74] applies LogSumExp to all negative pairs,
and the N-Pairs loss [98] applies the softmax function to
each positive pair relative to all other pairs. Recently, learn-
ing representations from unlabeled data in contrastive way
[19, 34] has been one of the most competitive research field
[75, 38, 124, 107, 98, 14, 44, 57, 36, 18, 15, 4, 68, 11].
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Popular model structures like SimCLR [14] and Moco [36]
apply the commonly used loss function InfoNCE [75] to
learn a latent representation that is beneficial to downstream
tasks. Several theoretical studies show that self-supervised
contrastive loss optimizes data representations by aligning
positive pairs while pushing negative pairs away on the hy-
persphere [116, 16, 114, 2]. Recently, the loss has been
applied in metric learning and shows superior performance
when equipped with ViT and hyperbolic embedding.

Hard-negative Mining. When applying contrastive loss,
the positive pairs could be different modalities of a sig-
nal [1, 107, 110], different data augmentations of the same
image, e.g., color distortion, random crop [14, 18, 32] or
instances from the same category like in image retrieval.
[108] suggested generating the positive pairs with “InfoMin
principle" so that the generated positive pairs maintain the
minimal information necessary for the downstream tasks.
[91, 79, 67, 59] proposed selecting meaningful but not
fully overlapped contrastive crops with guidance like at-
tention maps or object-scene relations. [94] empirically
demonstrated that introducing extra convex combinations
of data as positive augmentation improves representation
learning. Similar mixing data strategies could be found in
[55, 51, 113, 56, 83]. Other than exploring positive aug-
mentation, recent works focus on negative data selection in
contrastive learning. Typically, negative samples are drawn
uniformly from the training data. Based on the argument
that not all negatives are true negatives, [20, 84] developed
debiased contrastive loss to assign higher weights to the hard
negative samples. [114] proposed an explicit way to select
the hard negative samples similar to the positive. To provide
more meaningful negative samples, [48] studied the Mixup
[130] strategy in latent space to generate hard negatives. [40]
proposed directly learning a set of negative adversaries. [30]
generated negative samples by texture synthesis or selecting
non-semantic patches from existing images. Unlike previous
studies, we do not propose a new method for negative data
sampling but provide some insights on the real “hard” nega-
tives from the perspective of the gradients of contrastive loss.
We try to understand when data are embedded in different
spaces, which factor contributes to the “good” embeddings.
Based on our analysis, we propose to learn embeddings
under a mixture of geometries.

3. Understanding Geometry Effect

We introduce the relevant preliminaries, such as hyper-
bolic geometry and pairwise cross-entropy used in metric
learning, in Section 3.1. The relationship between geome-
tries and triplet selection is analyzed in Section 3.2. In
Section 3.3, we present embedding fusion as a strategy to
utilize complementary information from diverse geometries,
accompanied by discussing the distinctions between our ap-

proach and existing hard negative sampling methods.

3.1. Preliminaries

Among several isometric models [9] of hyperbolic space,
we stick to the Poincaré ball model [88] that is well-suited
for gradient-based optimization (i.e., the distance function is
differentiable). In particular, the model (Mn

c , g
M) is defined

by the manifold Mn = {x ∈ Rn : c∥x∥2 < 1, c ≥ 0}
equipped with the Riemannian metric gM = λ2

cg
E , where c

is the curvature parameter and λc = 2
1−c∥x∥2 is conformal

factor that scales the local distances. gE = In denotes the
Euclidean metric tensor.

