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Abstract

The planar motion of ground vehicles is often non-

holonomic, which enables a solution of the two-view rel-

ative pose problem from a single point feature correspon-

dence. Man-made environments such as underground park-

ing lots are however dominated by line features. Inspired

by the planar tri-focal tensor and its ability to handle lines,

we establish an n-linear constraint on the locally circular

motion of non-holonomic vehicles able to handle an arbi-

trarily large and dense window of views. We prove that

this stays a uni-variate problem under the assumption of lo-

cally constant vehicle speed, and it can transparently han-

dle both point and vertical line correspondences. In par-

ticular, we prove that an application of Viète’s formulas

for extrapolating trigonometric functions of angle multiples

and the Weierstrass substitution casts the problem as one

that merely seeks the roots of a uni-variate polynomial. We

present the complete theory of this novel solver, and test it

on both simulated and real data. Our results prove that it

successfully handles a variety of relevant scenarios, eventu-

ally outperforming the 1-point two-view solver.

1. Introduction

Autonomous vehicles promise to be a future disrupt-

ing technology on the market. The topic is currently in-

vestigated intensively across both industry and academia,

and any successful outcome depends heavily on a reli-

able, online solution to the interdependent problems of self-

localisation and environment mapping. While the most

powerful solutions rely on a multitude of sensors including

lidars and cameras, the community maintains a high inter-

est in developing vision-only alternatives, too. Cameras are

economic close-to-market sensors that may unlock lower-

level autonomy in more controlled and less critical scenar-

ios, even in the absence of other exteroceptive sensors [6].

While direct sparse [2], semi-dense [3], and dense meth-

ods [26] have already been presented, the more traditional

way of sparse feature correspondence-based localization

and mapping continues to be of high importance. Besides

outstanding computational efficiency, it also produces valu-

able information for place recognition and enables seamless

integration into global optimization objectives [25]. A par-

ticularly interesting case is given by the estimation with a

single, forward-looking camera, as such sensors can already

be found in today’s vehicles on the market. The present

paper focuses on the related fundamental problem of rela-

tive pose estimation with a single camera mounted on a car.

The solution to this problem is required at the initialization

stage, when no prior information about either the motion

of the vehicle or the environment is available. Sequential

application furthermore enables a straightforward solution

of the visual odometry problem [28], thus enabling online

relative self-localization of the vehicle.

The classical solution to the calibrated relative pose

problem with a single camera requires at least five point-

feature correspondences. However, as shown in [31], the

non-holonomic motion of ground vehicles has fewer de-

grees of freedom, which reduces the number of required

correspondences. The motion of ground vehicles can be ap-

proximated by the Ackermann model, which forces the lo-

cal trajectory to be a circular arc in the plane, and the head-

ing of the vehicle to remain tangential to the arc. The model

depends on only two parameters, which are the radius of the

circle and the inscribed angle of the arc. Furthermore, us-

ing only a single camera renders scale unobservable, and

the latter affects only the radius of the circle. As outlined in

[31], this fact permits the resolution of the relative rotation

angle from only a single feature correspondence.

Draw-backs of the 1-point solver presented in [31] are a

112706



θ
<latexit sha1_base64="4P4D2uY0ZEPMs9bkbarVMR1+0vw=">AAAB7XicbZC7SgNBFIbPeo3rLWppsxgEq7Bro40YtLGMYC6QLGF2MpuMmZ1ZZs4KYQn4CDYWitj6KPZ2vo2TS6GJPwx8/P85zDknSgU36PvfztLyyuraemHD3dza3tkt7u3Xjco0ZTWqhNLNiBgmuGQ15ChYM9WMJJFgjWhwPc4bD0wbruQdDlMWJqQnecwpQWvV29hnSDrFkl/2J/IWIZhB6fLTvXgEgGqn+NXuKpolTCIVxJhW4KcY5kQjp4KN3HZmWErogPRYy6IkCTNhPpl25B1bp+vFStsn0Zu4vztykhgzTCJbmRDsm/lsbP6XtTKMz8OcyzRDJun0ozgTHipvvLrX5ZpRFEMLhGpuZ/Von2hC0R7ItUcI5ldehPppObB8G5QqVzBVAQ7hCE4ggDOowA1UoQYU7uEJXuDVUc6z8+a8T0uXnFnPAfyR8/EDElCQ8g==</latexit><latexit sha1_base64="BfQ6j3mby/qa9Qg0XUH4OuznHh0=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoI1lBHOBJITZyWwyZnZmmTkrhCXvYGOhiI2Fj2JvI76Nk0uhiT8MfPz/Ocw5J0wEN+j7305uaXlldS2/7m5sbm3vFHb3akalmrIqVULpRkgME1yyKnIUrJFoRuJQsHo4uBrn9XumDVfyFocJa8ekJ3nEKUFr1VrYZ0g6haJf8ifyFiGYQfHiwz1P3r7cSqfw2eoqmsZMIhXEmGbgJ9jOiEZOBRu5rdSwhNAB6bGmRUliZtrZZNqRd2SdrhcpbZ9Eb+L+7shIbMwwDm1lTLBv5rOx+V/WTDE6a2dcJikySacfRanwUHnj1b0u14yiGFogVHM7q0f7RBOK9kCuPUIwv/Ii1E5KgeWboFi+hKnycACHcAwBnEIZrqECVaBwBw/wBM+Och6dF+d1WppzZj378EfO+w8D35Jm</latexit><latexit sha1_base64="BfQ6j3mby/qa9Qg0XUH4OuznHh0=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoI1lBHOBJITZyWwyZnZmmTkrhCXvYGOhiI2Fj2JvI76Nk0uhiT8MfPz/Ocw5J0wEN+j7305uaXlldS2/7m5sbm3vFHb3akalmrIqVULpRkgME1yyKnIUrJFoRuJQsHo4uBrn9XumDVfyFocJa8ekJ3nEKUFr1VrYZ0g6haJf8ifyFiGYQfHiwz1P3r7cSqfw2eoqmsZMIhXEmGbgJ9jOiEZOBRu5rdSwhNAB6bGmRUliZtrZZNqRd2SdrhcpbZ9Eb+L+7shIbMwwDm1lTLBv5rOx+V/WTDE6a2dcJikySacfRanwUHnj1b0u14yiGFogVHM7q0f7RBOK9kCuPUIwv/Ii1E5KgeWboFi+hKnycACHcAwBnEIZrqECVaBwBw/wBM+Och6dF+d1WppzZj378EfO+w8D35Jm</latexit><latexit sha1_base64="6liFj+liH12HJ1cxxEX46DTWEWw=">AAAB7XicbZBNSwMxEIazftb6VfXoJVgET2XXix6LXjxWsB/QLiWbzrax2WRJZoWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2tb2xubZd2yrt7+weHlaPjltWZ4dDkWmrTiZgFKRQ0UaCETmqAJZGEdjS+ndXbT2Cs0OoBJymECRsqEQvO0FmtHo4AWb9S9Wv+XHQVggKqpFCjX/nqDTTPElDIJbO2G/gphjkzKLiEabmXWUgZH7MhdB0qloAN8/m2U3runAGNtXFPIZ27vydyllg7SSLXmTAc2eXazPyv1s0wvg5zodIMQfHFR3EmKWo6O50OhAGOcuKAcSPcrpSPmGEcXUBlF0KwfPIqtC5rgeP7oFq/KeIokVNyRi5IQK5IndyRBmkSTh7JM3klb572Xrx372PRuuYVMyfkj7zPH6MJjyU=</latexit>

Y
<latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit><latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit><latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit><latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit>

X
<latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit><latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit><latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit><latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit>

Y<latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit><latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit><latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit><latexit sha1_base64="sgDQDRRoxITZqFDkZS93IEsEJBw=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSp4Kkksbb0VvHhswX5IG8pmu2nXbjZhdyOU0F/gxYMiXv1J3vw3btoKKvpg4PHeDDPz/JgzpW37w1pZXVvf2Mxt5bd3dvf2CweHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k6vM79xTqVgkbvQ0pl6IR4IFjGBtpObtoFC0S5e1iluuILtk21XHdTLiVssXZeQYJUMRlmgMCu/9YUSSkApNOFaq59ix9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk6M8oQBZE0JTSaq98nUhwqNQ190xliPVa/vUz8y+slOqh5KRNxoqkgi0VBwpGOUPY1GjJJieZTQzCRzNyKyBhLTLTJJm9C+PoU/U/abskxvOkW66fLOHJwDCdwDg5UoQ7X0IAWEKDwAE/wbN1Zj9aL9bpoXbGWM0fwA9bbJw23jP8=</latexit>

X<latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit><latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit><latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit><latexit sha1_base64="SNBL1NrBuxgbnqxQ+tn7/n/L2O4=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LFbBU0liaeut4MVjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVq9YbFkl6/qVbdSRXbZtmuO62TErVUuK8gxSoYSrNAcFt8Ho4gkIRWacKxU37Fj7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFoXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdFD3UibiRFNBlouChCMdoexrNGKSEs1nhmAimbkVkQmWmGiTTcGE8PUp+p903LJjeMstNc5WceThBE7hAhyoQQNuoAltIEDhAZ7g2bqzHq0X63XZmrNWM8fwA9bbJwwzjP4=</latexit>

