Equivariant Sampling for Improving Diffusion Model-based Image Restoration
Supplementary Material

Our code is available in the supplementary (‘“EquS.zip” file). We organize our supplementary materials as follows:
* Section A: Detailed explanations of the equations.

* Section B: Additional details about diffusion models.

* Section C: Comprehensive experiment details.

* Section D: Additional quantitative results across various IR tasks.

* Section E: Extended qualitative results from ablation studies.

* Section F': Further qualitative results for different IR tasks.

¢ Section G: Limitations and future work of our proposed method.

A. Detailed explanations of the equations.

A.1. Section 4 Equation (7)
In the case of VP-SDE or DDPM sampling, ps(Xo|X:) has the unique posterior mean

Xo|¢ := E[xo|x¢] = (x¢ + (1 — @)V, log pe(xy)). (1)

1
Vo
By plugging (72) into (1), one can retrieve the empirical Bayes optimal posterior mean [4, 17, 23] Xq|; from pg (x0|x¢) using
either sg(Xy,t) or €g(xy, t).

Explanation For the perturbation kernels {¢(x;|x;_1)})", used in the DDPM, the associated discrete Markov chain is
defined as

Xi = V1 —Bixi—1 ++/Bici—1, i=1,---,N, ()

where ¢;,_1 ~ N(0,I). To obtain the limit of this Markov chain when N — oo, we could define an auxiliary set of noise
scales {3; = NB3;}¥,, and re-write (2) as below

Xi:\ll_%xifl‘f'\/%fifh i=1,---,N. 3)

In the limit of N — oo, {3;} ., becomes a function () indexed by € [0, 1]. Let 3 (]if) =3, x(%) = X, e(%) = €.
We can rewrite the Markov chain in (3) as the following with At = % andt € {0,1,---, %}, ie.,
x(t+ At) = /1 = B(t + At)Atx(t) + /Bt + At)Ate(t)
~ x(t) — %5(75 + AAE(t) + /B + AbAL(t)
~ x(t) - %B(t)Atx(t) + /B A(t), o)

where the approximate equality holds when At < 1. Therefore, in the limit of At — 0, (4) converges to the following VP
SDE, i.e.,

dx = —%B(t)xtdt ++/B(t)dw. ®)

1
This scenario precisely corresponds to the case in (70) when f(x;,t) = *iﬂ(t)xt and g(t) = v/B(1).
In [23], they propose the following reverse-time SDE, i.e.,

dx = [f(x4,t) — ¢*(t) Vx log pi(x)]dt + g(t)dw, (6)



with a similar functional form, which gives the following iteration rule for ¢ € {0,1,--- , N — 1}:
x; = X1 — F(Xip1, 04+ 1) + g2 (i + 1)sg(xiq1, 7+ 1) + (i + 1€, @)

where the trained score-based model sy (x;, %) is conditioned on iteration number i.

The ancestral sampling of DDPM [12] ((65)) matches its reverse diffusion counterpart when 8; — 0 for all ¢ (which
happens when At — 0 since §; = 3,;At, matching the same case in (4)).

To achieve this, let us start from the sampling process in DDPM ((65)), i.e.,

1 Bit1 )
i = i1 — ————=C0(Xit1,1 + 1 i+1€i41- 8
AR o (X S =il ’) Ve ®
7 ) } 1
Recall that sg(x;41,¢ + 1) ~ _Wlﬂ\/Tlli-l)’ ;41 = 1 — P41, we further have
1 .
X; =———=(Xit1 + Bi+150(Xit1,7 + 1)) + /Bit1€i+1 )
V15— Bz’+1
= (1 + ﬁz+1 + 0(ﬁz+1)) (Xit1 + Bi180(Xi+1,7 + 1)) + /Bit1€i1 (10)
%(1 + 5z+1> Xit1 + Bit180(Xiv1,7 + 1)) + v/ Bip1€i41 (11)
= (1 + ﬂz+1>xz+1 + Bit180(Xiy1,0+ 1) + 61+1SG(X1+17 i+ 1)+ /Bir1€it1 (12)
z(1 + 251:+1>Xi+1 + Bir180(Xig1,7 + 1) + /Biy1€it1 (13)
This corresponds to the case where f(x;,7) = Bzxz and g(i) = +/f; are substituted into the equation (7), i.e.,
X; =Xi11 — F(Xip1,1+ 1)+ g2(i + 1)sg (X441, + 1)+ g(i + Deigy (14)
1 .
=Xi41 + §ﬁi+1xi+1 + Bit180(Xig1,7 + 1) + /Big1€it1 (15)
1 .
=(1+ 5/62'+1)xi+1 + Biv180(Xig1,7 + 1) + \/Biy1€it1- (16)

