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Abstract

Convolutional neural networks have shown remarkable per-
formance in recent years on various computer vision prob-
lems. However, the traditional convolutional neural net-
work architecture lacks a critical property: shift equivari-
ance and invariance, broken by downsampling and upsam-
pling operations. Although data augmentation techniques
can help the model learn the latter property empirically, a
consistent and systematic way to achieve this goal is by de-
signing downsampling and upsampling layers that theoret-
ically guarantee these properties by construction. Adaptive
Polyphase Sampling (APS) introduced the cornerstone for
shift invariance, later extended to shift equivariance with
Learnable Polyphase up/downsampling (LPS) applied to
real-valued neural networks. In this paper, we extend the
work on LPS to complex-valued neural networks both from
a theoretical perspective and with a novel building block
of a projection layer from C to R before the Gumbel Soft-
max. We finally evaluate this extension on several computer
vision problems, specifically for either the invariance prop-
erty in classification tasks or the equivariance property in
both reconstruction and semantic segmentation problems,
using polarimetric Synthetic Aperture Radar images.

1. Introduction

Since their introduction by LeCun et al. [30], Convolutional
Neural Networks (CNNs) have remained the standard
neural network architecture for dealing with spatially
ordered data, such as images. Intuitively, many computer
vision tasks rely on patterns that can appear anywhere in
the image. Convolutional layers in CNNs introduce this
specific bias into neural networks, as it is the ‘sliding’ of a
kernel over the entire image. Convolutional layers are also
a special case of dense linear layers, y = Wz + b, whereby
W is a Toeplitz matrix instead of any matrix.
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However, modern CNN architectures include downsam-
pling and upsampling layers that break equivariance. It has
been empirically shown that resultant networks are highly
sensitive to translations in the input [55]. To maintain
the desirable shift equivariant property, recent works have
explored provably equivariant subsampling layers [9, 44].
This search for invariance and equivariance to known
symmetries in input data falls into a more general research
topic: geometric deep learning [5]. This branch of deep
learning explores methods for accounting for the fact that
the use of geometric priors can influence the design of
neural networks.

While well-developed for real-valued data, this topic is far
less studied in the field of complex-valued neural networks,
where both the input data and the neural network parame-
ters are composed of complex numbers. [23, 48]. Imaging
modalities commonly encountered in remote sensing (e.g.,
Synthetic Aperture Radar (SAR) [32]) and medical imag-
ing (e.g., Magnetic Resonance Imaging (MRI) [13]) often
consist of naturally complex-valued images. The typical
approach in dealing with such data is often only utilizing
the magnitude of the complex numbers, even though rich
information can be embedded in the phase [4, 15, 17].
Complex-valued deep learning is an active research topic,
as it has the potential to discover and exploit patterns
that are either overlooked or yet to be discovered. Several
foundational works had already been published [18, 51, 53].

The key contributions of this work are:

The extension of provable shift-equivariance to the com-
plex domain,

A learnable complex-to-real projection,

The empirical results demonstrating the benefits of a fully
complex neural network for naturally complex data on
three computer vision tasks (classification, reconstruc-
tion, segmentation).

In Section 2, we present the existing works related to
key concepts like shift-invariant/equivariant CNNs and



CVNNs. In Section 3, we extend the theory of shift-
invariant/equivariant convolutional neural networks to the
complex domain by providing a theoretical explanation
of their design. Section 4 describes an extensive set
of experiments to demonstrate the impact of the shift-
invariance/equivariance property on CVNNs.  Finally,
Section 5 discusses some perspectives in remote sensing
[41], medical imaging [14], and earth monitoring [43].

Notations: Italic type indicates a scalar quantity =,
lower case boldface indicates a vector quantity v, and
upper case boldface indicates a matrix or tensor A. $(z)
and $(z) respectively denote the real and imaginary parts
of complex number z € C. |z is the mathematical floor
function. The modulo operation is defined as mod. For
any vector v, v1 denotes the transpose operator and v[.] is
the indexing operator on v. ||v||, stands for the Euclidean
norm. The operator ® is the Hadamard element-wise
product between vectors. Finally, the composition operator

o is defined by (f o g)(z) = f(g(x)).

2. Related work

Shift-invariant/equivariant convolutional neural net-
works. As discussed in Section 1, while convolution
operations (using a stride of 1) are indeed shift-equivariant,
modern CNNs are not. As explained by Azulay et al. [2],
the traditional downsampling scheme, namely pooling
layers, involving a stride strictly larger than 1, is responsi-
ble for breaking this property. We present such a case in
Appendix A.