ICR
<latexit sha1_base64="vd5bvuGa2CA1Bzj/9wHDwB/eKnE=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdhNo5UE0mgXL7lAsoTZydlkyOzsMjMrhCWPYGOhiK1PZOfbOEm20MQfBj7+cw5zzh8kgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7pOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYFyf1dtPqDSP5aOZJOhHdCh5yBk11nq4rd/3S2W34s5FVsHLoQy5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7FiWNUPvZfNUpObfOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDpFG4K3fPIqtKoVz/JdtVy7zuMowCmcwQV4cAk1uIEGNIHBEJ7hFd4c4bw4787HonXNyWdO4I+czx/JrY1w</latexit><latexit sha1_base64="vd5bvuGa2CA1Bzj/9wHDwB/eKnE=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdhNo5UE0mgXL7lAsoTZydlkyOzsMjMrhCWPYGOhiK1PZOfbOEm20MQfBj7+cw5zzh8kgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7pOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYFyf1dtPqDSP5aOZJOhHdCh5yBk11nq4rd/3S2W34s5FVsHLoQy5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7FiWNUPvZfNUpObfOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDpFG4K3fPIqtKoVz/JdtVy7zuMowCmcwQV4cAk1uIEGNIHBEJ7hFd4c4bw4787HonXNyWdO4I+czx/JrY1w</latexit><latexit sha1_base64="vd5bvuGa2CA1Bzj/9wHDwB/eKnE=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdhNo5UE0mgXL7lAsoTZydlkyOzsMjMrhCWPYGOhiK1PZOfbOEm20MQfBj7+cw5zzh8kgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7pOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYFyf1dtPqDSP5aOZJOhHdCh5yBk11nq4rd/3S2W34s5FVsHLoQy5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7FiWNUPvZfNUpObfOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDpFG4K3fPIqtKoVz/JdtVy7zuMowCmcwQV4cAk1uIEGNIHBEJ7hFd4c4bw4787HonXNyWdO4I+czx/JrY1w</latexit><latexit sha1_base64="vd5bvuGa2CA1Bzj/9wHDwB/eKnE=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdhNo5UE0mgXL7lAsoTZydlkyOzsMjMrhCWPYGOhiK1PZOfbOEm20MQfBj7+cw5zzh8kgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7pOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYFyf1dtPqDSP5aOZJOhHdCh5yBk11nq4rd/3S2W34s5FVsHLoQy5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7FiWNUPvZfNUpObfOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDpFG4K3fPIqtKoVz/JdtVy7zuMowCmcwQV4cAk1uIEGNIHBEJ7hFd4c4bw4787HonXNyWdO4I+czx/JrY1w</latexit>r

<latexit sha1_base64="AzWNNPt2QJMhlj3xDTnL/SDL5Og=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZNdYslt+xORZbBm0Pp6rNw+QgA1W7xq9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9ti5JGqP1sOuiYnFinR8JY2ScNmbq/OzIaaT2KAlsZUTPQi9nE/C9rpya88DMuk9SgZLOPwlQQE5PJ1qTHFTIjRhYoU9zOStiAKsqMvU3BHsFbXHkZGmdlz3LNK1WuYaY8HMExnIIH51CBW6hCHRggPMELvDr3zrPz5rzPSnPOvOcQ/sj5+AFLeo7A</latexit><latexit sha1_base64="FpS8z7rwYw/faLS9Fv0InO8pkVs=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVUZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadG3XPELpSuYKgeHcAQn4MMZlOAGylAFBggP8ATPzp3z6Lw4r9PSJWfWcwB/5Lz9AD0JkDQ=</latexit><latexit sha1_base64="FpS8z7rwYw/faLS9Fv0InO8pkVs=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVUZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadG3XPELpSuYKgeHcAQn4MMZlOAGylAFBggP8ATPzp3z6Lw4r9PSJWfWcwB/5Lz9AD0JkDQ=</latexit><latexit sha1_base64="CiXBuQIatUuumYiW850RtkkOWbM=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWaqlBtebW3YXIOngF1KBQc1D96g8TlsUoDRNU657npibIqTKcCZxV+pnGlLIJHWHPoqQx6iBfLDojF9YZkihR9klDFu7viZzGWk/j0HbG1Iz1am1u/lfrZSa6CXIu08ygZMuPokwQk5D51WTIFTIjphYoU9zuStiYKsqMzaZiQ/BWT16H9lXds9zyao3bIo4ynME5XIIH19CAe2iCDwwQnuEV3pxH58V5dz6WrSWnmDmFP3I+fwDcM4zz</latexit>

t = r

2

4

1− cos θ
sin θ
0

3

5

<latexit sha1_base64="06P7dSucnxxP75A2t+70dDQDmsc="></latexit><latexit sha1_base64="06P7dSucnxxP75A2t+70dDQDmsc="></latexit><latexit sha1_base64="06P7dSucnxxP75A2t+70dDQDmsc="></latexit><latexit sha1_base64="06P7dSucnxxP75A2t+70dDQDmsc="></latexit>

Figure 1. Our work aims at exploiting the non-holonomic motion

of ground vehicles along circular trajectories to simplify visual

motion estimation. We use a single, forward-looking camera.

restriction to two views and an inability to handle line corre-

spondences. As encompassed by tri-focal tensor geometry

[12], the inclusion of lines notably requires the presence of

at least three views. For general motion with 6 degrees of

freedom, the minimal case leads us to the three-view four-

point problem, which remains unsolved to date. Though

the case of planar motion has been successfully addressed

by the planar trifocal tensor [11], an adaptation to the non-

holonomic motion of most ground vehicles is yet to be pre-

sented.

Inspired by the planar tri-focal tensor, we present the fol-

lowing contributions:

• We introduce an n-linear constraint adapted to the case

of planar non-holonomic motion. It can transparently

handle both point and vertical line feature correspon-

dences measured over an arbitrary number of views.

• We prove that the resolution of the motion can be re-

garded as a rank minimisation problem over a single

degree of freedom.

• We apply Viète’s formulas for extrapolating trigono-

metric functions of angle multiples and the Weierstrass

substitution to transform the rank minimisation objec-

tive into a uni-variate polynomial.

The hereby obtained solver is able to handle either points

or vertical lines over an arbitrary number of views (at least

three) and increases the flexibility in how we can boot-

strap and realise online visual localisation pipelines. In

particular—as we will demonstrate through our experiments

on both simulated and real data—using more views in-

creases the signal-to-noise ratio, and therefore leads to im-

proved accuracy over existing solvers. Our paper is organ-

ised as follows. After a discussion on further related work

in Sections 2 and 3, Section 4 presents the derivation of our

novel solver. Section 5 presents successful results on both

simulated and real data, before Section 6 concludes with a

brief discussion of our contribution.

2. Related work

While, the majority of online localization and map-

ping frameworks for ground vehicles rely on either stereo

[16, 17, 9] or even surround-view camera systems [6, 15],

the most recent, state-of-the-art pipelines successfully solve

the problem based on only a single forward-looking camera

[25]. As outlined in the seminal work by Nistér et al [28],

a basic monocular visual odometry solution may already be

achieved by a sequential application of a calibrated relative

pose solver. The latter algorithm is furthermore required for

general bootstrapping of any point-based method in the ab-

sence of prior information about either motion or structure.

The calibrated relative pose problem can be solved with

as few as five point-feature correspondences between a pair

of views [27, 32, 22, 19]. Linear solutions to the problem

have been presented earlier in [23, 13], which do however

suffer from degenerate conditions in the planar case. How-

ever, of higher relevance to our work are solvers that rely

on lower-dimensional, approximative models of the spe-

cific motion of ground vehicles. For example, [4] and [34]

look at the special case of a known directional correspon-

dence between both views, a case that is easily fulfilled on

a ground vehicle for which the motion can be approximated

to remain in a plane. The most important foundation for

our work is given by [31], who exploits the fact that non-

holonomic motion of ground vehicles is in fact a function of

only two degrees of freedom. Considering that scale may be

unobservable, this enables the solution of the relative pose

problem from as few as a single point-feature correspon-

dence across two views. The work has later been extended

in [30], proving that a fixed, known, horizontal baseline be-

tween the wheel axis and the camera may even render scale

observable. [20] furthermore applied the model to multi-

perspective camera systems.

More recently, we have experienced a revival of hybrid

point and line feature-based methods, with [29] and [35]

providing monocular solutions, and [9] a state-of-the-art

stereo alternative. Despite its difficulty, there have also

been a few efforts on realizing purely line-based online

structure-from-motion pipelines [24, 7, 21]. Their results

are however not very encouraging as [24] states that From

the experimental and simulation results, there is no incen-

tive to believe that lines constrain the motion sufficiently to

be used alone, and [7] and [21] only present small scale

experiments without evaluating motion accuracy at all. As

we will show in this work, exploiting non-holonomic con-

straints over multiple views bares the potential to perform

accurate and robust, purely line-based visual motion esti-

mation. Our work relies on the tri-focal tensor, which has
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been introduced in [12] as a means to constrain relative pose

over multiple views observing line feature correspondences.

The theory has later been summarized in [14], eventually

leading up to further important foundations for constraining

motion over n views. Our work is also inspired by [11],

which adapts the tri-focal tensor relationships to the case of

planar motion and bearing measurements in the plane.

3. Foundations

We start with a brief review of the planar tri-focal ten-

sor [11], which solves a problem that is tightly related to

ours. We furthermore introduce a parametrization of the

non-holonomic motion of ground vehicles that will be used

in the continuation.

3.1. Short review of the planar trifocal tensor

The general tri-focal tensor describes the incidence re-

lationships between lines measured over three views [12].

In the calibrated case, these incidence relationships take the

form

n1 × (nT

2 [T1,T2,T3]n3)
T = 0, (1)

where n1, n2, and n3 are the normalized line measurements

in views 1, 2, and 3, and T1, T2, and T3 are a function of

the extrinsic Euclidean transformation parameters describ-

ing the pose of each view. The planar tri-focal tensor looks

at what happens if the camera is mounted on a ground ve-

hicle which remains in the horizontal plane, and for which

the z-axis of the body frame remains aligned with the grav-

ity vector g = [0 0 −1]T . n1, n2, and n3 furthermore

originate from bearing measurements in the plane. Such

measurements can originate from 1) points measured in the

horizontal plane, 2) vertical lines projected into the horizon-

tal plane, or 3) arbitrary 3D points projected onto the ground

plane. We explain the case of vertical lines, point features

may be transparently adopted by the description, too.

Let l be one of the original lines measured in the image

plane 1. Vertical lines distinguish themselves from the fact

that they intersect with the vanishing point of the vertical

direction, as in

(KRcwg)T l = 0, (2)

where Rcw notably permits the rotation of points from the

body frame of the vehicle into the camera frame (can be

arbitrary), and K represents the matrix of intrinsic camera

parameters. (2) can be reformulated as

gT (Rcw

TKT l) = gTn = 0, (3)

where n is the searched normalised bearing measurement

expressed in the body frame of the vehicle. It is easy to

recognise that—due to the form of g—the third coordinate

1Line vectors in the image plane are 3-vectors l such that any image

point on the line x fulfils xT
l = 0.

of n needs to remain 0, hence it represents a measurement

in the horizontal plane. It is furthermore easy to prove that

n in fact represents the normal of the ray corresponding to

the bearing measurement.

T1, T2, and T3 for themselves take a special form in

the case of planar motion. The rotation of each camera

matrix notably remains a pure rotation about the z-axis,

whereas the translation has a zero component along the ver-

tical direction. It is again easy to prove that—under these

conditions—only a single non-trivial equation from (1) is

remaining. With 5 degrees of freedom (originating from 2

planar relative displacements and an unobservability of the

overall scale), the problem can be solved from 5 bearing

correspondences across the three views.