Therefore, the original ancestral sampler of (65) is essentially a different discretization to the same reverse-time SDE. This
unifies the sampling method in DDPM [12] as a numerical solver to the reverse-time VP-SDE [23]. We show that DDPM
[11] and VP-SDE [23] could have the same sampling process ((13) and (16)), i.e.,

q(x¢—1]x¢,%0) = N (x¢—1; By (X, %0), 071) (17)
N 1—aqy_ 1—ay_

where fi,(x¢,X0) = ftiiﬁtxo + MXt and af = 1 at_ ! ;. However, xq is intractable but can be
— — O — O

t
predicted by neural networks. By plugging (72) into (1), one can retrieve the empirical Bayes optimal posterior mean xgj;
from pg(xo|x+) using either sg (X, t) or €p(x¢, ), i.e.,

xope = Efxolxe] = ja(xt 4 (1 - @)V, log pr(x:)) (18)
~ \/lcTt(Xt (1= ay)se(x1, 1)) (19)
~ \/%(xt — V(1 — ay)eg(x4,1)). (20)

This process can also be interpreted as performing Gaussian denoising using Tweedie’s formula [8], as suggested in [4, 17].
For further details, please refer to the corresponding papers. In generation tasks, one only need to train Vy, log p;(x;) (i.e., to
train € (x¢, t)) to execute the reverse process as described in (17).



A.2. Section 4 Equation (8)
In DMIR, one can obtain the posterior mean X, by replacing Vx, log p(x;) with Vx, log p(x:|y), i.e.,

- 1 _

Xolt = Elxo|x¢,y] = ﬁ(xt + (1 — @) Vx, log pi(x¢]y))- (21
Explanation Following the previous procedure, the original ancestral sampler of (65) is essentially a different discretization
to the same reverse-time SDE. This unifies the sampling method in DDPM [12] as a numerical solver to the reverse-time
VP-SDE [23]. We show that DDPM [11] and VP-SDE [23] could have the same sampling process ((13) and (16)) as implied
in (17).

In DMIR, one can obtain the posterior mean X, from pg(xo|xX¢,y) by replacing Vy, log p(x;) with V, log p(x|y),

Le.,

—_

Xo|¢ := E[xo[xt,y] = —=(x¢ + (1 — &) Vx, log pt(x¢[y)) (22)

2

—

~ ——(x; + (1 — ay)so(x¢, y, 1)) (23)

~ \/%(xt — A= apeo(xy.1)). (24)

Using Vi, log pi(x¢|y) = Vi, logpi(x¢) + V, log pt(y|x:) also allows us to obtain X, from pg(xo|x¢,y)

2

- 1 _
Xoit = —= (x¢ + (1 — &)V, log pe(x¢ly)) (25)
t
1

=75 (x¢ + (1 — &) (Vx, log pe(x¢) + Vi, log pe(y]x¢))) (26)
~ 1 1-a 1-ag 27
Y- (x¢ + (1 — ay)so(x4,y, 1)) + e U og pt(y|x¢) 27)
= =+ VT aea,y.0) + LV logpilyi) (28)

Assuming the availability of problem-specific scores for all noise levels, i.e., V, log p:(x:|y), diffusion models can address
IR tasks via (17). For problem-specific DMIR, we can directly train Vy, log p:(x:|y) (i.e., train €p(x,y,?)). In problem-
agnostic DMIR, we only have Vy, log p:(x;), thus one need to approximate V, log p:(y|x;) in (28).

A.3. Section 4 Equation (9) and (10)

However, we only have Vy, log p:(x;) in problem-agnostic DMIR, thus to approximate Vy, log p:(y|x¢), various methods
can be broadly classified into

Vi, log pi(y|x:) =~ AT(Y — Axqt), (29)
~ AT (y — Axq)). (30)

where AT denotes the pseudo-inverse of A, A represents the transpose of A.