Some methods have tried to mitigate the negative effect
of the subsampling scheme, for instance, by using anti-
aliasing, like in the Low-Pass Filtering (LPF) method
proposed by Zhang et al. [55, 56]. However, as demon-
strated by Chaman et al. [9], LPF reduces the effect
of downsampling layers but does not solve the shift-
equivariance problem.

The first consistent shift-equivariant method was intro-
duced by Chaman et al. with the Adaptive Polyphase
Sampling (APS) method [9]. APS relies on a shift-invariant
sub-sampling scheme by selecting the highest ¢,-norm
among the polyphase components, as formally defined in
Section 3.2.

Lastly, Lim et al. [44] further elaborate on this con-
cept and propose a generalization of APS with the
Learnable Polyphase Sampling (LPS) method. Indeed,
while APS relies on the ¢, norm to select the polyphase
components, LPS introduces a pair of trainable <shift-
invariant/equivariant><down/up-sampling >layers. =~ This
property enables an elegant method for selecting a down-
sampling scheme trained in conjunction with the rest of
the network. Shift-invariance is desirable for classification
problems, while shift-equivariance is necessary for tasks
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such as segmentation and reconstruction. In the latter, a
translation of the input should result in the same output
translation.

Shift-invariant/equivariant methods have also been
extended to vision transformers (ViT) [45].  Finally,
shift-equivariance is one special case of a broader research
topic, group-equivariance, discussed in [12, 50].

Complex-valued neural networks.  Complex-valued
neural networks (CVNNS5) are deep neural networks whose
operations and inputs are defined in the complex domain

[3, 23, 48]. Despite the novelty of complex-valued neural

network theory, several critical questions regarding CVNNs

are still open, one being their suitable representation.

Based on the isomorphism between C and R2Z, CVNNSs can

be either represented as [31]:

* A dual-RVNN is a neural network with representations in
R, where real and imaginary parts are stacked at the input.
Operations are then performed in R,

* A split-CVNN processes representations in R? with op-
erations in R. Compared to a dual-RVNN, we keep the
relationship between real and imaginary components, al-
though the weights are also real-valued.

* A full-CVNN contains both representations and opera-
tions in C.

However, these neural networks are not equivalent: dual-

RVNNSs lack any representation of the complex domain.

Meanwhile, Hirose et al. [24] argue that fully-CVNNs are

better representation choices for CVNNs. Finally, Wu et al.

[52] recently proved that complex-valued neurons can learn

more than real-valued neurons, reigniting discussions sur-

rounding this question.

The core components of neural networks have been largely

extended to the complex domain. For instance, Li et al.

[34] proposed using Wirtinger calculus to define complex-

valued backpropagation properly, and more recently, Tra-

belsi et al. [48] extended the batch normalization layer to
the complex domain.

In this paper, we extend the LPS approach to CVNNSs,

specifically fully-CVNNs, and compare it to RVNNS,

namely dual-RVNNs.

3. Complex-valued shift-invariant/equivariant
layers

As discussed in Section 2, shift-equivariance is a highly de-
sired property for complex-valued neural networks. While
shift-equivariant methods for neural networks have been
proposed and tested for the real domain, an extension of
these methods to the complex domain has yet to be realized.
Among the various algorithms, such as APS [9] and LPS
[44], LPS is the current state-of-the-art shift-equivariant
method for RVNNSs. As such, our contributions focus on its
extension to the complex domain. We will also introduce



a learnable projection function to address some difficulties
encountered during the extension of the LPS method to the
complex domain.

3.1. Preliminaries

In this section, we formally introduce crucial concepts
related to shift-invariance/equivariance and CVNNs. Note
that every notion discussed in this section is defined by
default in the complex domain. For the sake of sim-
plicity, we consider, in the following, 1D signals and
downsampling factor p = 2, although the method is gen-
eralizable for higher dimensions and downsampling factors.

Shift-equivariance.  Shift-equivariance is a property
attributed to functions whose outputs are shifted accord-
ingly to the shift in their inputs. Formally, a function
f:CN — CMis Ty, {T,1}-equivariant (i.e. shift-
equivariant) iif:

T € {Twn, 1}, V2 € CY, f(Tnz) =Tf(2z), (1)

where Vn € Z, Tyv[n] £ v[(n + 1) mod NJ is a circular
shift.