The framework of gyrovector spaces provides an ele-
gant non-associative algebraic formalism for hyperbolic ge-
ometry just as vector spaces provide the algebraic setting
for Euclidean geometry [9, 111, 112, 27]. For two vectors
x,y ∈ Mn

c , their addition is defined as

x⊕c y =
(1 + 2c⟨x,y⟩+ c∥y∥2)x+ (1− c∥x∥2)y

1 + 2c⟨x,y⟩+ c2∥x∥2∥y∥2 . (1)

The hyperbolic distance between x,y ∈ Mn
c is defined as:

Dhyp(x,y) =
2√
c
arctanh(

√
c∥ − x⊕c y∥). (2)

In particular, when c = 0, the Eq. 1 is the Euclidean addition
of two vectors in Rn and Eq. 2 recovers Euclidean geometry:
limc→0 Dhyp(x,y) = 2∥x−y∥. For an open n-dimensional
unit ball, the geodesics of the Poincaré disk are then circles
that are orthogonal to the boundary of the ball.

Before performing operations in the hyperbolic space, a
map termed exponential is used when mapping from Eu-
clidean space to the Poincaré model of hyperbolic geometry
[49]. The exponential map is defined as:

expc
x(v) = x⊕c

(
tanh

(√
c
λc
x∥v∥
2

)
v√
c∥v∥

)
(3)

In practice, we follow the setting of [49] and [25] with the
base point x = 0 so that the formulas are less cumbersome
and empirically have little impact on the obtained results.

For metric learning method, we adapt the approach sug-
gested by [25], each iteration involves sampling two data
points, (x,x+), from N distinct image categories to form
positive pairs. All the other data in the same batch construct
negative pairs with the anchor (x,x−). In this case, the total
number of samples (batch size) is K = 2N consisting of N
positive pairs.
Pairwise Cross-Entropy Loss. Self-supervised contrastive
learning, such as [14, 106, 38], employs the following In-
foNCE loss to attract positive pairs and separate negatives
from the anchor in the latent space.

LNCE = −
∑
i∈I

log
exp (si,i/τ)

exp (si,i/τ) +
∑

k ̸=i exp (si,k/τ)
(4)

1893



In this context, (i, i) refers to the anchor and its positive
pair, and the other 2(N − 1) indices denote the anchor’s
negatives. For each anchor i, there exists 1 positive pair
and 2N − 2 negative pairs. The denominator comprises a
total of 2N − 1 terms. τ ∈ R+ is the scalar temperature
parameter that governs sharpness, si,j = zi · zj with z =
g(f(x)). f(·) maps x to lower dimension using a shared
ViT architecture [22]. g(·) projects f(x) to latent space.
Typically, z is normalized before loss calculation to lie on a
unit hypersphere.

Dcos(zi, zj) =

∥∥∥∥ zi
∥zi∥2

− zj
∥zj∥2

∥∥∥∥2
2

= 2− 2
zi · zj

∥zi∥2 · ∥zj∥2
(5)

The general loss form of pairwise cross-entropy loss in Eu-
clidean and hyperbolic space is defined as

L = −
∑

i∈I log
exp(−Di,i/τ)

exp(−Di,i/τ)+
∑

k ̸=i exp(−Di,k/τ)
(6)

where Di,j is the distance measurement like Dcos(zi, zj) or
Dhyp(zi, zj).

3.2. Geometries vs. Hard Negatives

In this study, we investigate the conditions under which
contrastive loss yields superior performance across distinct
geometries. Fig. 2 presents the performance comparison
of ViT models trained with varying temperature values (τ )
and curvature parameter (c). “Sph-” are versions with Eu-
clidean (c = 0) embeddings optimized using Dcos (5). “Hyp-
” are versions with hyperbolic embeddings optimized using
Dhyp (2). Hyperbolic embeddings generally enhances per-
formance, especially when τ ≥ 0.2 as shown in Fig. 2. From
a hyperbolic geometry perspective, in hyperbolic space, the
distance between a point and the origin experiences expo-
nential growth. When comparing two points, the relative
distance between them becomes larger in hyperbolic space
due to this exponential distance growth. In the following
analysis, we will demonstrate how this geometry impacts
negative selection.