Explanation In this part, we discuss various scenarios in separate sections and summarize these approaches in Table 1.
DDNM [26]. They first estimate a xo from x; and the predicted noise €; = €y(x¢,t). They denote the estimated xq at
time-step ¢ as Xg|;, which can be formulated as:

1
=—(xt — /(1 —a t)). 31
Xo|t \/OTt(Xt (1 — au)eg(xt, 1)) (31
where they further fix the range-space (i.e., ATAx) as Ay and leave the null-space (i.e., (I- ATA)X) unchanged, yielding
a rectified estimation Xq|; as:

%o = Aly + (I — ATA)xqy,, (32)



Guidance Expression Training on (x;,y) x; — y differentiable No gradient Related Works

Vx, log pe(y|xt) X need training X required X need —
Vi, ly — Axop:]|3 v no training X required X need DiffPIR [31]
@%AT(Y — Axqp) v/ no training v not required X need DPS [4], ZAPS [1]
\/&T%X—)i’t”AT(y — Axqp) v 1o training v not required X need IIGDM [21], CDDB (deep) [3]
AT(y - Axo‘t) v/ no training v not required v’ noneed DDRM [16], DDNM [26], DPPG [9], DeqIR [3]
AT(y— Axgp) v 1o training v not required v no need CDDB [3], DPPG [9]

Table 1. Comparison of different guidance methods.

which could be rewritten as

%o = Aly + (I— ATA)x (33)
= xo; + Al (y — Axq) (34)

This gives the first case, i.e.,
Vi, logpi(y|x:) ~ AT(Y - AXo|t)~ (35)

DDRM [16]. In DDNM [26], they show that for the noise-free situation, the final result x; of DDRM is essentially yielded
through a special case of DDNM. We here give a brief deduction.

For noisy linear inverse problem y = Ax + n where n ~ N(0, af,), DDRM first uses SVD to decompose A as ULV ',
thenuse y = XU Ty and Xo|t = VTx0|t for derivation. Each element in y and X(; corresponds to a singular value in 3
(the nonexistent singular value is defined as 0), hence it is possible to modify x|, element-wisely according to each singular
value. Then one can yield the final result xy by xg = VX,.

Specifically, when ¢ = 0 and o, = 0, we can rewrite the formula of the ¢-th element of X, as:

. < =0
)_(éz) _ {)_(?J)lv Si (36)
Yy, S 75 0
To simplify the representation, we define a diagonal matrix 3 :
7 07 i = 0
() = B (37)
1, Si 7é 0
Then we can rewrite X as
X0 =21y + (I - X1)%op (33)
and yield the result x( by left multiplying V:
Xo =VXxy=V3y+ V(I — 21))_(0‘1 (39)

This result is essentially a special range-null space decomposition:
xXo=VXI1y+ V(I — El)ioﬂ
=VE XUy + VI - 2)V %
=VEU 'y +I-VZV)xg
= Aly +(I- ATA)xq,

(40)

Now we can see that V3,5 = Ay is the range-space (i.e., ATAx) part while V(I — )xop = (I— ATA)X()H is the
null-space (i.e., (I — ATA)x) part.



CDDB [5]. In CDDB', they use the following guidance to ensure data consistency [5]
Vi, logpe(ylxe) ~ AT (y — Axqp). (41

However, one may note a predefined term p before A ' (y — Axq);). In their official implementation, this is considered as a
constant (the step size, default is set to 1.0).
DPS [4] and IIGDM [21]. DPS proposes the following Jensen approximation”

axou 3||AX0|t *YHg 3X0\t

Vi, log p(y )=V, log p(y o) = 5 oo = I, AT (y — Axqp) 42)
—_————
Jacobian vector

of which the chain rule is based on the denominator layout notation [28], Vy, log p(y|x:)~V, log p(y|xo|¢) is based on the
Theorem 1 in [4]. Here, we can see that the gradient term can be represented as the Jacobian (J) vector (V) product JVP). In

the original implementation of DPS, the two terms are not computed separately, but computed directly as V, |ly — Axgy; 3
where the whole term can be handled with backpropagation.
On the other hand, IIGDM proposes
T Xojr 4
Vx, log p(y[x¢)~N(Axq, AAT +1) = T ATy — Axqp), (43)
t N——
Jacobian vector

where AT := AT ( AAT )~ is the Moore-Penrose pseudo-inverse. Using the JVP for implementation, it is no longer required
that the whole term is differentiable.
We know that x¢|; comes from
1

Xo[t = ﬁ(xt — €o(x4,1))- (44)

Hence, we have

8X0|t _ a(\/gﬁ(xt - EG(Xtvt))) (45)
8Xt 8xt

_ 1 O((xe — eo(x4, 1)) (46)

\/67t 0%y

1
Thus, to balance the —— term brought by Jacobian, we can multiply the v/a; to the left side of (42) and (43), i.e.,
(e

Vg

3x0|t

I, AT(y — Axgp), (47)
— vector

Jacobian

Vi, logpi(y|x¢) ~ NG

0x
Vi, logpr(ylxe) = v/a, -2t

Af(y — Axqpr) - (48)
—_—

Xt

] vector
Jacobian

In IIGDM, they use (48).
However, it should be noted that DPS uses a predefined term instead of /&, the term is