Shift-invariance. The shift-invariance property refers
to the case where an output is never affected by any shift
in the input. Formally, a function f : CV +— CM is
Ty, {I}-invariant (i.e. shift-invariant) iif:

f(Tnz) = f(z),Vz € CV. )

We obtain shift-invariance from shift-equivariant functions
by applying a permutation-invariant linear form (an opera-
tor mapping from C¥ to C invariant under any permutation
of the components of its input). One such example is the
sum operation, as we observe that:

D f(Tnz)[m) =" (Taf(z)[m],

m

3)

is shift-invariant if f is shift-equivariant. From a more
general perspective, based on the above claim, any global
pooling operator, i.e., an operator with a global receptive
field (max, mean, sum, or product), is a shift-invariant
transform.

Complex-valued downsampling & pooling layer.
Unlike the previously introduced global pooling, pool-
ing layers with a local receptive field are not shift-
invariant/equivariant. Indeed, commonly used pooling
layers are fundamentally a filter (max, mean) with a stride
of 1 followed by a subsampling (using a stride strictly
larger than 1), which is not a shift-invariant/equivariant
operator. Indeed, a downsampling-by-p factor operator
D, : CV s CLN/Pl is defined as:

Dy (2)[n] = z[pn], Vn € [1, [N/p]] . €y
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Such an operator constantly samples the same indices of its
input, regardless of whether a shift occurred.

Note that some pooling layers in the complex domain dif-
fer from their real-valued counterparts. The max pooling
layer cannot be trivially extended to the complex domain as
C is only partially ordered. As such, the returned element
is a complex-valued scalar such that the selection rule is or-
dered, the complex-valued max pooling layer M : CV — C
being defined as:

M(z) = z[k] where k = arg »Ir[hax]] |z[4]| ,
e|l,n

®)

Complex-valued activations. Several activation functions
have been proposed in the literature: Kuroe et al. [29] pro-
posed to distinguish between them by categorizing activa-
tion functions into the following two classes of complex
functions f(-):

Type A : f(2) = fr(R(2)) + 7 f5(S(2))
Type B : f(2) = 9(r) &/??)

where fr : R — R and fg : R — R are nonlinear real-
valued functions. % : RT — R* and ¢ : R — R are
also nonlinear real functions. We select the modReLU(.)
function [1], such as given b € R a bias parameter of the
nonlinearity, modReLU(.) is defined as :

(6)

modReLU(z) = ReLU (|z| + b) ¢’
(|2 + b)
0

Zz

if |z +b>0,
2|

otherwise .

Complex differentiability. The partially ordered nature
of C is incompatible with minimization and optimization.
Thus, loss functions L, estimating the correctness of
the model prediction, must return a real-valued scalar
(L : C* — R). One common way to define such functions
is to consider only the magnitude of z or compute the loss
function on the real and imaginary parts separately.
Additionally, on the topic of complex differentiability,
since the loss L is lower bounded, it is not holomorphic by
Liouville’s theorem. Therefore, the Wirtinger derivative is
used to compute the gradient of loss L with respect to the
real and imaginary parts of the neural network weights in
the complex backpropagation algorithm [47].

Complex-valued neural networks. In addition to
pooling layers, loss functions, and activation functions,
further building blocks are required to achieve a complex-
valued neural network. Linear and convolutional layers
extend naturally to the complex domain if their weights
are complex-valued. As explained by Trabelsi et al. [48],
complex-valued batch normalization and initialization
layers require specific implementations, and we followed
their proposal in our experiments.



3.2. Extension of shift-equivariant methods to the
complex domain

This section presents a general methodology to define
shift-invariant/equivariant methods to “make convolutional
networks shift-equivariant” (regardless of their real or
complex-valued nature). LPF aims to replace the tradi-
tional MaxPool, strided convolution, and AvgPool oper-
ations with variants that utilize low-pass filters, thereby re-
ducing the impact of these operations on shift-invariance.
However, while LPF has tried to resolve this problem, it is
not a shift-invariant method but rather a good approxima-
tion of this property. To address this limit, shift-invariant
APS and LPS methods have been introduced.

We now present the baseline methodology of shift-invariant
methods. Let us begin by defining the polyphase component
operator Poly acting on C* as:

Poly,, (z) [n] = z[2n + k], Vn € [1, [ N/2]],

where k € {0,1} and Poly, (z) € CL¥/2] denotes the k-th
polyphase component. We also remind

Poly, (z)
T]uPOlyo (Z)

ifk=0,

8
ifh=1, ®

Poly, (Tn z) = {

with M = |N/2]. Moreover, let us denote p,(K|z) as
the conditional probability for selecting polyphase com-
ponents, with K denoting the Bernoulli random variable
(a one-dimensional case of the categorical distribution) of
polyphase indices and PD as a complex-valued Polyphase
Downsampling layer, Yz € CV,

PD(z) = Poly, (z) ,
here k* = 2 (K = k|z).
where argkggﬁ}p ( |z)

We can now propose Claim 1, Claim 2, and Claim 3
which are extensions of existing real-valued claims [44].