Our analysis is supported by empirical experiments uti-
lizing the current state-of-the-art approach in metric learn-
ing for image retrieval. Through gradient analysis of the
InfoNCE loss in Euclidean space, followed by its general-
ization to hyperbolic geometry, we reveal the substantial
impact of various geometries on the triplet selection weights
(x,x+,x−).

Specifically, LNCE could be further rewritten as

LNCE =
∑
i∈I

log

(
1 +

∑
k ̸=i exp (si,k/τ)

exp (si,i/τ)

)

=
∑
i∈I

log

1 +
∑
k ̸=i

exp
(
1

τ
(si,k − si,i)

) .

(7)

The gradient is derived as: ∇LNCE =
∑

i∈I ∇Li where

∇LNCEi =
1

τ

∑
k ̸=i

p(x−)∇ (si,k − si,i) (8)

with p(x−) =
exp(si,k/τ)

exp(si,i/τ)+
∑

k ̸=i exp(si,k/τ)
∈ [0, 1]. Detailed

derivations are presented in the supplementary material.
Then stochastic gradient descent (SGD) can be used to

update network weights. As for the general gradient form
that includes hyperbolic space, it is just

∇Lhypi =
1

τ

∑
k ̸=i

p(x−)∇ (Di,i −Di,k) (9)

with p(x−) =
exp(−Di,k/τ)

exp(−Di,i/τ)+
∑

k ̸=i exp(−Di,k/τ)
∈ [0, 1].

The gradient analysis shows that each p(x−) decides
the weights contributed by each triplet (x,x+,x−) to the
gradient update. p(x−) is further related to the relative
distance between positve pair and negative pairs. By looking
into the term p(x−) we get the following conclusions:

• p(x−) is non-uniform for all triplet selection. Tempera-
ture parameter τ plays an important role in deciding the
weights of gradient update for each negative pair. p(x−)
is larger with smaller τ .

• The relative distance between (x,x+) and (x,x−) de-
cides the gradient contribution by a negative instance.

• For the same τ , when we change from Euclidean distance
to hyperbolic distance (varying c), the relative distance
between a negative pair and a positive pair will be en-
larged due to the geometry property of hyperbolic space.
This will further affect the hard negative sampling.

3.3. Ensemble Learner with Mix Geometries

We empirically verify the above analysis with the method
proposed by [25]. We follow the exact experiment settings
proposed by previous work. The detail of the experiments
can be found in the following section.

As asserted by [25], optimizing pairwise contrastive loss
in hyperbolic space yields a new state-of-the-art performance
surpassing Euclidean embeddings. In their study, they set
τ = 0.1 for Euclidean space and τ = 0.2 for hyperbolic
space, with a curvature parameter of c = 0.1. Interestingly,
upon conducting similar experiments with varying τ from a
small value of 0.05 to 1, we observe that proper tuning of τ
can lead to optimal performance in Euclidean space embed-
dings as well. Both Euclidean and hyperbolic embeddings
exhibit performance drops with larger τ values. This trend is
consistent across different backbone encoders, as illustrated
in the supplemental material. The impact of τ relates to
p(x−) in Eq. 8 and Eq. 9, where smaller τ assigns higher
weights to harder negatives (i.e., negative samples x− that
are closer to the anchor x than the positive sample x+).

1894



Figure 2: Experimentally, we find that Euclidean (“Sph”) and hyperbolic (“Hyp”) embeddings, with varying τ and c
values, exhibit complementary characteristics which is attributed to differences in negative selection across distinct geometry
embeddings. To leverage this complementary information from different geometries, we introduce embedding fusion.

Figure 3: p(x−) for different ViT. x-axis is the index of data
points when the distance between (x−) to anchor point x is
sorted in ascending order (better view in color print).