1—oy

N 49)

—Gi(

"Please note that they use I1°SB [18] as pre-trained models.
>We ignore scaling constants that are related to the measurement noise for simplicity. For implementation, this can be absorbed into the choice of step
sizes.



where (; is the step size in [4], i.e.,

G =1/lly — A(xop)l|- (50)

They use different step sizes for different tasks, please refer to DPS [4] for details.
DDPG [9] DDPG considers combination of two guidance methods, i.e.,

Xoje = Xopt — pit (1 — 00)gBP(Xoj¢) + 01815 (Xopt)) »

=: Xo|¢ — it 85, (Xo|t) (51)
where

gep(xoi) = AT(AAT +9I) " (Axo; — ), (52)

grs(xop) = cAT(Axq —y), (53)

where c is a constant (DDPG sets ¢ = 1), n > 0 is the regularization hyperparameter. They replace AT with a regularized
version AT(AAT + L) 71 [24, 25]. If we set 7 = 0, we get

AT(AAT 4+ q1,,) L =" AT(AAT) Y, (54)

which is the Moore-Penrose pseudo-inverse AT := AT(AAT)~! used in [IGDM.
DiffPIR [30] They use a first-order proximal operator method as follows:

Vi, log pi(ylx:) ~ Vi, |y — Axopel®. (55)

We ignore scaling constants that are related to the measurement noise for simplicity. For implementation, this can be absorbed
into the choice of step sizes. This approximation can be considered as one step of gradient descent, and we can calculate it
numerically.

A .4. Section 5 Equation (14)

Using this property, we can get the equivariant inverse mapping, i.e.,
x5y = Ty ' Do(Tyxy), (56)

here Tf_1 represents the inverse transformation of Ty. V3 log pi(y|xt), Vi, logp:(x¢), and V7, log pi(x¢|y) can also be
computed.
Explanation x;, can be computed as

1
* o p—1 _ -1 _
xg; =Ty Do(Trxt) =T} (E(fot + (1 = a¢)Vryx, log ps (Tyx+)) (57)
1 _ o 1 I
o~ \/c_Tt(Tf Ty, + (1 — )Ty Ys(Tyxy, 1)) = \/6715<Xt + (1 —a)T} 'sg(Tyxy,t)) (58)
1 _ — 1 —
~ \/E(Tf "Tyxy + /(1 — a) T} eg(Tyxy, 1)) = —&t(xt + V(1 —a)T;  eg(Tyxy,t)). (59)
where 7' Ty =1 V%, log p¢(x¢) can be computed as
Vi, logpi(x;) := T 'V, log pr(Tyxy) (60)
~ Jc_ng(Tth,t) (61)
T leo(Trxy,t
Ly eolixn ) (62)
V 1-— Ot

Vi, log pi(y|x:) is computed based on xg,. V¥, log p¢(x:|y) is the composition of V5 log p:(y[x:) and V log ps(x).



B. Details about Diffusion Models

In Denoising Diffusion Probabilistic Models (DDPM) [11], the T-step forward process, denoted as g(x;|x;—1), is employed
to perturb the data by incrementally adding Gaussian noise according to a predefined noise schedule 3y.7:

xt = /1= Bixec1 + /Pre, -1 ~N(0,1), (63)

where x; represents the noised image at time-step ¢, and A indicates the Gaussian distribution. Utilizing the advantageous
properties of the Gaussian distribution, we could perform parameter substitutions and employ the reparameterization trick to
obtain ¢(x¢|xo):

t
Xt:\/C_VtXOJr\/l*éétE’Oét:1*@,5%:Hai (64)
i=0
The T-step reverse process aims to invert the forward process using the posterior distribution p(x;_1|x¢, X0 ). This poste-
rior can be derived from Bayes’ theorem utilizing (63) and (64):

1 B
X1 = —— | xt — ————=¢€p(x4,t) | + €, 65
t—1 \/OTt(t 1—at0(t)> Bre (65)
where €y(x,t) is a function approximator designed to predict the total noise between x; and xq as expressed in (64), €; is
drawn from A (0, I).