We leave the discussion about the planar trifocal tensor

here, and refer the interested reader to [11], as our primary

interest lies in the form of the bearing measurements. The

motion model is now replaced to take into account the spe-

cial properties of non-holonomic ground vehicles.

3.2. The Ackermann motion model

As exploited in the original work of Scaramuzza et al.

[31], the motion of a ground vehicle can be approximated

to lie on a circular arc contained in the ground plane. As

indicated in Figure 1, the heading of the vehicle furthermore

remains tangential to that arc. A minimal parametrisation

of the motion is hence given by the inscribed arc-angle θ,

as well as the radius of this circle r. The centre of the circle

is commonly called the Instantaneous Centre of Rotation

(ICR), and even the front wheels of steering ground vehicles

travel along circular trajectories which are centered around

the ICR. We adopt the convention that the y-axis of the car

is pointing in the forward-direction, while the x-axis points

to the right. Let us denote the relative displacement by t and

R. It permits the transformation of points from the second

back to the first frame using the equation pF0
= RpF1

+ t.

R and t are given by

t = r





1− cos θ
sin θ
0



 =
d

sin θ





1− cos θ
sin θ
0



 (4)

R =





cos θ sin θ 0
− sin θ cos θ 0

0 0 1



 , (5)

where d fixes the length of the displacement along y. Note

that this form differs from the one presented in [31] in that

it does not employ half angles. The equivalence of both can

however be proven quite easily using half-angle formulae

and by substituting ρ = d

cos θ

2

in [31]. Fixing the displace-

ment along y helps us to ensure that the overall translational

displacement does not vanish if θ approaches zero.
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4. 1-feature n-view solver

We now proceed to the core of our contribution, which

is a novel algorithm for estimating non-holonomic motion

over n views and from a single feature correspondence. We

start by seeing our ideal-case assumptions and its implica-

tions on the motion model. We then see how a constraint

over n views can be obtained from an n-linearity, and how

this constraint permits the solution of the motion via a uni-

variate rank minimisation objective. We proceed with a se-

quence of substitutions and approximations that finally re-

sult in a solver that merely requires finding the roots of a

uni-variate polynomial. To the end of accurate and robust

results, this solver is finally embedded into histogram vot-

ing and multi-feature optimisation procedures.

4.1. Extending the motion model

We now move to a window of n successive frames which

are denoted by Fi, where i = {0, · · · , n− 1}. Our assump-

tion is still that the vehicle travels along a circular trajec-

tory, and that the heading of the vehicle remains tangen-

tial to the arc. We furthermore assume that the tangential

speed of the vehicle (and thus also its rotational velocity)

remains constant during the capturing of the frames. Note

that these assumptions are no more restrictive than the orig-

inal assumptions in [31]. We merely assume that the vehicle

speed can be regarded as constant over short time intervals,

an assumption that is equally valid for any number of frames

captured within the same time interval. More frames within

the same time-span are easily captured by increasing the

camera framerate.

Denoting the relative rotation angle between successive

frames θ, the relative pose of subsequent frames are now

simply given by employing angle-multiples:

ti =
d

sin θ





1− cos(iθ)
sin(iθ)

0





Ri =





cos(iθ) sin(iθ) 0
− sin(iθ) cos(iθ) 0

0 0 1



 . (6)

4.2. nlinearity in the case of Ackermann motion

The derivation of our n-view solver starts with the basic

incidence relationship that needs to be fulfilled in each view.

Let X =
[

x y z 1
]T

be a point on the feature that is

observed by the bearing measurements ni, i ∈ [0 . . . n− 1].
As explained in Section 3.1, n corresponds to a horizontal

vector that represents the normal vector of a vertical plane

that contains both the camera centre and the observed fea-

ture (e.g. a vertical line or an arbitrary, single 3D point). Let

Pi be the normalised camera projection matrix for frame

θ
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θ
<latexit sha1_base64="pdFAPqSZkp6prCRL/zaInBQXtVE=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQrMKujXYGbCwjmAskIcxOZpMxszPLzFkhLnkHGwtFbH0Bn8TO0jdxcik08YeBj/8/hznnhIkUFn3/y8utrK6tb+Q3C1vbO7t7xf2DutWpYbzGtNSmGVLLpVC8hgIlbyaG0ziUvBEOryZ5454bK7S6xVHCOzHtKxEJRtFZ9TYOONJuseSX/anIMgRzKF1+PHxXAKDaLX62e5qlMVfIJLW2FfgJdjJqUDDJx4V2anlC2ZD2ecuhojG3nWw67ZicOKdHIm3cU0im7u+OjMbWjuLQVcYUB3Yxm5j/Za0Uo4tOJlSSIlds9lGUSoKaTFYnPWE4QzlyQJkRblbCBtRQhu5ABXeEYHHlZaiflQPHN0Gp4sNMeTiCYziFAM6hAtdQhRowuINHeIYXT3tP3qv3NivNefOeQ/gj7/0HEZiRoQ==</latexit><latexit sha1_base64="/I42vZhOPoalRJj0nRNb9PUOxzE=">AAAB7XicbZC7SgNBFIbPxluMt3jpbBaDYBV2bbQzYKFlBHOBZAmzk9lkzOzMMnNWiEvewcZCEVs7K5/EztI3cXIpNPrDwMf/n8Occ8JEcIOe9+nkFhaXllfyq4W19Y3NreL2Tt2oVFNWo0oo3QyJYYJLVkOOgjUTzUgcCtYIB+fjvHHLtOFKXuMwYUFMepJHnBK0Vr2NfYakUyx5ZW8i9y/4Myidvd99XbztZdVO8aPdVTSNmUQqiDEt30swyIhGTgUbFdqpYQmhA9JjLYuSxMwE2WTakXtona4bKW2fRHfi/uzISGzMMA5tZUywb+azsflf1koxOg0yLpMUmaTTj6JUuKjc8epul2tGUQwtEKq5ndWlfaIJRXuggj2CP7/yX6gfl33LV36p4sFUediHAzgCH06gApdQhRpQuIF7eIQnRzkPzrPzMi3NObOeXfgl5/UbwsCS5Q==</latexit><latexit sha1_base64="/I42vZhOPoalRJj0nRNb9PUOxzE=">AAAB7XicbZC7SgNBFIbPxluMt3jpbBaDYBV2bbQzYKFlBHOBZAmzk9lkzOzMMnNWiEvewcZCEVs7K5/EztI3cXIpNPrDwMf/n8Occ8JEcIOe9+nkFhaXllfyq4W19Y3NreL2Tt2oVFNWo0oo3QyJYYJLVkOOgjUTzUgcCtYIB+fjvHHLtOFKXuMwYUFMepJHnBK0Vr2NfYakUyx5ZW8i9y/4Myidvd99XbztZdVO8aPdVTSNmUQqiDEt30swyIhGTgUbFdqpYQmhA9JjLYuSxMwE2WTakXtona4bKW2fRHfi/uzISGzMMA5tZUywb+azsflf1koxOg0yLpMUmaTTj6JUuKjc8epul2tGUQwtEKq5ndWlfaIJRXuggj2CP7/yX6gfl33LV36p4sFUediHAzgCH06gApdQhRpQuIF7eIQnRzkPzrPzMi3NObOeXfgl5/UbwsCS5Q==</latexit><latexit sha1_base64="VWpkbRLq9bvKyj5zU/UpJKtQlJs=">AAAB7XicbZBNSwMxEIaz9avWr6pHL8EieCq7XvRY8OKxgv2AdinZdLaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+0sbm1vVPereztHxweVY9P2lZnhkOLa6lNN2IWpFDQQoESuqkBlkQSOtHkdl7vPIGxQqsHnKYQJmykRCw4Q2e1+zgGZINqza/7C9F1CAqokULNQfWrP9Q8S0Ahl8zaXuCnGObMoOASZpV+ZiFlfMJG0HOoWAI2zBfbzuiFc4Y01sY9hXTh/p7IWWLtNIlcZ8JwbFdrc/O/Wi/D+CbMhUozBMWXH8WZpKjp/HQ6FAY4yqkDxo1wu1I+ZoZxdAFVXAjB6snr0L6qB47vg1rDL+IokzNyTi5JQK5Jg9yRJmkRTh7JM3klb572Xrx372PZWvKKmVPyR97nD52fjxM=</latexit>