We empirically validate our analysis of p(x−) by visu-
alizing a small batch x− after the model converges (Fig.
3). The horizontal axis represents data point indices, sorted
based on their distance from the anchor point. We present
the results for two sets of temperature values: τ = 0.05 for
Euclidean embeddings and τ = 0.2 for hyperbolic embed-
dings, corresponding to their respective optimal performance
points. Notably, at τ = 0.05, the weights p(x−) for hard
negatives can reach as high as 0.46, compared to Euclidean
embeddings. Similarly, at τ = 0.2, instances closer to the
anchor exhibit significantly higher p(x−) than in Euclidean
embeddings. This observation confirms the non-uniform
distribution of p(x−). Among all available triplet combi-
nations (x,x+,x−), the majority exhibit small p(x−) val-
ues, while a small portion has relatively larger values. It is
these selected triplets that significantly contribute to shaping

the decision boundary. The process of selecting important
triplets is greatly influenced by p(x−), which plays a crucial
role. Different geometries lead to distinct feature selections,
guided by the variations in p(x−).

Motivated by our observation of complementary perfor-
mance across different geometries, the idea of fusing their
features to harness this complementary information arises
naturally. In Fig. 1, we illustrate the hard negatives selected
by well-trained models embedded in different geometries,
based on their distances to the anchor. The distinct triplet
pools selected by these embeddings are evident. For the same
instance, p(x−) varies between Euclidean and hyperbolic
embeddings. If both p(x−) values are small, the instance
doesn’t significantly contribute to the decision boundary. If
one value is high, it will be considered if selected from the
fusion pool.
Learning with Mixed Geometries. As our analysis indi-
cates, within each embedding space, the model effectively
selects hard negative samples for proficient representation
learning. Fusion empowers the model to choose from the
amalgamated triplet pool. Two direct approaches exist for
constructing the ensemble learner. One involves a convex
combination of loss functions from two distinct geometries,
such as λLhyp + (1− λ)LNCE . Yet, our experimental tests
indicated that this form did not yield improved results. Con-
sequently, we adopt the second approach, which involves
feature space fusion. Our proposed Lmix is defined as

Lmix = −
∑

i∈I log
exp((−Dcos(zi,zi)−λDhyp(zi,zi))/τ)∑

exp((−Dcos(zi,zk)−λDhyp(zi,za))/τ)
(10)

where λ is a tunable hyperparameter that controls the hard
negative selecting effect from different geometries.
Comparing with Hard Negative Sampling Methods. Re-
cent studies have concentrated on negative data selection
within contrastive learning. Notably, [20, 84] introduced
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debiased contrastive loss to assign higher weights to chal-
lenging negative samples. Alternatively, [114] proposed an
explicit strategy for selecting hard negative samples that
resemble positives. To enhance the relevance of negative
samples, [48] explored Mixup [130] in the latent space to
generate challenging negatives. [40] directly learned neg-
ative adversaries, while [93] proposed negative selection
through quadratic optimization, and [30] generated nega-
tives via texture synthesis or non-semantic patches.

Diverging from previous works, our study comprehends
hyperbolic geometry through the lens of triplet selection. We
do not solely aim to enhance contrastive learning via hard
negative sampling. Rather, we scrutinize the assertion that
hyperbolic embeddings consistently outperform Euclidean
embeddings, as shown in earlier studies. Our analysis re-
veals that triplet selection varies across geometries. From
this perspective, we propose that combining different ge-
ometries can expand the sampling pool. Our experiments
demonstrate that mixed geometries prompt the model to
select triplets crucial to the decision boundary, while dis-
carding less significant ones present in both embeddings. A
potential future direction could be merging existing negative
sampling methods with different geometries.

4. Experiments and Results

We adhere to the training and evaluation protocol es-
tablished by [25]. We then contrast two versions of our
approach with the current state-of-the-art across three bench-
mark datasets for image retrieval tasks. In the upcoming
sections, we introduce the datasets and contrastive methods
in Section 4.1, provide implementation specifics in Section
4.2, and present the experimental results in Section 4.3.