To train €y, DDPM randomly selects a clean image x( and samples noise €. A random time-step ¢ is then chosen, and the
network parameters € in €y are updated using the following gradient descent step [11]:

Vo |le — o (Varxo + eVT—ar, t) - (66)

By iteratively calculating x;_; using (65), DDPM can yield clean images x( from random noises x7~A(0,I). DDIM
[20] replace the step in (65) with:

Xt—1 = /@—1Xo|s + Or€p(Xe;t) + T, (67)

6t =1/1— a1 — 2, (68)

1
\/70_[7 (Xt — vV 1-— thQ(Xt; t)) . (69)
The hyperparameter 6, regulates the stochasticity of the whole reverse process. x|, are obtained from Gaussian denoising
as implied in (64).

The entire process in DDPM can also be described using stochastic differential equations (SDE) [23], with the forward
process defined as:

where

Xolt =

dx = f(xq, t)dt + g(t)dw, (70)

where w is the standard Wiener process, f(-,¢) is a vector-valued function called the drift coefficient, and g(-) is a scalar
function known as the diffusion coefficient.
This process can be reversed by solving the reverse-time SDE/ordinary differential equation (ODE) [2, 15, 23] governed
by the score function:
dx = [£(x¢, 1) — g% (t) Vix, log pe(x¢)]dt + g(t)dw, (1)

where p;(x;) is the marginal probability density at timestep ¢, and the only unknown part V, log p:(x;) can be modelled as
so-called score function sy (x, t) with score matching methods [13, 22].

When f(x:,t) = —0.58(¢t)x: and g(t) = +/B(t) (VP-SDE in [23]), score-based diffusion models transforms into the
continuous-time version of DDPM where:

_ €9 (Xt, t)

VIi—a
In other words, they can also utilize DDPM models for the reverse process. Both sp(x;,t) and €p(x;,t) can represent
diffusion models.

Vi, log py(xt) =~ sp(x¢,t) =~ (72)



Algorithm 1 Original Sampling
Require: y, ¢, T', x7 ~ N(0,1)
fort=1T,...,1do
//Calculate the predicted x|

Xojs = % (x¢ — (1 — @)V, log pe(x2))

Xopt = x0|tt—|— Vi, log pi(y|xs) /Update x|, based on the guidance
X1 ~ P(X¢—1|X¢, Xo|¢) /One step reverse process

end for

return xg

Algorithm 2 Equivariant Sampling (EquS)
Require: y, €y, T, xp ~ N (0,1), seq = [0,1] * (T'/2)
fort=1T,...,1do

if seq(t) = 1:
Calculate X, based on V3 log p;(y|x;) and V, log p;(x;)
else:

Calculate X, based on Vy, log p;(y|x;) and Vy, log p(x;)
X¢—1 ~ Pp(Xe—1[X¢, Xot)
end for
return xg

C. Experiment Details

Degradation operators. Specifically, we consider block-based CS with a 0.25 compression ratio, text mask for inpainting,
4x bicubic downsampling for SR, Gaussian blur for deblurring, and use an average grayscale operator in colorization.
Comparison methods. For noise-free tasks, we compare against include DPS [4], DDRM [16], DDNM [26], IIGDM [21],
CDDB [3] and DeqIR [3]. EquSJr is integrated into DDRM, CDDB, and DDNM (see Algorithm | and Algorithm 2 for
details). For noisy tasks, comparison methods include DDNM™ [26] and DDPG [9], where EqusS is integrated into both
DDNM™ and DDPG. We use EqusS for noisy IR tasks and colorization. ZAPS [1] was not included as a comparison method
because its code was not available at the time of our submission.

Datasets and pre-trained models. For validation, we use ImageNet 1K [6] and CelebA 1K [14] datasets, with images
resized to 256x256. To ensure fair comparisons, we apply the same pretrained diffusion models across all methods: [7] for
ImageNet and [19] for CelebA-HQ.

Evaluation metrics. We employ PSNR, SSIM [27], and LPIPS [29] as the main evaluation metrics for most IR tasks. For
colorization specifically, we utilize the Consistency metric (referred to as Cons) [26] along with FID [10], since PSNR and
SSIM do not adequately capture performance in this context. Generally, improved performance is indicated by higher PSNR
and SSIM values, together with lower values for LPIPS, FID, and Cons.

DDNM [26]. For DDNM and DDNM™ we use their official repository. They used a DDIM [20] sampler with 100 NFEs.
DDNM™ did nott implement the time-travel trick in [26]. DDNM+EquS™* and DDNM ™ +Equ$ use the same sampler used
in DDNM and DDNM*.

CDDB [3]. For CDDB, we use the guidance method used in their official repository and use the DDIM sampler with 100
NFE. CDDB+EquS™ uses the same sampler used in DDNM and DDNM .