Claim 1: If p, is shift-permutation-equivariant, then
PD is a shift-equivariant complex-valued downsampling
layer.

is

We say that p, shift-permutation-equivariant iif:

Pz (K = 7(k)|Tnz) = pa(K = kl|z) ©)

where 7(.) denotes the permutation on the polyphase in-
dices (k) = k+1 mod p with p the number of polyphase
components (downsampling factor). When there is only
2 polyphase components, p = 2, then 7(1) 0 and
7m(0) = 1. In other words, shifting z leads to selecting the
other polyphase component. The proof of this claim is pro-
vided in Appendix B.
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For instance, consider a typical downsampling scheme,
such as the strided convolution. A convolution with stride
s is equivalent to a convolution with stride 1 followed by
a downsampling-by-s operator (see Eq. (4)). The down-
sampling operator (4) does not follow equality (9) as soon
as s > 2, since it is guaranteed that K = s, regardless
of whether the data z may or may not have been circular-
shifted. It follows that the usual strided convolution is not a
shift-equivariant downsampling layer.

One way to ensure that p, is shift-equivariant is to define a
shift-invariant f : CLV/2] s R function, and an adaptive
sampling layer p, as the conditional probability:

exp (f(Poly, (7))
S exp (f(Poly, (2)))

je{0,1}

P(K = kl|z) = (10)

Claim 2: If f is shift-invariant, then p, is shift-permutation
equivariant.

The proof of this claim is provided in Appendix B.
Once f is defined as a shift-invariant function, the actual
choice of the function remains open. Many options have
been proposed in the literature: the choice of function dra-
matically influences the neural network’s performance. For
instance, APS proposed to define f(-) = || ||, implying that
k* = arg kgg)ﬁ} ||Poly, (z)|| since the Softmax operator

is a smooth approximation of the arg max operator on its
input components. The polyphase component selection is
based on the maximal norm value. Hence, as stated in Eq.
(2), f is shift-invariant (due to the global respective field
of the max operator). As such, Claim 1 and Claim 2 are
respected, proving that the downsampling layer proposed
in APS is indeed shift-equivariant.

While APS hardcoded the selection rule of the
polyphase components, LPS introduced a learnable
rule fo : REXHXW 4 R as a small convolutional neural
network parametrized by 6 that learn a downsampling
scheme alongside the model training. This network does
not use any downsampling scheme: fg is composed of
convolutional layers with a stride 1 and a global pooling at
the output, as seen in Figure 1. Hence, as stated in Eq. (2),
fo is shift-invariant. As such, Claim 1 and Claim 2 are
respected, proving that the downsampling layer proposed
in LPS is indeed shift-equivariant. We note that LPS
generalizes the APS method (as demonstrated [44, Claim
2)).

Finally, to ensure that the shift-equivariance property is
correctly validated during the upsampling (for segmenta-
tion and reconstruction tasks), we denote the partial inverse
polyphase component (IPoly) operator acting on CV as



Vn € [1,N],Vj € {0,1}:

z[n], if j =k

IPoly, (z)[2n + j] = { (11)

0, otherwise,

where k¥ € {0,1} and IPoly(z);, € C2V denotes the
k-th upsampled component. Note that the IPoly op-

erator satisfies the property: Poly,(IPoly,(z)) = =z.
Given a downsampled feature map y = PD(z) =
Poly,.(z), the complex-valued polyphase upsam-

pling layer is defined as PU(y) = IPoly,.(y) where
k* = arg n%ax}pz (K = k|z). Thus, we propose the
ke{0,1

s

following claim:

Claim 3: [If p, is shift-permutation equivariant, then
PU o PD is shift-equivariant.

A mandatory condition for Claim 3 to be valid is that
the overall architecture of the model is symmetric, i.e., the
number of subsampling layers in the encoder must be equal
to the number of upsampling layers in the decoder. The
proof of this assertion is the extension of the real-valued
proof provided in [45, Claim 4]. The proof of Claim 3 is
provided in Appendix B.

While PU provides a shift-equivariant upsampling scheme,
it introduces zeros in the output, which results in high-
frequency components. This is known as aliasing in a
multirate system [49]. Similar to [44], we apply a low-pass
filter scaled by the upsampling factor after each PU to
resolve this.