4.1. Datasets

We perform the evaluation of our method on three dif-
ferent benchmark datasets. CUB-200-2011 (CUB) [120]
includes 11,788 images with 200 categories of bird breeds.
We use the first 100 classes with 5,864 images as the train-
ing set, and the remaining 100 classes with 5,924 images
are used for testing. The instance in this dataset is hard
to distinguish visually. Some breeds could only be distin-
guished by minor details, making this dataset challenging
and, at the same time, informative for the image retrieval
task. Cars-196 (Cars) [54] is a dataset containing 16,185 im-
ages of 196 car models. The first 98 classes (8,054 images)
are used for training and the other 98 classes (8,131 im-
ages) are used for testing. Stanford Online Product (SOP)
[99] consists of 120,053 images of 22,634 products down-
loaded from eBay.com. We follow the standard train/test
split: 11,318 classes (59,551 images) for training and the
remaining 11,316 classes (60,502 images) for testing.

4.2. Implementation Details

We adopt the code implementation2 and hyper-parameter
of [25]. For the pretrained backbone encoders, we use ViT-
S [101] with two different types of pretraining (ViT-S and
DINO). The ViT architecture was introduced by [23]. The
input image is cut into patches of size 16× 16. Each patch
is flattened and then linearly projected into an embedding as
well as their location information. ViT-S [101] is the smaller
version of ViT with 6 heads in multiheaded self-attention
(base version uses 12 heads). A detailed description is avail-
able in [101]. We use the publicly available version of ViT-S
pretrained on ImageNet-21k [101]. The second encoder
used in our experiments is DINO [12], which is an architec-
ture proposed for contrastive self-supervised representation
learning. In this configuration, the model ViT-S is trained
on the ImageNet-1k dataset [87] without labels. Detailed
architecture design could be found in [12].

We replicate the experiment design and implementation
details from previous work. Head biases are initialized to
0, and weights with a (semi) orthogonal matrix [89]. In
fine-tuning, linear projection for patch embeddings remains
frozen. The encoder yields a 384-dimensional representation,
projected by a head to a 128-dimensional space. The model
has two branches: one outputs a 128-dimensional embedding
in Euclidean space, while the other projects into hyperbolic
space. Our proposed method for feature mixtures across
geometries is then applied. Notably, encoder outputs are
normalized prior to branching. Following [25], we adopt
naming conventions: the hyperbolic head baseline is “Hyp-”,
and the unit hypersphere is “Sph-”.

Hyperbolic space consistently follows a trend when ad-
justing curvature parameter c from small to large values.
Optimal performance is achieved at τ = 0.2 then gradually
declines. For smaller c values, hyperbolic embeddings out-
perform Euclidean embeddings when τ > 0.2. In our mix-
ture model, we utilize c = 0.1 and τ = 0.2 for hyperbolic
embeddings, and τ = 0.05 for hypersphere embeddings.
Lambda is tested from 1 to 10 to determine the best value.
The clipping radius remains consistent with previous work
at r = 2.3.

We use the AdamW optimizer [66] with a learning rate
value 1×10−5 for DINO and 3×10−5 for ViT-S. The weight
decay value is 0.01, and the batch size equals 900. The num-
ber of optimizer steps depends on the dataset: 200 for CUB,
600 for Cars, 25000 for SOP. The gradient is clipped by
norm 3 for greater stability. We apply commonly used data
augmentations: random crop resizing the image to 224×224
using bicubic interpolation combined with a random hori-
zontal flip. We implemented the automatic mixed precision
training with Pytorch [77]. All experiments are performed
on one NVIDIA A100 80G GPU.