θ
<latexit sha1_base64="pdFAPqSZkp6prCRL/zaInBQXtVE=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQrMKujXYGbCwjmAskIcxOZpMxszPLzFkhLnkHGwtFbH0Bn8TO0jdxcik08YeBj/8/hznnhIkUFn3/y8utrK6tb+Q3C1vbO7t7xf2DutWpYbzGtNSmGVLLpVC8hgIlbyaG0ziUvBEOryZ5454bK7S6xVHCOzHtKxEJRtFZ9TYOONJuseSX/anIMgRzKF1+PHxXAKDaLX62e5qlMVfIJLW2FfgJdjJqUDDJx4V2anlC2ZD2ecuhojG3nWw67ZicOKdHIm3cU0im7u+OjMbWjuLQVcYUB3Yxm5j/Za0Uo4tOJlSSIlds9lGUSoKaTFYnPWE4QzlyQJkRblbCBtRQhu5ABXeEYHHlZaiflQPHN0Gp4sNMeTiCYziFAM6hAtdQhRowuINHeIYXT3tP3qv3NivNefOeQ/gj7/0HEZiRoQ==</latexit><latexit sha1_base64="/I42vZhOPoalRJj0nRNb9PUOxzE=">AAAB7XicbZC7SgNBFIbPxluMt3jpbBaDYBV2bbQzYKFlBHOBZAmzk9lkzOzMMnNWiEvewcZCEVs7K5/EztI3cXIpNPrDwMf/n8Occ8JEcIOe9+nkFhaXllfyq4W19Y3NreL2Tt2oVFNWo0oo3QyJYYJLVkOOgjUTzUgcCtYIB+fjvHHLtOFKXuMwYUFMepJHnBK0Vr2NfYakUyx5ZW8i9y/4Myidvd99XbztZdVO8aPdVTSNmUQqiDEt30swyIhGTgUbFdqpYQmhA9JjLYuSxMwE2WTakXtona4bKW2fRHfi/uzISGzMMA5tZUywb+azsflf1koxOg0yLpMUmaTTj6JUuKjc8epul2tGUQwtEKq5ndWlfaIJRXuggj2CP7/yX6gfl33LV36p4sFUediHAzgCH06gApdQhRpQuIF7eIQnRzkPzrPzMi3NObOeXfgl5/UbwsCS5Q==</latexit><latexit sha1_base64="/I42vZhOPoalRJj0nRNb9PUOxzE=">AAAB7XicbZC7SgNBFIbPxluMt3jpbBaDYBV2bbQzYKFlBHOBZAmzk9lkzOzMMnNWiEvewcZCEVs7K5/EztI3cXIpNPrDwMf/n8Occ8JEcIOe9+nkFhaXllfyq4W19Y3NreL2Tt2oVFNWo0oo3QyJYYJLVkOOgjUTzUgcCtYIB+fjvHHLtOFKXuMwYUFMepJHnBK0Vr2NfYakUyx5ZW8i9y/4Myidvd99XbztZdVO8aPdVTSNmUQqiDEt30swyIhGTgUbFdqpYQmhA9JjLYuSxMwE2WTakXtona4bKW2fRHfi/uzISGzMMA5tZUywb+azsflf1koxOg0yLpMUmaTTj6JUuKjc8epul2tGUQwtEKq5ndWlfaIJRXuggj2CP7/yX6gfl33LV36p4sFUediHAzgCH06gApdQhRpQuIF7eIQnRzkPzrPzMi3NObOeXfgl5/UbwsCS5Q==</latexit><latexit sha1_base64="VWpkbRLq9bvKyj5zU/UpJKtQlJs=">AAAB7XicbZBNSwMxEIaz9avWr6pHL8EieCq7XvRY8OKxgv2AdinZdLaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+0sbm1vVPereztHxweVY9P2lZnhkOLa6lNN2IWpFDQQoESuqkBlkQSOtHkdl7vPIGxQqsHnKYQJmykRCw4Q2e1+zgGZINqza/7C9F1CAqokULNQfWrP9Q8S0Ahl8zaXuCnGObMoOASZpV+ZiFlfMJG0HOoWAI2zBfbzuiFc4Y01sY9hXTh/p7IWWLtNIlcZ8JwbFdrc/O/Wi/D+CbMhUozBMWXH8WZpKjp/HQ6FAY4yqkDxo1wu1I+ZoZxdAFVXAjB6snr0L6qB47vg1rDL+IokzNyTi5JQK5Jg9yRJmkRTh7JM3klb572Xrx372PZWvKKmVPyR97nD52fjxM=</latexit>

Y
<latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit><latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit><latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit><latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit>

X
<latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit><latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit><latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit><latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit>

Y<latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit><latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit><latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit><latexit sha1_base64="u4Zm2awPhBcPtHKjQS9FPVSwnv0=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsuAjWUEo9EkyN5mLlmyt3fszonhyL+wsVDE1n9j579xk1yh0RcWHt6ZYWfeMFXSku9/eUvLK6tr66WN8ubW9s5uZW//2iaZEdgSiUpMO+QWldTYIkkK26lBHocKb8LR+bR+84DGykRf0TjFXswHWkZScHLWXZfwkcIov53cV6p+zZ+J/YWggCoUat5XPrv9RGQxahKKW9sJ/JR6OTckhcJJuZtZTLkY8QF2HGoeo+3ls40n7Ng5fRYlxj1NbOb+nMh5bO04Dl1nzGloF2tT879aJ6PorJdLnWaEWsw/ijLFKGHT81lfGhSkxg64MNLtysSQGy7IhVR2IQSLJ/+F63otcHxZrzZYEUcJDuEITiCAU2jABTShBQI0PMELvHrWe/bevPd565JXzBzAL3kf3+zakPQ=</latexit>
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X<latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit><latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit><latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit><latexit sha1_base64="9r2SM+d0sVmw6Eh1AWQNFYl71aw=">AAAB8XicbZA9SwNBEIbn4leMX1FLm8UgWMldGi0DNpYRzAcmIext5pLFvb1jd04MR/6FjYUitv4bO/+Nm49CE19YeHhnhp15w1RJS77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZEdgQiUpMO+QWldTYIEkK26lBHocKW+HD9bTeekRjZaLvaJxiL+ZDLSMpODnrvkv4RGGUtyf9csW/8GdiqxAsoAIL1fvlr+4gEVmMmoTi1nYCP6Vezg1JoXBS6mYWUy4e+BA7DjWP0fby2cYTduacAYsS454mNnN/T+Q8tnYch64z5jSyy7Wp+V+tk1F01culTjNCLeYfRZlilLDp+WwgDQpSYwdcGOl2ZWLEDRfkQiq5EILlk1ehWb0IHN9WKzW2iKMIJ3AK5xDAJdTgBurQAAEanuEV3jzrvXjv3se8teAtZo7hj7zPH+tVkPM=</latexit>

d
<latexit sha1_base64="Ud1TlfsqI2cVt+p4iyBCHLUcB3o=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuCqZsbR1ZcGNyxbsBdqhZNK0jc1cSDJCHfoEblwo4tZn8EncufRNzLQKKvpD4Of7zyHnHC8SXGmM36zM0vLK6lp2PbexubW9k9/da6kwlpQ1aShC2fGIYoIHrKm5FqwTSUZ8T7C2NzlP8/Y1k4qHwaWeRsz1ySjgQ06JNqgx6OcLuHhaLTulMsJFjCu2Y6fGqZROSsg2JFXh7OXmvQYA9X7+tTcIaeyzQFNBlOraONJuQqTmVLBZrhcrFhE6ISPWNTYgPlNuMh90ho4MGaBhKM0LNJrT7x0J8ZWa+p6p9Ikeq99ZCv/KurEeVt2EB1GsWUAXHw1jgXSI0q3RgEtGtZgaQ6jkZlZEx0QSqs1tcuYIX5ui/03LKdrGN3ChhmGhLBzAIRyDDRWowQXUoQkUGNzCPTxYV9ad9Wg9LUoz1mfPPvyQ9fwBlUmPog==</latexit><latexit sha1_base64="lkIO1Fb9PWUSdCniRQFnCYaJSac=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIrkqmlrauLLjQZQv2Au1QMplMG5vJDElGqEOfwI0LRdz6AK58EncufRMzrYKK/hD4+f5zyDnHjThTGqE3a25+YXFpObOSXV1b39jMbW23VBhLQpsk5KHsuFhRzgRtaqY57USS4sDltO2OTtO8fUWlYqG40OOIOgEeCOYzgrVBDa+fy6PCcbVcLJUhKiBUsYt2aoqV0lEJ2oakyp+8XL+fPe8m9X7uteeFJA6o0IRjpbo2irSTYKkZ4XSS7cWKRpiM8IB2jRU4oMpJpoNO4IEhHvRDaZ7QcEq/dyQ4UGocuKYywHqofmcp/CvrxtqvOgkTUaypILOP/JhDHcJ0a+gxSYnmY2MwkczMCskQS0y0uU3WHOFrU/i/aRULtvENlK8hMFMG7IF9cAhsUAE1cA7qoAkIoOAG3IF769K6tR6sx1npnPXZswN+yHr6AEaAkOY=</latexit><latexit sha1_base64="lkIO1Fb9PWUSdCniRQFnCYaJSac=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIrkqmlrauLLjQZQv2Au1QMplMG5vJDElGqEOfwI0LRdz6AK58EncufRMzrYKK/hD4+f5zyDnHjThTGqE3a25+YXFpObOSXV1b39jMbW23VBhLQpsk5KHsuFhRzgRtaqY57USS4sDltO2OTtO8fUWlYqG40OOIOgEeCOYzgrVBDa+fy6PCcbVcLJUhKiBUsYt2aoqV0lEJ2oakyp+8XL+fPe8m9X7uteeFJA6o0IRjpbo2irSTYKkZ4XSS7cWKRpiM8IB2jRU4oMpJpoNO4IEhHvRDaZ7QcEq/dyQ4UGocuKYywHqofmcp/CvrxtqvOgkTUaypILOP/JhDHcJ0a+gxSYnmY2MwkczMCskQS0y0uU3WHOFrU/i/aRULtvENlK8hMFMG7IF9cAhsUAE1cA7qoAkIoOAG3IF769K6tR6sx1npnPXZswN+yHr6AEaAkOY=</latexit><latexit sha1_base64="knJcJR5wnlsb5+xOUDEzNgtiOvQ=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdk1JPEW8OIxAfOAZAmzs73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uLxFcaUI+rLX1jc2t7cJOcXdv/+CwdHTcVXEqGXRYLGLZ96gCwSPoaK4F9BMJNPQE9Lzpde737kEqHke3epaAG9JxxAPOqDZS2x+VyqRy1ag51RomFULqtmPnxKlXL6vYNkqOMlqhNSq9D/2YpSFEmgmq1MAmiXYzKjVnAubFYaogoWxKxzAwNKIhKDdbHDrH50bxcRBLU5HGC/X7REZDpWahZzpDqifqt5eLf3mDVAcNN+NRkmqI2HJRkAqsY5x/jX0ugWkxM4Qyyc2tmE2opEybbIomhK9P8f+k61Rsw9uk3CSrOAroFJ2hC2SjOmqiG9RCHcQQoAf0hJ6tO+vRerFel61r1mrmBP2A9fYJIV+NFA==</latexit>