In the following section, we propose to design a function
fo @ COXHXW 5 R that generalizes the function fp
proposed in APS and LPS.

3.3. Learnable Projection Function

To effectively learn a downsampling scheme, we
parametrize fp as a small complex-valued neural net-
work using Gumbel Softmax [25, 40]. The Gumbel
Softmax is a differentiable method that samples from a
categorical distribution using a temperature parameter,
allowing it to asymptotically converge to the argmax
operation. Mathematically, we define [x;, - - - ,xn]T c R
as the logits for selecting the polyphase components,
[g:, -+ , gn] as independent samples from standard Gumbel
distribution. After integration, we obtain:

exp (z;) .

n

Z exp (z;)

=1

P (j = arg max(g; + 1)) (12)

A detailed introduction of the Gumbel Softmax method is
provided in Appendix C. Its extension to the complex do-
main requires specific attention. Logits being real-valued
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is a mandatory requirement for using the Gumbel Softmax,
as it transforms a real-valued logit and a random Gumbel
noise into a categorical distribution. To tackle this issue,
we present a straightforward adaptive method to map logits
from CV to R" in Section 3.3.

Due to the partial order of C, extending existing operators
is not straightforward. For instance, the Gumbel Softmax
method requires a real-valued logit to be passed as an argu-
ment. Note that the Gumbel Softmax is not the only compo-
nent that needs projecting complex-valued logits to R; this
is also the case for the cross-entropy loss function, as dis-
cussed in Section 3.1.

As projecting from C to RY can be done in various ways,
we propose to distinguish between two types of projection:
implicit and explicit projection.

3.3.1. Implicit Projection

For any z € CV, implicit projection is realized by applying
a function on (z) and R(z) separately and composing the
results. When dealing with implicit projection, Softmax is
a natural choice by computing the Mean Softmax < [0, 1]V
and the Product Softmax € [0, 1]V of Softmax(S(z)) and
Softmax($(z)) as:

MSoftmax(z) = % [Softmax(R(z)) + Softmax(3J(z))] ,
PSoftmax(z) = Softmax(%(z)) ® Softmax(3(z))) .

We naturally extend these two functions to obtain the equiv-
alent for the Gumbel Softmax, i.e., MGumbelSoftmax and
PGumbelSoftmax.

3.3.2. Explicit Projection

Explicit projection consists of applying an additional func-
tion defined as f : CV + R¥ on top of a neural network
layer. The advantage of this approach over implicit projec-
tion is that it allows for more flexibility, due to its train-
able nature. Computing the mean/product of probabilities,
as done in the implicit projection approach, lacks a rigorous
mathematical foundation, whereas defining a function that
maps CV to R¥ is more principled.

Norm: For any z € C¥, a well-known explicit projection
function is the norm function, defined as |z|. I Nevertheless,
while this function is commonly used to project a complex
number into the real domain, the phase information is dis-
carded. This payoff might be undesirable in many cases. To
address this issue, we propose a learnable projection func-
tion that generalizes the norm function while leveraging the
adaptability of the connectionist paradigm.

Polynomial: We introduce a learnable projection polyno-
mial layer to generalize the norm function by adapting the

!Using the Norm function as a projection layer for the LPS method
differs from the APS method. Indeed, APS selects components using the
argmax on the norm of its input.
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Figure 1. Proposed complex-valued extension to the shift-equivariant model first introduced in [44]. During training, we retain the weights
sharing, pooling operations, and stochasticity as in [44]. We must project tensors to R before computing the Gumbel Softmax (or apply the
Gumbel Softmax independently on the real and imaginary parts) to handle complex-valued weights and inputs.

projection function during the learning process. The pro-
posed layer processes complex-valued input data z € CV
by decomposing each component z; of the vector z € CV,
for I € [1,N], into a M-polynomial function acting on
its real and imaginary components, a; = R(z); and b; =
S(z);, respectively. It computes all terms aj b) where
1,7 > 0,414 j = m, for each degree m ranging from 1 to
M, the specified order of the polynomial expansion. These
terms are used as inputs to a linear transformation, resulting
in the output, VI € [1, N]:

M m

PolyDec;(z) = 8+ Z Zem,i a/b" ",

m=1 i=0

(13)

where {0; ; € R}(i,j)e[l,MP are the learned weights and
B € R is the bias term of the linear layer which is for the
constant term (¢ = j = 0). This formulation effectively
models fg as a polynomial function PolyDec of the real
and imaginary parts of z, up to degree M, capturing
complex interactions between them.