2https://github.com/htdt/hyp_metric
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Method
CUB-200-2011 (K) Cars-196 (K) SOP (K)

1 2 4 8 1 2 4 8 1 10 100 1000

Margin [123] 63.9 75.3 84.4 90.6 79.6 86.5 91.9 95.1 72.7 86.2 93.8 98.0
FastAP [8] - - - - - - - - 73.8 88.0 94.9 98.3
NSoftmax [129] 56.5 69.6 79.9 87.6 81.6 88.7 93.4 96.3 75.2 88.7 95.2 -
MIC [86] 66.1 76.8 85.6 - 82.6 89.1 93.2 - 77.2 89.4 94.6 -
XBM [118] - - - - - - - - 80.6 91.6 96.2 98.7
IRTR [24] 72.6 81.9 88.7 92.8 - - - - 83.4 93.0 97.0 99.0

Sph-DINO 77.9 86.1 91.6 95.1 82.5 89.2 93.3 95.8 84.6 94.2 97.6 99.2
Sph-ViT § 83.4 90.2 94.0 96.3 78.8 86.7 91.9 95.0 85.5 94.9 98.2 99.5
Hyp-DINO 78.3 86.8 92.0 95.4 83.2 90.0 93.8 96.3 84.0 93.9 97.6 99.2
Hyp-ViT § 83.4 90.2 94.2 96.3 80.1 88.1 92.8 95.7 85.3 94.8 98.1 99.5
Mix-DINO 78.5 86.9 91.8 95.3 85.2 91.2 94.6 96.8 84.9 94.3 97.7 99.3
Mix-ViT § 83.7 90.4 94.1 96.5 81.3 88.5 93.2 96.1 85.8 95.0 98.1 99.5

Table 1: Recall@K for four datasets for 128-dimensional embeddings. Our methods are listed in the last
two rows, evaluated for head embeddings. “Sph-” and “Hyp-” indicate hypersphere embeddings optimised us-
ing Dcos (5) and hyperbolic embeddings optimised using Dhyp (2), respectively. “DINO” and “ViT” are types
of pretraining vision transformer encoder. Models shown at the top are based on ResNet-50 [37] encoder, ex-
cept IRTR is based on DeiT [109]. In our method, we take λ value 3 for CUB, and 8 for Cars and SOP.
§ pretrained on the larger ImageNet-21k [21]. The best results, within a non-significant difference of 0.1, are highlighted.

Method Dim
CUB-200-2011 (K) Cars-196 (K) SOP (K)
1 2 4 8 1 2 4 8 1 10 100 1000

A-BIER [76] 512 57.5 68.7 78.3 86.2 82.0 89.0 93.2 96.1 74.2 86.9 94.0 97.8
ABE [52] 512 60.6 71.5 79.8 87.4 85.2 90.5 94.0 96.1 76.3 88.4 94.8 98.2
SM [102] 512 56.0 68.3 78.2 86.3 83.4 89.9 93.9 96.5 75.3 87.5 93.7 97.4
XBM [118] 512 65.8 75.9 84.0 89.9 82.0 88.7 93.1 96.1 79.5 90.8 96.1 98.7
HTL [31] 512 57.1 68.8 78.7 86.5 81.4 88.0 92.7 95.7 74.8 88.3 94.8 98.4
MS [117] 512 65.7 77.0 86.3 91.2 84.1 90.4 94.0 96.5 78.2 90.5 96.0 98.7
SoftTriple [81] 512 65.4 76.4 84.5 90.4 84.5 90.7 94.5 96.9 78.6 86.6 91.8 95.4
HORDE [43] 512 66.8 77.4 85.1 91.0 86.2 91.9 95.1 97.2 80.1 91.3 96.2 98.7
Proxy-Anchor [50] 512 68.4 79.2 86.8 91.6 86.1 91.7 95.0 97.3 79.1 90.8 96.2 98.7
NSoftmax [129] 512 61.3 73.9 83.5 90.0 84.2 90.4 94.4 96.9 78.2 90.6 96.2 -
ProxyNCA++ [105] 512 69.0 79.8 87.3 92.7 86.5 92.5 95.7 97.7 80.7 92.0 96.7 98.9
IRTR [24] 384 76.6 85.0 91.1 94.3 - - - - 84.2 93.7 97.3 99.1