(x, y)
<latexit sha1_base64="TheTGrsp1WqVGKQBJJs85hCTjEE=">AAAB7HicbZDNSsNAFIVv6l+tf1GXbgaLUEFK4kaXBTcuWzBtoQ1lMp20QyeTMDMRQ+gzuHGhiFufw2dw51v4CE7TLrT1wMDHufcy954g4Uxpx/mySmvrG5tb5e3Kzu7e/oF9eNRWcSoJ9UjMY9kNsKKcCepppjntJpLiKOC0E0xuZvXOPZWKxeJOZwn1IzwSLGQEa2N5tYeL7HxgV526UwitgruAasNufX8AQHNgf/aHMUkjKjThWKme6yTaz7HUjHA6rfRTRRNMJnhEewYFjqjy82LZKTozzhCFsTRPaFS4vydyHCmVRYHpjLAeq+XazPyv1kt1eO3nTCSppoLMPwpTjnSMZpejIZOUaJ4ZwEQysysiYywx0SafignBXT55FdqXdddwy6ThwFxlOIFTqIELV9CAW2iCBwQYPMIzvFjCerJerbd5a8lazBzDH1nvPwrSkFU=</latexit><latexit sha1_base64="5/EqaROTbbyAa7NCZ5ngywHpb1c=">AAAB7HicbZDLSsNAFIZP6q3WW9SdbgaLUEFK4kaXBTcuXLRg2kIbymQ6aYdOJmFmIobQJ3DhxoUibn0R38Cdb+EjOL0stPrDwMd/zmHO+YOEM6Ud59MqLC2vrK4V10sbm1vbO/buXlPFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqc1Fu3VCoWixudJdSP8ECwkBGsjeVV7k6zk55ddqrOVOgvuHMo1+zG1/v1wX29Z390+zFJIyo04Vipjusk2s+x1IxwOi51U0UTTEZ4QDsGBY6o8vPpsmN0bJw+CmNpntBo6v6cyHGkVBYFpjPCeqgWaxPzv1on1eGFnzORpJoKMvsoTDnSMZpcjvpMUqJ5ZgATycyuiAyxxESbfEomBHfx5L/QPKu6hhsmDQdmKsIhHEEFXDiHGlxBHTwgwOABnuDZEtaj9WK9zloL1nxmH37JevsGUKCRSQ==</latexit><latexit sha1_base64="5/EqaROTbbyAa7NCZ5ngywHpb1c=">AAAB7HicbZDLSsNAFIZP6q3WW9SdbgaLUEFK4kaXBTcuXLRg2kIbymQ6aYdOJmFmIobQJ3DhxoUibn0R38Cdb+EjOL0stPrDwMd/zmHO+YOEM6Ud59MqLC2vrK4V10sbm1vbO/buXlPFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqc1Fu3VCoWixudJdSP8ECwkBGsjeVV7k6zk55ddqrOVOgvuHMo1+zG1/v1wX29Z390+zFJIyo04Vipjusk2s+x1IxwOi51U0UTTEZ4QDsGBY6o8vPpsmN0bJw+CmNpntBo6v6cyHGkVBYFpjPCeqgWaxPzv1on1eGFnzORpJoKMvsoTDnSMZpcjvpMUqJ5ZgATycyuiAyxxESbfEomBHfx5L/QPKu6hhsmDQdmKsIhHEEFXDiHGlxBHTwgwOABnuDZEtaj9WK9zloL1nxmH37JevsGUKCRSQ==</latexit><latexit sha1_base64="nEaug5A/yMTVxRUPGWLYjxcy6rg=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIFaQkXvRY8OKxgmkLbSib7aZdutmE3YkYSn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjtr6xubW9ulnfLu3v7BYeXouGWSTDPus0QmuhNSw6VQ3EeBkndSzWkcSt4Ox7ezevuRayMS9YB5yoOYDpWIBKNoLb/2dJlf9CtVt+7ORVbBK6AKhZr9yldvkLAs5gqZpMZ0PTfFYEI1Cib5tNzLDE8pG9Mh71pUNOYmmMyXnZJz6wxIlGj7FJK5+3tiQmNj8ji0nTHFkVmuzcz/at0Mo5tgIlSaIVds8VGUSYIJmV1OBkJzhjK3QJkWdlfCRlRThjafsg3BWz55FVpXdc/yvVttuEUcJTiFM6iBB9fQgDtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB85nz/q/I4E</latexit>

n0
<latexit sha1_base64="7wa5t2tnCC+An2h5blWd/9vX/m4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNWQ60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9DL3u3dUKhaLGz1LqB/hsWAhI1gb6bY6iLCeBGEm5kNUHZYryHY912vUIbLrroNc15Ca4zkXNejYaIEKWKE1LL8PRjFJIyo04VipvoMS7WdYakY4nZcGqaIJJlM8pn1DBY6o8rNF6jk8M8oIhrE0T2i4UL9vZDhSahYFZjIPqX57ufiX10912PAzJpJUU0GWh8KUQx3DvAI4YpISzWeGYCKZyQrJBEtMtCmqZEr4+in8n3RqtmP4da3SrK7qKIITcArOgQM80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM2QpI5</latexit><latexit sha1_base64="7wa5t2tnCC+An2h5blWd/9vX/m4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNWQ60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9DL3u3dUKhaLGz1LqB/hsWAhI1gb6bY6iLCeBGEm5kNUHZYryHY912vUIbLrroNc15Ca4zkXNejYaIEKWKE1LL8PRjFJIyo04VipvoMS7WdYakY4nZcGqaIJJlM8pn1DBY6o8rNF6jk8M8oIhrE0T2i4UL9vZDhSahYFZjIPqX57ufiX10912PAzJpJUU0GWh8KUQx3DvAI4YpISzWeGYCKZyQrJBEtMtCmqZEr4+in8n3RqtmP4da3SrK7qKIITcArOgQM80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM2QpI5</latexit><latexit sha1_base64="7wa5t2tnCC+An2h5blWd/9vX/m4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNWQ60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9DL3u3dUKhaLGz1LqB/hsWAhI1gb6bY6iLCeBGEm5kNUHZYryHY912vUIbLrroNc15Ca4zkXNejYaIEKWKE1LL8PRjFJIyo04VipvoMS7WdYakY4nZcGqaIJJlM8pn1DBY6o8rNF6jk8M8oIhrE0T2i4UL9vZDhSahYFZjIPqX57ufiX10912PAzJpJUU0GWh8KUQx3DvAI4YpISzWeGYCKZyQrJBEtMtCmqZEr4+in8n3RqtmP4da3SrK7qKIITcArOgQM80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM2QpI5</latexit><latexit sha1_base64="7wa5t2tnCC+An2h5blWd/9vX/m4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNWQ60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9DL3u3dUKhaLGz1LqB/hsWAhI1gb6bY6iLCeBGEm5kNUHZYryHY912vUIbLrroNc15Ca4zkXNejYaIEKWKE1LL8PRjFJIyo04VipvoMS7WdYakY4nZcGqaIJJlM8pn1DBY6o8rNF6jk8M8oIhrE0T2i4UL9vZDhSahYFZjIPqX57ufiX10912PAzJpJUU0GWh8KUQx3DvAI4YpISzWeGYCKZyQrJBEtMtCmqZEr4+in8n3RqtmP4da3SrK7qKIITcArOgQM80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM2QpI5</latexit>

n1
<latexit sha1_base64="/sWvnE+uOYG+jeIcxVZ5IFjMZF4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNUw60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSjvOh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08vc795RqVgsbvQsoX6Ex4KFjGBtpNvqIMJ6EoSZmA9RdViuOLbruV6jDh277iLHdQ2pIQ9d1CCynQUqYIXWsPw+GMUkjajQhGOl+shJtJ9hqRnhdF4apIommEzxmPYNFTiiys8WqefwzCgjGMbSPKHhQv2+keFIqVkUmMk8pPrt5eJfXj/VYcPPmEhSTQVZHgpTDnUM8wrgiElKNJ8ZgolkJiskEywx0aaokinh66fwf9Kp2cjw61qlWV3VUQQn4BScAwQ80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM3x5I6</latexit><latexit sha1_base64="/sWvnE+uOYG+jeIcxVZ5IFjMZF4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNUw60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSjvOh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08vc795RqVgsbvQsoX6Ex4KFjGBtpNvqIMJ6EoSZmA9RdViuOLbruV6jDh277iLHdQ2pIQ9d1CCynQUqYIXWsPw+GMUkjajQhGOl+shJtJ9hqRnhdF4apIommEzxmPYNFTiiys8WqefwzCgjGMbSPKHhQv2+keFIqVkUmMk8pPrt5eJfXj/VYcPPmEhSTQVZHgpTDnUM8wrgiElKNJ8ZgolkJiskEywx0aaokinh66fwf9Kp2cjw61qlWV3VUQQn4BScAwQ80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM3x5I6</latexit><latexit sha1_base64="/sWvnE+uOYG+jeIcxVZ5IFjMZF4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNUw60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSjvOh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08vc795RqVgsbvQsoX6Ex4KFjGBtpNvqIMJ6EoSZmA9RdViuOLbruV6jDh277iLHdQ2pIQ9d1CCynQUqYIXWsPw+GMUkjajQhGOl+shJtJ9hqRnhdF4apIommEzxmPYNFTiiys8WqefwzCgjGMbSPKHhQv2+keFIqVkUmMk8pPrt5eJfXj/VYcPPmEhSTQVZHgpTDnUM8wrgiElKNJ8ZgolkJiskEywx0aaokinh66fwf9Kp2cjw61qlWV3VUQQn4BScAwQ80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM3x5I6</latexit><latexit sha1_base64="/sWvnE+uOYG+jeIcxVZ5IFjMZF4=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwNUw60Km7ghuXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzL/fkBAlnSjvOh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08vc795RqVgsbvQsoX6Ex4KFjGBtpNvqIMJ6EoSZmA9RdViuOLbruV6jDh277iLHdQ2pIQ9d1CCynQUqYIXWsPw+GMUkjajQhGOl+shJtJ9hqRnhdF4apIommEzxmPYNFTiiys8WqefwzCgjGMbSPKHhQv2+keFIqVkUmMk8pPrt5eJfXj/VYcPPmEhSTQVZHgpTDnUM8wrgiElKNJ8ZgolkJiskEywx0aaokinh66fwf9Kp2cjw61qlWV3VUQQn4BScAwQ80ARXoAXagAAJHsATeLburUfrxXpdjhas1c4x+AHr7RM3x5I6</latexit>