MLP: While the amplitude is a hard-wired function
and the polynomial projection function is constrained
to follow an explicit formulation, we also introduce a
more general class of learnable projection functions as
an MLP. We define the multilayer perceptron (MLP) as a
sequence of fully connected layers that process the real and
imaginary parts of the complex input z, such as:

L L-1 1 R(z)

MLP(z) = fD) o fE=D o o fV) ([S(Z)D , (14

where L is the number of layers in the network, each layer
f® for I € [1,L] is defined as a real-valued non-linear
transformation.
Based on the universal approximation theorem, this layer
can generalize all possible projection functions without be-
ing constrained to a specific polynomial form. Neverthe-
less, note that its size constrains the generalization capabil-
ities of the MLP.

4. Experiments

In this section, we evaluate the performance of complex-
valued shift-invariant/equivariant neural networks in the
complex domain. More precisely, we demonstrate how
complex-valued shift-invariant/equivariant neural networks
outperform traditional complex-valued neural networks
across various computer vision tasks and possess an in-
herent superiority in their design, particularly in terms of
the impact of the shift on the input. We also test our ap-
proach on dual-RVNNSs to evaluate the effect of the com-
plex nature of CVNNs compared to their real-valued coun-
terparts. We conduct experiments on image classification,
semantic segmentation, and image reconstruction. To align
our experiments with the scope of this article, we care-
fully selected complex-valued imaging datasets upon which
our models were tested. Indeed, by only experimenting to
the data’s physical background. While we reproduce the
existing setup for circular shift [9], we propose the first
setup to evaluate complex-valued shift-invariant/equivariant
neural networks in this section. More precisely, we used
the Cr. S. metric from [9, 44, 55] to evaluate shift-
equivariance/invariance by applying a random circular shift
between 1 and 9 on the input of a model, and its output.
Shift-equivariant/invariant models should achieve a 100%
perfect score, unlike non-equivariant/invariant models.
However, we note that outperforming existing state-of-the-
art models is outside the scope of this work, as we pri-
marily focus on assessing the exact impact of each compo-
nent of our method. To this end, we tested our methods on
complex-valued adaptations of standard SOTA CNNss archi-
tectures (ResNet [21], UNet [46], AutoEncoder[22]). We
detail each task’s architectures and training setup in Ap-
pendix F and provide a complete guide to reproduce our
experiments at the following repository”.

2ntt ps:
CVNN

//github.com/QuentinGABOT /Equivariant _
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4.1. Datasets

While experiments presented in this section are based on
computer vision tasks, the dataset of interest concerns po-
larimetric SAR (PolSAR) imagery [32]. This imaging tech-
nique is based on the coherent combination of radar echoes,
yielding an image of the ground scene. The SAR system
is usually mounted on a satellite or an aircraft, providing
complex-valued information about the backscatter charac-
teristics of the ground. Each pixel of a PolSAR image is
associated with a complex scattering matrix S, called the
Sun Svn > where the indices H
Suv  Svv

and V refer to the horizontal and vertical polarization states,
but any orthogonal polarimetry basis can be used. PoISAR
datasets are presented in more detail in Appendix E, while
polarimetric decompositions are detailed in Appendix D.
Note that even if the following results have been obtained
with PolSAR images, other types of complex-valued imag-
ing could have been used, notably magnetic resonance
imaging (MRI) [35]. We specifically recognize that CVNNs
have been utilized for specific MRI applications, such as
fat-water separation and flow quantification [13].

Sinclair matrix S = (

tion function, outperforms every other model. Unlike non-
shift-invariant models, shift-invariant CVNNs and RVNNs
score a perfect circular shift consistency. Furthermore, the
three best-performing models (when looking at the Overall
Accuracy (OA) and the F1 score) are shift-invariant, high-
lighting this property’s benefits. Nevertheless, we note that
not all shift-invariant models outperform non-shift-invariant
models based on the OA and F1 score: this interesting re-
sult likely indicates that the design choice behind the down-
sampling scheme and the projection function matters. More
specifically, the APS approach consistently appears to be
a worse choice than the LPS strategy, indicating that this
non-learnable downsampling scheme is outperformed by
its learnable variant. This observation can also be made
when comparing our different projection functions: the
Norm function is also generalized and outperformed by the
PolyDec and the MLP. Finally, we observe that RVNNs
almost always underperformed against their CVNN coun-
terparts. We believe this result comes from the arduous
classification of classes from the SISLC_CVDL dataset.
Naturally, exploiting the phase information might confer
CVNNSs a unique advantage over RVNNs. We provide ad-
ditional results and visualizations in Appendix G.1.