ResNet-50 [37] † 2048 41.2 53.8 66.3 77.5 41.4 53.6 66.1 76.6 50.6 66.7 80.7 93.0
DeiT-S [109] † 384 70.6 81.3 88.7 93.5 52.8 65.1 76.2 85.3 58.3 73.9 85.9 95.4
DINO [12] † 384 70.8 81.1 88.8 93.5 42.9 53.9 64.2 74.4 63.4 78.1 88.3 96.0
ViT-S [101] † § 384 83.1 90.4 94.4 96.5 47.8 60.2 72.2 82.6 62.1 77.7 89.0 96.8

Sph-DINO 384 80.5 87.9 92.5 95.4 87.0 92.7 95.9 97.6 84.8 94.2 97.6 99.2
Sph-ViT § 384 85.1 91.1 94.3 96.5 82.2 89.0 93.3 96.2 85.3 94.5 97.9 99.4
Hyp-DINO 384 80.6 88.1 92.8 95.4 87.5 93.1 96.2 97.9 84.5 94.1 97.6 99.2
Hyp-ViT § 384 85.0 91.3 94.5 96.5 84.3 90.8 94.8 97.3 85.2 94.6 98.0 99.4
Mix-DINO 384 80.4 88.3 92.8 95.5 88.9 94.1 96.5 98.1 85.1 94.5 97.8 99.3
Mix-ViT § 384 84.6 91.3 94.9 96.7 84.4 90.6 94.9 97.1 86.0 95.0 98.2 99.5

Table 2: Recall@K metric for four datasets, “Dim” column shows the dimensionality of embeddings. The 2 versions of our
method are listed in the bottom section starting with “Mix”, evaluated for encoder embeddings. Encoders by methods: A-BIER,
ABE, SM: GoogleNet [104]; XBM, HTL, MS, SoftTriple, HORDE, Proxy-Anchor: Inception with batch normalization [42];
NSoftmax, ProxyNCA++: ResNet-50 [37]; IRTR: DeiT [109]. † pretrained encoders without training on the target dataset. §

pretrained on the larger ImageNet-21k [21]. The best results and the second best, within a difference of 0.1, are highlighted.

For the baseline method proposed in [25], we re-
implemented the code and report the results run by ourselves.

4.3. Results

Tab. 1 and Tab. 2 report the experimental recall@K metric
for the 128-dimensional head embedding and the results for
384-dimensional encoder embedding. The evaluation results

of the pretrained encoders without training on the target
dataset in Tab. 2 are from [25]. The last 6 rows in the tables
present the results obtained from our implementation.

In Fig. 2, it is shown that the performance of Euclidean
embedding is governed by temperature parameter τ . The
smallee the temperature is, the better the performance. On
the other hand, the performance of hyperbolic embedding is
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dominated by the choice of both τ and c. Different c values
will assign different relative distances between samples. Un-
like the Euclidean embedding, most hyperbolic embedding
shows better performance when τ is around 0.2. Different
embeddings will give supplementary features to each other.

The observations from Fig.2, Tab.1, and Tab. 2 demon-
strate that the Euclidean embedding model performs com-
parably, and sometimes even better, than the hyperbolic
embedding method when the temperature parameter is small
(τ = 0.05). This aligns with our analysis that Euclidean
space provides sufficient embeddings as long as the tem-
perature τ effectively promotes meaningful hard negative
selection. Existing work lacks a comprehensive Euclidean
vs. hyperbolic space comparison concerning temperature
effects in the contrastive loss, leading to potentially inflated
performance claims for hyperbolic embeddings.