DDRM [16]. For DDRM, we use their official repository and use DDIM sampler with 100 NFEs. DDRM + EquiS™ uses the
same sampler as used in DDRM.

IIGDM [21]. For IIGDM, we use the pseudocode in their paper’ and use DDIM [20] sampler with 100 NFEs (detailed in
their paper).

DeqIR [3]. We use the official repository for implementation. For super-resolution, deblurring, and colorization tasks, the
number of iterations is set to 15, as reported in their paper [3]. For inpainting and compressed sensing tasks, the iteration
count is set to 25 (25 is reported for inpainting, while the iteration for compressed sensing is not specified in their paper and

3We didn’t find their official repository.



CelebA DDNM [26] DDNM-EquS™
Inpainting ~ PSNR1/SSIMT/LPIPS|  PSNR?/SSIM1/LPIPS|
Square 35.2970.977/0.018 36.3370.981/0.017
Circle 33.61/0.971/0.022 34.61/0.975/0.021

Table 2. Quantitative results on ImageNet. bold: improved scores. Our method is robust in these situations.

supplementary).
DPS [4]. We use the guidance method used in DPS and use the DDIM sampler with 100 NFEs.
DDPG [9]. We use the default hyperparameter settings in their official repository, which also apply to DDPG+EqusS.

Why EquS and EquS™ do not introduce additional computational overhead? This is because TAS employs a quadratic
sampling schedule without altering the length of the subsequence S, ensuring the same number of function evaluations (NFEs)
as previous methods. Additionally, EquS and EquS™ only incorporate simple transformations, which can be efficiently
implemented using versatile libraries such as torchvision.

D. More Quantitative Results

Degradations operators. Specifically, we consider Walsh-Hadamard CS with a 0.25 compression ratio, a different text mask
for inpainting, 4x Average Pooling for SR, anisotropic blur for deblurring.

Datasets and pre-trained models. For validation, we use the ImageNet 1K [6] and CelebA 1K [14] datasets, with images
resized to 256x256. To ensure fair comparisons, we apply the same pre-trained diffusion models across all methods: [7] for
ImageNet and [19] for CelebA-HQ.

Comparison methods. We compare against include DPS [4], DDRM [16], DDNM [26], IIGDM [21], CDDB [3] and DeqIR
[3]. EquSJr is integrated into DDRM, CDDB, and DDNM (see Algorithm | and Algorithm 2 for details). ZAPS [1] was not
included as a comparison method because its code was unavailable at the time of our submission.

Evaluation metrics. We employ PSNR, SSIM [27], and LPIPS [29] as the main evaluation metrics for most IR tasks. For
colorization specifically, we utilize the Consistency metric (referred to as Cons) [26] along with FID [10], since PSNR and
SSIM do not adequately capture performance in this context. Generally, improved performance is indicated by higher PSNR
and SSIM values, alongside lower values for LPIPS, FID, and Cons.

Quantitative results. We show quantitative results in Table 3. Walsh-Hadamard CS. CDDB-EquS™ outperforms most
other methods on benchmarks. Specifically, compared to the competitive IR method IIGDM, CDDB-EquS™ achieves an
LPIPS improvement of up to 0.080 and a PSNR gain of up to 1.64 dB on ImageNet. Anisotropic Deblurring. Notably,
DDNM-EquS™ outperforms most other methods on benchmarks. Inpainting. CDDB-EquS™ outperforms most other meth-
ods on benchmarks. For instance, compared to the competitive IR method CDDB, CDDB-EquS™ achieves a PSNR gain of up
to 0.96 dB on CelebA. Average Pooling SR. DDNM-EquS™ outperforms most other methods on CelebA. Although [IGDM
achieves superior performance on the ImageNet, its reliance on gradient computation introduces additional computational
overhead.

E. More Ablation Studies

We show quantitative results of ablation studies in Table 4. Note that FID requires a sufficiently large dataset to accurately
estimate the statistics of the data distribution (typically 50k images), whereas the benchmark (for consistency with prior
works) uses only 1k samples, leading to a high variance of FID.