Model Type | OA (%) | F1 (%) | Cr. S. (%)

ResNet LPS MLP C | 84.97 | 80.62 100.0 Model Type | OA (%) | F1 (%) | Cr. S. (%)
ResNet LPS R ]2.92 74.49 100.0 UNet LPS PolyDec C 97.21 92.7 100.0
ResNet LPS PolyDec C 81.63 73.5 100.0 UNet LPS R 97.21 91.86 100.0
ResNet LPS MSoftmax C 79.5 72.23 100.0 UNet LPS Norm C 96.04 89.47 100.0
ResNet LPS Norm C 76.38 68.25 100.0 UNet LPS MLP C 95.24 89.32 100.0
ResNet APS C 82.01 75.37 100.0 UNet LPS MSoftmax C 94.59 87.05 100.0
ResNet APS R 81.16 73.08 100.0 UNet APS R 96.73 90.15 100.0
ResNet LPF C [ 8156 | 73.68 | 935 UNet APS C [ 9378 | 8385 | 100.0
ResNet LPF R 79.66 70.8 95.44 UNet LPF R 97.13 91.62 97.01
UNet LPF C 93.12 84.58 97.04

Table 1. Classification and circular shifts metrics on the

SISLC_CVDL dataset. Shift-equivariant models are separated
from non-shift-equivariant models, namely CVNN/RVNN Low-
Pass Filter (LPF), by the additional row. CVNN Learnable
Polyphase Sampling (LPS) with MLP projection layer outper-
forms all variants, even Adaptive Polyphase Sampling (APS).

4.2. Classification

To test our approach on the classification task, we propose
an experiment setup based on the SISLC_CVDL dataset, as
described in Appendix F.1. On average, we report for an
A100 GPU, the following training times per epoch: CVNN
LPS PolyDec: 32m30s, CVNN LPF: 22m15s, RVNN
LPF: 06m06s. We also report the number of trainable pa-
rameters and the inference time for the shift-equivariant
CVNN variants in Appendix F.I. Results from Table |
validate our initial hypothesis that complex-valued shift-
invariant CVNNs outperform their non-shift-invariant coun-
terparts.

Our proposed approach, a CVNN LPS with an MLP projec-
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Table 2. Semantic segmentation and circular shifts metrics on the
PolSF dataset. Shift-equivariant models are separated from non-
shift-equivariant models, namely CVNN/RVNN Low-Pass Filter
(LPF), by the additional row. CVNN Learnable Polyphase Sam-
pling (LPS) with PolyDec projection layer outperforms all vari-
ants, even Adaptive Polyphase Sampling (APS).

4.3. Semantic Segmentation

We propose an experiment setup based on the PolSF dataset,
as described in Appendix F.2, to test our approach to the
semantic segmentation task. On average, we report the
following training times per epoch for the A100 GPU:
CVNN LPS PolyDec: 38 seconds, CVNN LPF: 34 sec-
onds, RVNN LPF: 14 seconds. We also report the number
of trainable parameters and the inference time for the shift-
equivariant CVNN variants in Appendix F.2. Table 2 shows
that the results validate our initial hypothesis that complex-
valued shift-equivariant CVNNSs outperform their non-shift-
equivariant counterparts.



Results show that the proposed approach outperforms all
other models, specifically a CVNN LPS with a PolyDec
projection function. Unlike non-shift-equivariant models,
shift-equivariant CVNNs and RVNNS score a perfect circu-
lar shift consistency. Furthermore, the two best-performing
models are shift-equivariant with respect to performance
metrics, like OA and F1 score. Nevertheless, we note
that not all shift-equivariant models outperform non-shift-
equivariant models based on the OA and F1 score; thus, we
reiterate the same conclusions as in Section 4.2. Finally, we
observe that RVNNS almost always outperform their CVNN
counterparts. Contrary to the observations made in Section
4.2, we believe that this might be because the semantic seg-
mentation of the PolSF dataset is a rather simple task (no-
tably due to the relatively small size of the dataset): the
phase information might not be a sufficient argument to use
CVNNs over RVNNSs in this case. Nonetheless, the CVNN
LPS PolyDec appears to be a striking exception to this ob-
servation: this leads us to hypothesize that CVNNs may
have a more challenging time learning some representations
than RVNNS, but they ultimately possess a more substantial
representation capability if correctly designed. We provide
additional results and visualizations in Appendix G.2.