n2
<latexit sha1_base64="aInmH4zqJLdqtzIdVywDAcCF7QA=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBFvBVZkHdOqu4MZlBfuAtpZMmmlDM5khyShl6H+4caGIW//FnX9j+hBU9EDgcM693JMTJJwpbdsfVm5tfWNzK79d2Nnd2z8oHh61VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB1MLud++45KxWJxo6cJ7Ud4JFjICNZGui33IqzHQZiJ2cAtD4olu+L5nl+rIrtS9Rzb8wxxHd+5cJFTsRcowQqNQfG9N4xJGlGhCcdKdR070f0MS80Ip7NCL1U0wWSCR7RrqMARVf1skXqGzowyRGEszRMaLdTvGxmOlJpGgZmch1S/vbn4l9dNdVjrZ0wkqaaCLA+FKUc6RvMK0JBJSjSfGoKJZCYrImMsMdGmqIIp4eun6H/SciuO4dduqV5e1ZGHEziFc3DAhzpcQQOaQEDCAzzBs3VvPVov1utyNGetdo7hB6y3TzlMkjs=</latexit><latexit sha1_base64="aInmH4zqJLdqtzIdVywDAcCF7QA=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBFvBVZkHdOqu4MZlBfuAtpZMmmlDM5khyShl6H+4caGIW//FnX9j+hBU9EDgcM693JMTJJwpbdsfVm5tfWNzK79d2Nnd2z8oHh61VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB1MLud++45KxWJxo6cJ7Ud4JFjICNZGui33IqzHQZiJ2cAtD4olu+L5nl+rIrtS9Rzb8wxxHd+5cJFTsRcowQqNQfG9N4xJGlGhCcdKdR070f0MS80Ip7NCL1U0wWSCR7RrqMARVf1skXqGzowyRGEszRMaLdTvGxmOlJpGgZmch1S/vbn4l9dNdVjrZ0wkqaaCLA+FKUc6RvMK0JBJSjSfGoKJZCYrImMsMdGmqIIp4eun6H/SciuO4dduqV5e1ZGHEziFc3DAhzpcQQOaQEDCAzzBs3VvPVov1utyNGetdo7hB6y3TzlMkjs=</latexit><latexit sha1_base64="aInmH4zqJLdqtzIdVywDAcCF7QA=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBFvBVZkHdOqu4MZlBfuAtpZMmmlDM5khyShl6H+4caGIW//FnX9j+hBU9EDgcM693JMTJJwpbdsfVm5tfWNzK79d2Nnd2z8oHh61VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB1MLud++45KxWJxo6cJ7Ud4JFjICNZGui33IqzHQZiJ2cAtD4olu+L5nl+rIrtS9Rzb8wxxHd+5cJFTsRcowQqNQfG9N4xJGlGhCcdKdR070f0MS80Ip7NCL1U0wWSCR7RrqMARVf1skXqGzowyRGEszRMaLdTvGxmOlJpGgZmch1S/vbn4l9dNdVjrZ0wkqaaCLA+FKUc6RvMK0JBJSjSfGoKJZCYrImMsMdGmqIIp4eun6H/SciuO4dduqV5e1ZGHEziFc3DAhzpcQQOaQEDCAzzBs3VvPVov1utyNGetdo7hB6y3TzlMkjs=</latexit><latexit sha1_base64="aInmH4zqJLdqtzIdVywDAcCF7QA=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBFvBVZkHdOqu4MZlBfuAtpZMmmlDM5khyShl6H+4caGIW//FnX9j+hBU9EDgcM693JMTJJwpbdsfVm5tfWNzK79d2Nnd2z8oHh61VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB1MLud++45KxWJxo6cJ7Ud4JFjICNZGui33IqzHQZiJ2cAtD4olu+L5nl+rIrtS9Rzb8wxxHd+5cJFTsRcowQqNQfG9N4xJGlGhCcdKdR070f0MS80Ip7NCL1U0wWSCR7RrqMARVf1skXqGzowyRGEszRMaLdTvGxmOlJpGgZmch1S/vbn4l9dNdVjrZ0wkqaaCLA+FKUc6RvMK0JBJSjSfGoKJZCYrImMsMdGmqIIp4eun6H/SciuO4dduqV5e1ZGHEziFc3DAhzpcQQOaQEDCAzzBs3VvPVov1utyNGetdo7hB6y3TzlMkjs=</latexit>

ICR
<latexit sha1_base64="iwNDd+qz0fmxGoWsDps8hO0GPYQ=">AAAB6nicbZC7TgJBFIbP4g3xhlraTCQmVmSXRksSGu3wwiWBDZkdZmHC7Oxm5qwJ2fAINhYaY+sT2fk2DrCFgn8yyZf/nJM55w8SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7waQxr3eeuDYiVo84Tbgf0ZESoWAUrfVw27gflCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xXq9TdPI4inME5XIIHV1CHG2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDFd41i</latexit><latexit sha1_base64="iwNDd+qz0fmxGoWsDps8hO0GPYQ=">AAAB6nicbZC7TgJBFIbP4g3xhlraTCQmVmSXRksSGu3wwiWBDZkdZmHC7Oxm5qwJ2fAINhYaY+sT2fk2DrCFgn8yyZf/nJM55w8SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7waQxr3eeuDYiVo84Tbgf0ZESoWAUrfVw27gflCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xXq9TdPI4inME5XIIHV1CHG2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDFd41i</latexit><latexit sha1_base64="iwNDd+qz0fmxGoWsDps8hO0GPYQ=">AAAB6nicbZC7TgJBFIbP4g3xhlraTCQmVmSXRksSGu3wwiWBDZkdZmHC7Oxm5qwJ2fAINhYaY+sT2fk2DrCFgn8yyZf/nJM55w8SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7waQxr3eeuDYiVo84Tbgf0ZESoWAUrfVw27gflCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xXq9TdPI4inME5XIIHV1CHG2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDFd41i</latexit><latexit sha1_base64="iwNDd+qz0fmxGoWsDps8hO0GPYQ=">AAAB6nicbZC7TgJBFIbP4g3xhlraTCQmVmSXRksSGu3wwiWBDZkdZmHC7Oxm5qwJ2fAINhYaY+sT2fk2DrCFgn8yyZf/nJM55w8SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7waQxr3eeuDYiVo84Tbgf0ZESoWAUrfVw27gflCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xXq9TdPI4inME5XIIHV1CHG2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDFd41i</latexit>

nn−1
<latexit sha1_base64="5l3OSWajmoaX/HFw7VD/oB7MTgw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8tkBtq6K7hxWcE+oC0lk2ba0ExmSDJiGeZX3LhQxK0/4s6/MX0IKnogcDjnXu7J8WPOlHacDyu3sbm1vZPfLeztHxwe2cfFjooSSWibRDySPR8rypmgbc00p71YUhz6nHb92dXC795RqVgkbvU8psMQTwQLGMHaSCO7WB6EWE/9IBXZKBUXKCuP7JJT9epevVGDTrXmIcfzDHFRHV26EFWdJUpgjdbIfh+MI5KEVGjCsVJ95MR6mGKpGeE0KwwSRWNMZnhC+4YKHFI1TJfZM3hulDEMImme0HCpft9IcajUPPTN5CKo+u0txL+8fqKDxjBlIk40FWR1KEg41BFcFAHHTFKi+dwQTCQzWSGZYomJNnUVTAlfP4X/k45bRYbfuKVmZV1HHpyCM1ABCNRBE1yDFmgDAu7BA3gCz1ZmPVov1utqNGetd07AD1hvn8A6lCo=</latexit><latexit sha1_base64="5l3OSWajmoaX/HFw7VD/oB7MTgw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8tkBtq6K7hxWcE+oC0lk2ba0ExmSDJiGeZX3LhQxK0/4s6/MX0IKnogcDjnXu7J8WPOlHacDyu3sbm1vZPfLeztHxwe2cfFjooSSWibRDySPR8rypmgbc00p71YUhz6nHb92dXC795RqVgkbvU8psMQTwQLGMHaSCO7WB6EWE/9IBXZKBUXKCuP7JJT9epevVGDTrXmIcfzDHFRHV26EFWdJUpgjdbIfh+MI5KEVGjCsVJ95MR6mGKpGeE0KwwSRWNMZnhC+4YKHFI1TJfZM3hulDEMImme0HCpft9IcajUPPTN5CKo+u0txL+8fqKDxjBlIk40FWR1KEg41BFcFAHHTFKi+dwQTCQzWSGZYomJNnUVTAlfP4X/k45bRYbfuKVmZV1HHpyCM1ABCNRBE1yDFmgDAu7BA3gCz1ZmPVov1utqNGetd07AD1hvn8A6lCo=</latexit><latexit sha1_base64="5l3OSWajmoaX/HFw7VD/oB7MTgw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8tkBtq6K7hxWcE+oC0lk2ba0ExmSDJiGeZX3LhQxK0/4s6/MX0IKnogcDjnXu7J8WPOlHacDyu3sbm1vZPfLeztHxwe2cfFjooSSWibRDySPR8rypmgbc00p71YUhz6nHb92dXC795RqVgkbvU8psMQTwQLGMHaSCO7WB6EWE/9IBXZKBUXKCuP7JJT9epevVGDTrXmIcfzDHFRHV26EFWdJUpgjdbIfh+MI5KEVGjCsVJ95MR6mGKpGeE0KwwSRWNMZnhC+4YKHFI1TJfZM3hulDEMImme0HCpft9IcajUPPTN5CKo+u0txL+8fqKDxjBlIk40FWR1KEg41BFcFAHHTFKi+dwQTCQzWSGZYomJNnUVTAlfP4X/k45bRYbfuKVmZV1HHpyCM1ABCNRBE1yDFmgDAu7BA3gCz1ZmPVov1utqNGetd07AD1hvn8A6lCo=</latexit><latexit sha1_base64="5l3OSWajmoaX/HFw7VD/oB7MTgw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8tkBtq6K7hxWcE+oC0lk2ba0ExmSDJiGeZX3LhQxK0/4s6/MX0IKnogcDjnXu7J8WPOlHacDyu3sbm1vZPfLeztHxwe2cfFjooSSWibRDySPR8rypmgbc00p71YUhz6nHb92dXC795RqVgkbvU8psMQTwQLGMHaSCO7WB6EWE/9IBXZKBUXKCuP7JJT9epevVGDTrXmIcfzDHFRHV26EFWdJUpgjdbIfh+MI5KEVGjCsVJ95MR6mGKpGeE0KwwSRWNMZnhC+4YKHFI1TJfZM3hulDEMImme0HCpft9IcajUPPTN5CKo+u0txL+8fqKDxjBlIk40FWR1KEg41BFcFAHHTFKi+dwQTCQzWSGZYomJNnUVTAlfP4X/k45bRYbfuKVmZV1HHpyCM1ABCNRBE1yDFmgDAu7BA3gCz1ZmPVov1utqNGetd07AD1hvn8A6lCo=</latexit>