ImageNet Anisotropic Deblurring Walsh-Hadamard CS 25% Inpainting 4x Average Pooling SR
Method PSNR1T/SSIMT/LPIPS| PSNR1/SSIMT/LPIPS | PSNR?T/SSIMT/LPIPS|  PSNRT/SSIMT/LPIPS|
Afy 21.67/0.560/0.428 15.66/0.360/ 0.585 14.53/0.778 / 0.250 24.21/0.711/0.401
DPS [4] 25.48/0.709 /0.351 22.54/0.713/0.263 32.53/0.944/0.068 22.38/0.580/0.470
TIGDM [21] 40.03/0.973/0.043 22.55/0.712/0.263 32.53/0.944/0.067 27.48/0.808/0.223
DeqIR [3] 39.66/0.973/0.030 14.17/0.341/0.554 26.42/0.905 /0.080 26.18/0.772/0.242
CDDB [5] 25.57/0.717/0.331 21.71/0.628/0.335 32.07/0.948 /0.039 23.42/0.634/0.410
CDDB-EquS™ 26.50/0.759/0.301 24.18/0.780/0.183 33.23/0.958/0.045 25.49/0.722/0.339
DDRM [16] 40.01/0.976/0.025 19.88/0.573/0.391 31.68/0.944/0.047 27.08/0.794/0.231
DDRM-EquS™ 41.91/0.983/0.016 23.50/0.771/0.189 32.89/0.954/0.052 27.30/0.803/0.246
DDNM [26] 40.81/0.978 /0.022 21.70/0.629/0.335 32.09/0.948/0.231 27.06/0.792/0.220
DDNM-EquS™ 42.98/0.985/0.013 23.72/0.768 / 0.195 33.14/0.958 / 0.045 27.38/0.805/0.238
CelebA Anisotropic Deblurring Walsh-Hadamard CS 25% Inpainting 4% Average Pooling SR
Method PSNR1/SSIMT/LPIPS| PSNR1T/SSIMT/LPIPS | PSNR?T/SSIMT/LPIPS|  PSNRT/SSIMT/LPIPS|
Aly 23.13/0.708 /0.341 15.10/0.360/0.610 15.58/0.783/0.271 27.23/0.809/0.399
DPS [4] 29.46/0.826/0.180 29.38/0.870/0.147 35.44/0.953/0.070 26.74/0.779/0.230
TIGDM [21] 39.47/0.972/0.055 29.39/0.871/0.147 35.44/0.953/0.070 31.65/0.890/0.127
DeglIR [3] 43.32/0.985/0.024 16.12/0.520/0.395 31.36/0.950/0.042 31.44/0.889/0.125
CDDB [5] 29.52/0.829/0.171 27.61/0.832/0.180 35.67/0.965/0.029 27.10/0.790/0.218
CDDB-EquS™ 31.06/0.865/0.180 29.28/0.875/0.143 36.63/0.971/0.027 30.13/0.859/0.203
DDRM [16] 41.30/0.979/0.031 25.02/0.785/0.212 34.85/0.956/0.047 31.38/0.883/0.128
DDRM-EquS™ 41.29/0.979/0.030 28.23/0.867/0.144 35.83/0.962/0.045 32.16/0.900/0.137
DDNM [26] 43.19/0.985/0.024 27.54/0.832/0.180 35.63/0.965/0.029 31.39/0.884/0.119
DDNM-EquS™ 43.33/0.985/0.021 28.99/0.871/0.146 36.59/0.970/0.027 32.23/0.900/0.127

Table 3. Quantitative results of zero-shot DMIR methods on ImageNet(fop) and CelebA (bottom), including four typical IR tasks.