4.4. Reconstruction

Finally, to test our approach on the reconstruction task, we
propose an experiment setup based on the San Francisco Po-
larimetric SAR ALOS-2 dataset, as described in Appendix
F.3. The polarimetric properties of the data allow us to eval-
uate the reconstruction using additional metrics by comput-
ing coherent and non-coherent polarimetric decompositions
on the reconstructed image. We leverage these decomposi-
tions to assess the model’s performances: namely, the Pauli
[10, 33], Krogager [26-28], Cameron [6-8], and H — «
[11, 16] decompositions, as presented in Appendix D. Then,
as is usually done by the signal processing community, we
compute classification metrics from the Cameron decompo-
sition and the H — a decomposition. Please note that the
following metrics are obtained from an unsupervised pro-
cess meant to be calculated on a fully trained model on the
reconstruction task [17]. More details regarding the experi-
ments can be found in Appendix G.3. On average, we report
the following training times per epoch for the A100 GPU:
CVNN LPS PolyDec: 22 seconds, CVNN LPF: 13 sec-
onds, RVNN LPF: 2 seconds. We also report the number
of trainable parameters and the inference time for the shift-
equivariant CVNN variants in Appendix F.3. Finally, we
did not apply the low-pass filter for the reconstruction task,
as it does not show any improvements. Results from Table
3 validate our initial hypothesis that complex-valued shift-
equivariant CVNNs outperform their non-shift-equivariant
counterparts. We can also notice the pattern observed in
Section 4.2, i.e., that CVNNs outperform their RVNN coun-
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Model Type | MSE (1) | H-a OA (%) | H-a FI (%) | Cam. OA (%) | Cam. FI (%) | Cr.5 (1)
AE LPS PolyDec C 13x10 % 96.66 95.56 94.03 91.40 0.0
AE APS C 1.5x 107 95.50 93.88 93.05 90.23 0.0
AE LPS MLP T [36x107 9451 92.67 9041 86.74 0.0
AE LPS Norm T [42x107 91.33 92.37 89.62 86.04 0.0
AE APS R 1.1x 1072 60.53 51.13 58.40 45.56 0.0
AE LPS MSoftmax C 1.2 x 10~ 58.05 49.17 59.17 50.87 0.0
AELPS R | 22x10° 53.38 1220 16.03 3140 0.0
AE LPF C 6.3 x 10~ 46.97 32.69 23.74 17.01 72.21
AE LPF R 8.5 x 10~ 34.15 19.01 16.26 11.33 43.12

Table 3. Reconstruction, H — « classification metrics, and
Cameron classification metrics on the San Francisco Polarimet-
ric SAR ALOS-2 dataset. Shift-equivariant models are sepa-
rated from non-shift-equivariant models, namely CVNN/RVNN
Low-Pass Filter (LPF), by the additional row. CVNN Learnable
Polyphase Sampling (LPS) with PolyDec projection layer out-
performs all variants, even Adaptive Polyphase Sampling (APS).
Note that the Cr. S metric differs from the supervised learning
task, as we cannot measure the agreement between the predictions.
As such, we compute the /> norm: in this case, shift-equivariant
models achieve a perfect score, while non-shift-equivariant mod-
els obtain non-zero values.

terparts. Even though we believe these results are logical, as
polarimetric decompositions (such as H — ) are highly sen-
sitive to amplitude and phase values, these results highlight
that the CVNNs are particularly well-suited for the recon-
struction task, which is even more accentuated when they
are shift-equivariant. Furthermore, we notice a clear dis-
tinction in performance between the shift-equivariant mod-
els (the first four, as opposed to the last three), further vali-
dating our hypothesis that the choice of both downsampling
and projection layers matters.

5. Conclusion

This work extended a provably shift-equivariant convolu-
tional neural network framework to the complex domain. In
doing so, we enabled the incorporation of this strong prior
to convolutional CNNs. In our experiments, we observed
that LPS demonstrated better results than APS, demonstrat-
ing that a learnable downsampling scheme has an advan-
tage over a handcrafted one. Following this observation,
we introduced learnable functions PolyDec and MLP to
perform the needed projection from C to R. This end-to-
end trainable approach allows the model to adapt effectively
to the data it is trained on. In our experiments, we ob-
serve that the PolyDec projection function, and even more
so, the MLP projection function, increase computational
requirements and latency. This is even more aggravating
when dealing with CVNN:Ss, as they are slower to train than
their RVNN counterparts. Thus, we believe the PolyDec
projection function strikes a sweet intermediate between a
non-learnable projection function, like Norm, and an unre-
stricted one, like MLP.
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