nn−2
<latexit sha1_base64="v7J456tj4Vz9X7zGrrrOf5L3bWI=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8s8oK27ghuXFewD2mHIpJk2NJMZkoxYhvkVNy4UceuPuPNvTB+Cih4IHM65l3tygoRRqSzrwyhsbG5t7xR3S3v7B4dH5nG5J+NUYNLFMYvFIECSMMpJV1HFyCARBEUBI/1gdrXw+3dESBrzWzVPiBehCachxUhpyTfL1VGE1DQIM577Gb9w8qpvVqy623SbrQa06g3XtlxXE8du2pcOtOvWEhWwRsc330fjGKcR4QozJOXQthLlZUgoihnJS6NUkgThGZqQoaYcRUR62TJ7Ds+1MoZhLPTjCi7V7xsZiqScR4GeXASVv72F+Jc3TFXY8jLKk1QRjleHwpRBFcNFEXBMBcGKzTVBWFCdFeIpEggrXVdJl/D1U/g/6Tl1W/Mbp9KuresoglNwBmrABk3QBtegA7oAg3vwAJ7As5Ebj8aL8boaLRjrnRPwA8bbJ8HAlCs=</latexit><latexit sha1_base64="v7J456tj4Vz9X7zGrrrOf5L3bWI=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8s8oK27ghuXFewD2mHIpJk2NJMZkoxYhvkVNy4UceuPuPNvTB+Cih4IHM65l3tygoRRqSzrwyhsbG5t7xR3S3v7B4dH5nG5J+NUYNLFMYvFIECSMMpJV1HFyCARBEUBI/1gdrXw+3dESBrzWzVPiBehCachxUhpyTfL1VGE1DQIM577Gb9w8qpvVqy623SbrQa06g3XtlxXE8du2pcOtOvWEhWwRsc330fjGKcR4QozJOXQthLlZUgoihnJS6NUkgThGZqQoaYcRUR62TJ7Ds+1MoZhLPTjCi7V7xsZiqScR4GeXASVv72F+Jc3TFXY8jLKk1QRjleHwpRBFcNFEXBMBcGKzTVBWFCdFeIpEggrXVdJl/D1U/g/6Tl1W/Mbp9KuresoglNwBmrABk3QBtegA7oAg3vwAJ7As5Ebj8aL8boaLRjrnRPwA8bbJ8HAlCs=</latexit><latexit sha1_base64="v7J456tj4Vz9X7zGrrrOf5L3bWI=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8s8oK27ghuXFewD2mHIpJk2NJMZkoxYhvkVNy4UceuPuPNvTB+Cih4IHM65l3tygoRRqSzrwyhsbG5t7xR3S3v7B4dH5nG5J+NUYNLFMYvFIECSMMpJV1HFyCARBEUBI/1gdrXw+3dESBrzWzVPiBehCachxUhpyTfL1VGE1DQIM577Gb9w8qpvVqy623SbrQa06g3XtlxXE8du2pcOtOvWEhWwRsc330fjGKcR4QozJOXQthLlZUgoihnJS6NUkgThGZqQoaYcRUR62TJ7Ds+1MoZhLPTjCi7V7xsZiqScR4GeXASVv72F+Jc3TFXY8jLKk1QRjleHwpRBFcNFEXBMBcGKzTVBWFCdFeIpEggrXVdJl/D1U/g/6Tl1W/Mbp9KuresoglNwBmrABk3QBtegA7oAg3vwAJ7As5Ebj8aL8boaLRjrnRPwA8bbJ8HAlCs=</latexit><latexit sha1_base64="v7J456tj4Vz9X7zGrrrOf5L3bWI=">AAAB+3icdVDLSgMxFM3UV62vsS7dBFuhG8s8oK27ghuXFewD2mHIpJk2NJMZkoxYhvkVNy4UceuPuPNvTB+Cih4IHM65l3tygoRRqSzrwyhsbG5t7xR3S3v7B4dH5nG5J+NUYNLFMYvFIECSMMpJV1HFyCARBEUBI/1gdrXw+3dESBrzWzVPiBehCachxUhpyTfL1VGE1DQIM577Gb9w8qpvVqy623SbrQa06g3XtlxXE8du2pcOtOvWEhWwRsc330fjGKcR4QozJOXQthLlZUgoihnJS6NUkgThGZqQoaYcRUR62TJ7Ds+1MoZhLPTjCi7V7xsZiqScR4GeXASVv72F+Jc3TFXY8jLKk1QRjleHwpRBFcNFEXBMBcGKzTVBWFCdFeIpEggrXVdJl/D1U/g/6Tl1W/Mbp9KuresoglNwBmrABk3QBtegA7oAg3vwAJ7As5Ebj8aL8boaLRjrnRPwA8bbJ8HAlCs=</latexit>

F0
<latexit sha1_base64="uLgZA5qYOmOD3BjqplZ5lPuqaRY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkrSTV0WBHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj46r9slpT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Cb3+49UKhaLBz1PqBfhiWAhI1gbyber9VGE9ZRgnt0ufKfu2zWn4SyBNolbkBoU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeLyihVNMFkhid0aKjAEVVetgy+QJdGGaMwluYJjZbq740MR0rNo8BM5inVupeL/3nDVIfXXsZEkmoqyOpQmHKkY5S3gMZMUqL53BBMJDNZEZliiYk2XVVMCe76lzdJr9lwDb9v1tr1oo4ynMMFXIELLWjDHXSgCwRSeIZXeLOerBfr3fpYjZasYucM/sD6/AHQIJJs</latexit><latexit sha1_base64="uLgZA5qYOmOD3BjqplZ5lPuqaRY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkrSTV0WBHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj46r9slpT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Cb3+49UKhaLBz1PqBfhiWAhI1gbyber9VGE9ZRgnt0ufKfu2zWn4SyBNolbkBoU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeLyihVNMFkhid0aKjAEVVetgy+QJdGGaMwluYJjZbq740MR0rNo8BM5inVupeL/3nDVIfXXsZEkmoqyOpQmHKkY5S3gMZMUqL53BBMJDNZEZliiYk2XVVMCe76lzdJr9lwDb9v1tr1oo4ynMMFXIELLWjDHXSgCwRSeIZXeLOerBfr3fpYjZasYucM/sD6/AHQIJJs</latexit><latexit sha1_base64="uLgZA5qYOmOD3BjqplZ5lPuqaRY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkrSTV0WBHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj46r9slpT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Cb3+49UKhaLBz1PqBfhiWAhI1gbyber9VGE9ZRgnt0ufKfu2zWn4SyBNolbkBoU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeLyihVNMFkhid0aKjAEVVetgy+QJdGGaMwluYJjZbq740MR0rNo8BM5inVupeL/3nDVIfXXsZEkmoqyOpQmHKkY5S3gMZMUqL53BBMJDNZEZliiYk2XVVMCe76lzdJr9lwDb9v1tr1oo4ynMMFXIELLWjDHXSgCwRSeIZXeLOerBfr3fpYjZasYucM/sD6/AHQIJJs</latexit><latexit sha1_base64="uLgZA5qYOmOD3BjqplZ5lPuqaRY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkrSTV0WBHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj46r9slpT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Cb3+49UKhaLBz1PqBfhiWAhI1gbyber9VGE9ZRgnt0ufKfu2zWn4SyBNolbkBoU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeLyihVNMFkhid0aKjAEVVetgy+QJdGGaMwluYJjZbq740MR0rNo8BM5inVupeL/3nDVIfXXsZEkmoqyOpQmHKkY5S3gMZMUqL53BBMJDNZEZliiYk2XVVMCe76lzdJr9lwDb9v1tr1oo4ynMMFXIELLWjDHXSgCwRSeIZXeLOerBfr3fpYjZasYucM/sD6/AHQIJJs</latexit>

F1
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Figure 2. General Ackermann motion model used throughout this

paper. Please see text for detailed explanations.

Fi. The transformed world point X needs to intersect with

the measured vertical plane, which leads us to the constraint

nT

i PiX = 0. (7)

Each camera matrix Pi is a function of the motion parame-

ters

Pi =
[

RT
i

| −RT
i
ti
]

. (8)

After substituting the camera matrices in (7), replacing the

pose parameters with their expressions given in (6), remov-

ing the trivial line 0 · z = 0, and factoring out d, we obtain

[

xni
yni

]

[

cos(iθ) − sin(iθ) 1
sin(θ) (1− cos(iθ))

sin(iθ) cos(iθ) − 1
sin(θ) sin(iθ)

]





x

y

d



 = 0.

(9)

The constraints from each view can be stacked into an n-

linear problem, which finally leads to




































(

xn0
yn0

)

(

1 0 0
0 1 0

)

·
·

(

xni
yni

)

(

cos(iθ) − sin(iθ) 1
sin(θ) (1− cos(iθ))

sin(iθ) cos(iθ) − 1
sin(θ) sin(iθ)

)

·
·

(

xnn−1
ynn−1

)

(

cos((n− 1)θ) − sin((n− 1)θ) 1
sin(θ) (1− cos((n− 1)θ))

sin((n− 1)θ) cos((n− 1)θ) − 1
sin(θ) sin((n− 1)θ)

)









































x

y

d



 = 0.

(10)

Note that this form is similar to the n-linearity presented

in [14] (Chapter 17), the difference being a specialization to

the non-holonomic, planar case.

4.3. From rank minimisation to a univariate poly
nomial objective

Our objective (10) is of the form Ax = 0, where A is

a matrix function of the angle interval θ. In order to have a

non-trivial solution, A needs to be rank deficient. The so-

lution of θ can hence be enforced by solving the rank min-

imisation problem

θopt = argmin
θ

rank (A (θ)) . (11)

412709



What follows is a sequence of substitutions and simplifi-

cations that will transform this optimisation objective into

finding the roots of a simple univariate polynomial. The

procedure starts with ensuring that A becomes a polyno-

mial matrix function.

The first substitution that we apply is given by replac-

ing trigonometric functions of angle multiples by functions

that only involve cos θ and sin θ. This is achieved by using

Viète’s formulae



























sin(iθ) =

2k+1≤i
∑

k=0

(−1)k
(

i

2k + 1

)

cosi−2k−1(θ) sin2k+1(θ)

cos(iθ) =

2k≤i
∑

k=0

(−1)k
(

i

2k

)

cosi−2k(θ) sin2k(θ)

.

(12)

We then apply the Weierstrass substitution (also known

as the tangent half-angle substitution) given by

{

cos θ = 1−z
2

1+z2

sin θ = 2z
1+z2

. (13)

We finally substitute (13) in (12), the result into (10), and

multiply the equation with (1 + z2)(n−1) to largely reduce

the degree of the denominator. We obtain

















(

xn0
yn0

)

(

C0 −S0
1+z

2

2z ((1 + z2)(n−1) − C0)

S0 C0 − 1+z
2

2z S0

)

...

(

xnn−1
ynn−1

)

(

Cn−1 −Sn−1
1+z

2

2z ((1 + z2)(n−1) − Cn−1)

Sn−1 Cn−1 − 1+z
2

2z Sn−1

)





















x

y

d



 = 0,

(14)

where



























Ci = (1 + z2)n−1−i

2k≤i
∑

k=0

(−1)k
(

i

2k

)

(1− z2)i−2k(2z)2k

Si = (1 + z2)n−1−i

2k+1≤i
∑

k=0

(−1)k
(

i

2k + 1

)

(1− z2)i−2k−1(2z)2k+1

.