For 128-dimensional embeddings, our Mix model
achieves the best 1K recall value, outperforming Sph and
Hyp baselines, even after their optimal tuning. In the CUB
dataset, recall improvements for 1K, 2K, and 8K are 0.36%,
0.22%, and 0.21%, respectively. In the Cars dataset, DINO
consistently outperforms ViT, allowing our Mix method to
also excel when using DINO as the backbone encoder. The
relative improvements for 1K, 2K, 4K, and 8K are 2.40%,
1.33%, 0.85%, and 0.52%, respectively. Similarly, for SOP,
there are relative improvements of 0.35% and 0.11% in 1K
and 10K recall, respectively.

For 384-dimensional embeddings, our proposed Mix
model shows promise. In the CUB dataset, 1K recall is
slightly lower than the Sph-ViT method. Notably, on CUB,
relative performance improvements for 4K and 8K are 0.42%
and 0.21%, respectively. For the Cars dataset, relative im-
provements in 1K, 2K, 4K, and 8K recall are 1.60%, 1.07%,
0.31%, and 0.20%, respectively. In the SOP dataset, the
relative improvements for 1K, 10K, 100K, and 1000K recall
are 0.82%, 0.42%, 0.20%, and 0.10%, respectively. The
experiments were conducted multiple times, with standard
deviations around 0.2.

In our analysis in Section 3.3, we demonstrate that the
value of p(x−) varies between Euclidean and hyperbolic
embeddings for the same instance. This discrepancy im-
plies that the models will exhibit different preferences when
selecting the corresponding triplet (x,x+,x−) to learn de-
cision boundaries. We hypothesize that mixed geometry
embeddings may not consistently outperform single geome-
try embeddings to a significant extent. In some cases, their
performance could be comparable to that of single geom-
etry embeddings. This is due to the fact that the selection
of negatives in each geometry is determined by p(x−). In-
stances with low values of p(x−) in both geometries have
minimal impact on the decision boundary. On the other
hand, instances with high p(x−) in one geometry but low
in the other might be overlooked by one embedding, yet

highlighted when the corresponding p(x−) remains high
after fusion. However, it’s not guaranteed that the mixed
model will always put emphasis on true hard negatives when
learn a model. Our proposed method aims to validate our
understanding of different geometry embeddings, rather than
proposing an explicit negative selection method. This ex-
plains why the mixed model occasionally surpasses single-
geometry embeddings but not consistently.

In our proposed method, we only tested simple addition
as feature fusion. However, considering different c values
will result in new hyperbolic geometries, and further gains
are possible if more embedding spaces are considered in the
proposed Mix model.

5. Conclusion

Upon scrutinizing recent advancements in metric learn-
ing employing hyperbolic space, we uncover that the perfor-
mance boost attributed to hyperbolic space primarily arises
from parameter tuning of τ in the pairwise cross-entropy
loss. Experimentally, we find Euclidean and hyperbolic em-
beddings exhibit complementary behavior with diverse τ
and curvature values. This observation motivates us to delve
deeper into hyperbolic metric learning. Our analysis reveals
that the distinct performance of embeddings stems from vary-
ing effects of hard negative sampling in the two geometries,
illustrated in Fig. 1. To harness the benefits of these diverse
geometries, we propose an ensemble learning approach that
amalgamates features acquired in two spaces. By altering
the hard negative data pool during the learning process, we
encourage the model to acquire more informative features.

Limitation. In our current fusion experiment, we determine
the optimal λ value through a uniform search spanning 1 to
10. For future endeavors, an automated approach, such as
incorporating λ as a learnable parameter, could be explored.
Additionally, our fusion model currently involves a simple
convex combination of Euclidean and hyperbolic geometry.
Considering the varying nature of hyperbolic geometry with
changes in c, the fusion model’s scope could potentially en-
compass more than two geometries. We believe this work
offers insightful contributions to comprehending hyperbolic
metric learning. Furthermore, the exploration and analysis
of potential ensemble learning involving Euclidean and hy-
perbolic geometry in different configurations remain open
avenues for future research.
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