CelebA-HQ Deblur (Gaussian) Deblur (Anisotropic) Inpainting (Mask 1) Inpainting (Mask 2)
Method PSNRT  SSIMT LPIPS| FID| | PSNRt SSIMT LPIPS| FID| | PSNRT SSIMt LPIPS| FID| | PSNRT SSIM{ LPIPS| FID|
DDNM 46.73 0.992 0.011 1.414 43.19 0.985 0.024 2.796 39.37 0.982 0.017 2.811 35.63 0.965 0.029 4.489
DDNM-Equ$S 46.85 0.992 0.011 1.391 43.39 0.985 0.023 2.700 39.90 0.984 0.016 2.548 36.37 0.969 0.028 4.505
DDNM-EquS™ 46.88 0.993 0.010 1.238 43.33 0.985 0.021 2.482 39.85 0.983 0.016 2.658 36.59 0.970 0.027 4.334
ImageNet Deblur (Gaussian) Deblur (Anisotropic) Inpainting (Mask 1) Inpainting (Mask 2)
Method PSNRT  SSIMT  LPIPS| FID| PSNRT  SSIMT LPIPS| FID] | PSNRT SSIMT LPIPS| FID| | PSNRT SSIMT LPIPS| FID|
DDNM 44.94 0.990 0.011 1.164 40.81 0.978 0.022 2.178 3493 0.968 0.025 3.238 32.09 0.948 0.039 3.845
DDNM-EquS 45.37 0.991 0.009 0.954 41.52 0.982 0.018 1.710 35.65 0.973 0.023 2.969 32.83 0.955 0.045 4.624
DDNM-EquS™ 46.99 0.993 0.006 0.547 42.74 0.985 0.013 1.073 36.13 0.976 0.021 2.595 33.14 0.958 0.045 4.667
CelebA-HQ Block-based CS 50% Block-based CS 25% Walshhadamard CS 50% Walshhadamard CS 25%
Method PSNRT SSIMT LPIPS| FID| | PSNRT SSIMT LPIPS| FID| | PSNRT SSIMT LPIPS| FID| | PSNRT SSIM{ LPIPS| FID|
DDNM 37.58 0.955 0.057 9.594 33.51 0.907 0.111 22.62 33.49 0.922 0.109 15.83 27.54 0.832 0.180 28.73
DDNM-EquS 37.87 0.958 0.056 9.366 34.01 0.916 0.109 21.69 34.38 0.931 0.102 13.95 28.72 0.857 0.165 25.02
DDNM-EquS* 38.09 0.960 0.051 9.867 34.76 0.926 0.091 23.05 34.99 0.939 0.089 11.76 28.99 0.871 0.146 22.78
ImageNet Block-based CS 50% Block-based CS 25% ‘Walshhadamard CS 50% Walshhadamard CS 25%

Method PSNRT  SSIMT LPIPS| FID| | PSNRt SSIMT LPIPS| FID| | PSNRT SSIMt LPIPS| FID| | PSNRT SSIM{ LPIPS| FID|
DDNM 33.86 0918 0.088 10.61 28.59 0.795 0.225 30.12 29.27 0.858 0.150 18.44 21.70 0.629 0.335 64.47
DDNM-Equ$S 35.10 0.937 0.065 7.854 30.02 0.845 0.173 24.17 30.96 0.895 0.113 12.83 23.48 0.722 0.258 39.18
DDNM-Equs* 36.98 0.955 0.038 3.839 31.87 0.887 0.103 12.80 32.12 0.923 0.070 7.593 23.72 0.768 0.195 26.79

Table 4. Quantitative results of ablation studies.



F. More Qualitative Results

F.1. More Results on Compressed Sensing
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Figure 1. Qualitative results of image block-based compressed sensing (25%) on ImageNet.
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Figure 2. Qualitative results of image walshhadamard compressed sensing (25%) on CelebA.
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Figure 3. Qualitative results of image walshhadamard compressed sensing (50%) on ImageNet.



F.2. More Results on Super-Resolution
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Figure 4. Qualitative results of image average pooling super-resolution on CelebA.
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Figure 5. Qualitative results of image bicubic super-resolution on ImageNet.
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Figure 6. Qualitative results of image bicubic super-resolution for different scales on CelebA.



F.3. More Results on Deblurring
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Figure 7. Qualitative results of image gaussian deblurring on CelebA.
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Figure 8. Qualitative results of image anisotropic deblurring on ImageNet.



F.4. More Results on Inpainting
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Figure 9. Qualitative results of image inpainting on ImageNet.
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Figure 10. Qualitative results of image inpainting on CelebA.
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Figure 11. Qualitative results of image inpainting (black hole mask) on CelebA.

F.5. More Results on Colorization
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Figure 12. Qualitative results of image colorization on ImageNet.
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Figure 14

. Qualitative results of colorization on Imagenet. Our method enables better visual quality.

Figure 13. Qualitative results of image colorization on CelebA.



F.6. More Results on Noisy IR Tasks
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Figure 15. Qualitative results of noisy image gaussian deblurring on CelebA.
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Figure 16. Qualitative results of noisy image motion deblurring on CelebA.
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Figure 17. Qualitative results of noisy image super-resolution on CelebA.

G. Limitations and Future Work

There are limitations that can be studied in future work.

* Our method employs a straightforward approach to estimate the averaged equivariant inverse mapping. There exists a
potential for improvement through the adoption of more sophisticated estimation techniques.

* Due to the impact of Jacobian vector products on guidance, the existing framework renders EquS unsuitable for DPS and
IIGDM. Future exploration of the generalizability of our approach remains a promising avenue.

* The pseudo-inverse of matrix A can be computed using Singular Value Decomposition (SVD) or the Moore-Penrose
pseudo-inverse. Alternatively, it may be beneficial to leverage a model to learn the pseudo-inverse of A.
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