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A. Introduction to APS
APS-D. [3] APS is proposed to make symmetric down-
sampling and upsampling operations shift equivariant.
Pipeline of adaptive polyphase downsampling (APS-D) is
shown in Figure 1. The input image can be grouped as 4
possible grids, each is a potential candidate for downsam-
pling. These 4 possible grids are called polyphase compo-
nents and denoted as {yij}1i,j=0. Adaptive polyphase down-
sampling (APS-D) then can be formulated as

yAPS−D = yi1j1 ,

where i1, j1 = argmax
i,j

{||yij ||p}1i,j=0.
(1)

Polyphase

components

Select highest 

norm component

Select highest 

norm component

Unshifted input Output of APS-D

Output of APS-DShifted input

(a) (b) (c)

Polyphase

components

Figure 1. Pipeline of APS-D on single channel input. (a) Input and
its shift. (b) The input and its shift share the same set of polyphase
components. (c) By choosing the component with the highest lp
norm, APS-D returns the same output for both the input and its
shift.

APS-U. [2] Adaptive polyphase upsampling (APS-U) is
proposed to recover the shift-consistent APS-D output to a
shift equivariant one. The sampled polyphase components
can be denoted as {yij}1i,j=0. We denote ix, x ∈ {0, 1, 2, 3}
to be the index of polyphase component with the highest
norm. Then the downsampled output obtained from APS-D
is

yAPS−D = D2(T−ix(x)). (2)

Let UA
2 denote adaptive polyphase upsampling (APS-U)

operator with stride 2. DA
2 denote adaptive polyphase

downsampling (APS-D) operator with stride 2. Then the
adaptive polyphase upsampling (APS-U) is formulated as

UA
2 (yAPS−D, ix) = Tix(U2((yAPS−D)) (3)

When input signal is shifted by odd and even pixel, the
APS-D and APS-U pipeline is shown in Figure 2.

APS-D 

Sample

APS-U

Shift to 

grid

Unshifted input Output of APS-D

Output of APS-D Output of APS-U

Output of APS-U

Shifted input

(a) (b) (c) (d)

APS-D 

Sample

Shift to 

grid

Figure 2. (a)-(b) output of APS-D is consistent to input transla-
tions. (c) Outputs of conventional upsampling are not shifted in
same direction and stride as the input. (d) By shifting the upsam-
pled signal to the grid originally chosen by APS-D, shift equivari-
ance is achieved.

B. GDPE using Newton-Raphson method

GDPE (Gaussian Distribution prior based keypoint
Parameter Estimation) is a kind of Iterative Parameter
Estimation Method. Given a predicted heatmap Ĉ =
{(c0, x0, y0), (c1, x1, y1), ..., (cp, xp, yp)}, p ∈ Z , we aim
to fit Ĉ through the model, so that Ĉ is getting closer and
closer to CGT .

When the model converges, it is reasonable that Ĉ
should follow the same distribution as CGT . Then we are
able to estimate the parameter µ = (m,n) with gaussian
distribution prior and pre-known σ. So the whole process
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of GDPE can be formulated as: solving (m,n) from

C(x, y,m, n) = exp(− (x−m)2 + (y − n)2

2σ2
), (4)

given data {(c0, x0, y0), (c1, x1, y1), ..., (cp, xp, yp), p ∈
Z} and σ. We take the logarithm of both sides:

−2σ2 ln(C(x, y,m, n)) = (x−m)2 + (y − n)2. (5)

Let
C(x, y,m, n) = −2σ2 ln(C(x, y,m, n)), (6)

then we have:

C(x, y,m, n) = (x−m)2 + (y − n)2. (7)

Let the objective optimization function be

F (m,n) =

n∑
i=0

[Ci − (xi −m)2 − (yi − n)2]2. (8)

In order to make F (m,n) reach a minimum value, it is nec-
essary to make: 

∂F

∂m
= 0

∂F

∂n
= 0

, (9)

which is{ ∑n
i=0 4(xi −m)(Ci − (xi −m)2 − (yi − n)2) = 0∑n
i=0 4(yi − n)(Ci − (xi −m)2 − (yi − n)2) = 0

.

(10)
Use Newton-Raphson method [1] to solve the nonlinear

equations. Assume:{
f(m,n) =

∑n
i=0 4(xi −m)(Ci − (xi −m)2 − (yi − n)2)

g(m,n) =
∑n

i=0 4(yi − n)(Ci − (xi −m)2 − (yi − n)2)
.

(11)
The first step, given the initial value (m0, n0), the approxi-
mate equation is

f(m0, n0) +
∂f

∂m

∣∣∣∣
m=m0,n=n0

(m−m0) +
∂f

∂n

∣∣∣∣
m=m0,n=n0

(n− n0) = 0

g(m0, n0) +
∂g

∂m

∣∣∣∣
m=m0,n=n0

(m−m0) +
∂g

∂n

∣∣∣∣
m=m0,n=n0

(n− n0) = 0
.

(12)
The second step, we can solve the above approximate equa-
tion:

m1 =
(
∂f

∂m
n0 +

∂f

∂n
n0 − f)

∂g

∂n
− (

∂g

∂m
m0 +

∂g

∂n
n0 − g)

∂f

∂n
∂f

∂m

∂g

∂n
− ∂f

∂n

∂g

∂m

,

(13)

n1 =
(
∂f

∂m
n0 +

∂f

∂n
n0 − f)

∂g

∂m
− (

∂g

∂m
m0 +

∂g

∂n
n0 − g)

∂f

∂m
∂f

∂n

∂g

∂m
− ∂f

∂m

∂g

∂n

.

(14)
The third step, repeat the above operations, and after multi-
ple iterations we can get the approximate solution until:

|mi −mi−1|+ |ni − ni−1| < ϵ. (15)

Then it is considered that (mi, ni) at this time is the most
accurate approximate solution of the objective function.

Newton-Raphson method has square-convergence prop-
erties, which means that with each iteration, the significant
number of approximate roots will double. Only after a few
iterations, the estimated results will be accurate enough as
the ground truth.

C. More visualizations of shift-equivariance
Figure 3 and Figure 4 shows the visualization results of

our method when the input is shifted by 0-8 pixel values.
We also attach two videos, and recommend the reviewers
refer to them for more intuitive comparison.

D. Code
The code for reproducing our model is attached.
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Input image (1,1) (2,2) (3,3) (4,4)

(5,5) (6,6) (7,7) (8,8) (9,9)

Figure 3. More visualization results of our method when the input is shifted by (∆x,∆y) pixels values.
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Input image (1,1) (2,2) (3,3) (4,4)

(5,5) (6,6) (7,7) (8,8) (9,9)

Figure 4. More visualization results of our method when the input is shifted by (∆x,∆y) pixels values.
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