(15)

It is interesting to observe that the denominator in this

expression cancels out so the problem takes the form





p[2n− 1](z) p[2n− 1](z) p[2n− 1](z)
. . .

p[2n− 1](z) p[2n− 1](z) p[2n− 1](z)





n×3





x

y

d





= B[2n− 1](z)





x

y

d



 = 0, (16)

where p[k](z) and B[k](z) denote a degree-k polynomial

and matrix in z, respectively.

Since rank(B) = rank(BTB), our optimisation objec-

tive finally becomes

zopt = argmin
z

rank (M[4n− 2](z)) , (17)

where M[4n − 2](z) = B[2n − 1](z)TB[2n − 1](z) is a

3×3 polynomial matrix function of z. M is a positive semi-

definite matrix, and its rank can be minimized by minimis-

ing its smallest eigenvalue (which, in particular, is equiva-

lent to minimizing the smallest singular value of the original

matrix A). The objective becomes

zopt = argmin
z

min

(

solve
λ

(det(M− λI))

)

. (18)

While this objective looks compact, it is indeed hard to

optimise as it depends on an iterative, internal resolution of

the smallest eigenvalue of M, which—though possible—is

hard to compute in closed form, especially considering the

elevated order of the z-polynomials contained in M. How-

ever, it is also clear that in the ideal noise-free case, the rank

deficiency is fulfilled and the smallest eigenvalue of M at

the optimum simply becomes zero. We therefore set λ to

zero, and simply solve the final objective

zopt = argmin
z

(det (M)) . (19)

Note that this is equivalent to seeking the real roots of a

univariate polynomial in z, which we solve using Sturm’s

root bracketing approach. Due to our local assumption on

the vehicle motion model, θ ∈ (−π

2 ,
π

2 ), thus leading to

z ∈ (−1, 1). The determinant polynomials are of order

12n − 6, and typically return only one or two real roots.

It is clear that the introduction of noise will perturb this

solution, but we prove in our experimental results section

that this influence is marginal. Furthermore, the determi-

nant constraint has the significant advantage of being much

less affected by local minima than the original rank mini-

mization objective, which is especially the case if only con-

sidering a single feature correspondence. The solution of

the above objective therefore returns a very good starting

point for a concluding refinement over all inliers.

4.4. Robustness via Histogram Voting

Since using only a single feature correspondence to ob-

tain a hypothesis for θ, a straightforward solution to deal

with outliers is given by performing histogram voting [31].

We simply take all roots identified from our determinant

constraint and set up the histogram using the Freedman-

Diaconis rule for automatic bin sizing [5]. We finally pick

the center of the dominant bin as an initial guess, and define

the inlier set as the set of correspondences that contributed

to the dominant bin.

4.5. Solution refinement

The final solution is refined over all inlier correspon-

dences. This refinement is achieved by stacking all inlier

correspondences into an extended, multi-correspondence

form of (10). This remains a problem of the form A(θ)x =
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0, and can again be optimized by performing a rank mini-

mization of A over θ. In our concluding refinement step,

this nonlinear least-squares problem is solved exactly by

minimizing the smallest singular value of A using a bisec-

tioning 1D line search. We kindly refer the reader to our

supplementary material for further details about the method.

5. Experimental evaluation

We test our algorithm on both synthetic and real data. It

is clear that the success of our method depends on a suf-

ficient validity of the Ackermann motion assumption. Our

experiments therefore focus on a comparison against the 2-

view 1-point solver proposed in [31], which operates under

the same assumptions than our method. We execute differ-

ent simulation experiments in order to test the accuracy and

sensitivity of our method, which includes an analysis of the

performance under increasing violation of the Ackermann

assumption. We conclude with tests on popular, real-data

benchmark sequences and compare both methods against

ground truth recorded by an accurate Inertial Navigation

System.

5.1. Experiments on simulated data

We start by seeing the definition of a default random ex-

periment for our simulations. Without loss of generality, we

assume that the pose of the first frame equals to
[

I|0
]

. We

furthermore fix the displacement d along y to 1 for all our

experiments, which again has no impact on generality due

to scale unobservability. We then add 5 further views by ro-

tating each new view by θ = 5◦ with respect to the previous

one, and apply the Ackermann motion model. The orien-

tation of the camera on the vehicle is fixed such that the

image plane is negative and the principal axis is pointing in

the forward direction

Rcw =





1 0 0
0 0 −1
0 1 0



 . (20)

The camera model is assumed to be perspective with a fo-

cal length of 721.53, and a principal point in the center of

the image which has a size of 1242 × 375. To conclude,

we generate 15 random correspondences across all views

by defining random points in the first image, normalizing

them, defining random depths of about 8, and reprojecting

the hereby obtained 3D landmarks into all views. We con-

clude by adding normally distributed noise with a standard

deviation of 5 pixels to each image point.

The method from [31] is denoted 1-pt, whereas our one-

feature n-view method is denoted by 1FNV. In order to be

fair, 1-pt is evaluated over each pair of subsequent views,

followed by averaging of all results. 1FNV is evaluated over

the entire window. We conduct six types of experiments for

which each time one of the default parameters is changed

and varied over a certain range. For each experiment and

each setting, we run 1000 random experiments and calculate

the mean and standard deviation of the recovered θ with

respect to ground truth. Our experiments are as follows:

• Variation of θ: In our first experiment, we change the

value of the inter-frame rotation angle θ from 0 to 8 de-

grees. As indicated in Figure 3(a), it can be observed

that a larger inter-frame rotation angle leads to a re-

duction of the error with respect to ground truth. The

figure also demonstrates that using more views over a

larger window represents an improvement over the 2-

view solver 1-pt.

• Variation of the number of views: We vary the number

of views from 3 to 9. The result is illustrated in Fig-

ure 3(b). As expected, 1FNV performs better as the

number of views is increasing, and furthermore outper-

forms 1-pt as soon as more than five views are taken

into account.

• Number of correspondences: Here we change the num-

ber of correspondences from as few as one until 80.

The result is indicated in Figure 3(c). It can clearly

be observed that the multiple observations over an ex-

tended window of views help 1FNV to maintain a high

level of accuracy even in the minimal case of a single

correspondence. This demonstrates a high ability to

operate in feature-poor environments.

• Image noise: As shown in 3(d), taking multiple obser-

vations of features also leads to a better signal-to-noise

ratio, thus again demonstrating an improvement given

by 1FNV.

• Deviation from Ackermann: Taking an extended win-

dow of views of course diminishes the validity of our

model if the Ackermann motion assumption is vio-

lated. A limit on the size of the window is typically

given by the vehicle speed and the camera framerate.

We generate deviations from the Ackermann model

by simulating a dynamic rotational velocity which

changes linearly over time. The orientation of the ve-

hicle is obtained by integrating this rotational veloc-

ity, and the position is extrapolated by assuming con-

stant tangential velocity. The linear model for the rota-

tional velocity is defined as ω = 0.1k · ω0 · i + ω0,

where ω defines a per-frame rotation change varied

by k times 10% of the initial rotational velocity per

frame, ω0 = 5◦. k is varied from 0 to 4. As expected,

our model performs slightly worse than 1-pt for devi-

ations from the Ackermann model shown in 3(e). As

we will see in Section 5.3, the validity of the model re-

mains however sufficient for 1FNV to outperform 1-pt

on real data.
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Figure 3. Comparison between our proposed method (1FNV) and the method from [31] (1-pt) for different perturbation factors. Each value

is averaged over 1000 random experiments. Details are provided in the text.

• Focal length: The focal length impacts on the error

in the bearing normals n after normalization. As illus-

trated in 3(f), both methods show only a slight increase

in the error even if the focal length is reduced by 50%.

5.2. Validity of the determinant solver

As mentioned in Section 4.3, our final rank minimisa-

tion is approximated by the determinant function. Here we

provide a separate experiment that analyses the error com-

mitted by this operation. We conduct 1500 random experi-

ments as outlined in the previous section, and show the error

after the determinant minimization, and after the minimisa-

tion of the smallest singular value. Figure 4 shows the distri-

bution of the errors, indicating that the determinant already

provides a very good approximation of the SVD solution

as the mean is very close the zero, and the standard devia-

tion insignificantly larger than the one of the singular value

minimisation.

5.3. Experiment on Real Data

We conclude with tests on real data, where we rely on the

KITTI benchmark dataset[8]. These datasets are fully cal-

ibrated and contain images captured by a forward-looking

camera mounted on a vehicle driving through a city. The

dataset allows us to compare our method against ground

truth which was obtained using high-standard GPS/IMU
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Figure 4. Distribution of errors for the determinant solver and the

minimisation of the smallest singular value. Results are obtained

over 1500 experiments.

sensors. We use several different sequences that provide a

mix of characteristics such as significant rotation or simple

forward motion. Our camera is fixed on the windscreen and

doesn’t fully satisfy the requirements given by the Acker-

mann motion model (i.e. position on top of the back wheel

axis), but—as proven in [31]—the restrictive model is still

applicable if the rotation angle θ between two camera poses

is sufficiently small, which is the case in our datasets. To

conclude, we use the scale from ground truth to correctly

rescale the translation for both algorithms. We finally eval-

uate the relative pose error between the ground truth and the

estimated trajectory by utilising the tools from the TUM-

RGBD[33] sequence, which return the Relative Pose Error

(RPE) divided into rotation and translation accuracy and
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Figure 5. Comparison between 1pt method and 1FNV method

with ground truth 0046.

produce both the RMS and median of errors. Our experi-

ments are conducted on a computer with 8GB RAM and an

Intel Core i7 2.4 GHz CPU, and the C++ implementation

uses OpenCV [1], Eigen [10], and OpenGV [18]. An exam-

ple result is indicated in Figure 5, which shows that 1FNV

performs closer to ground-truth than 1-pt.

Results are indicated in Table 1. Our algorithm generally

returns good performance. Note furthermore that the inten-

tion behind our experiments on real data is not to demon-

strate outstanding performance over large scale, as the one-

point solvers are only applicable if the Ackermann assump-

tion is sufficiently fulfilled. The algorithms hence can only

serve to provide a good initial guess for a final optimisation.

Our experiments aim at proving that:

• Our algorithm has the ability to outperform 1-pt par-

ticularly in the situation where the Ackermann con-

straint is well fulfilled. This behavior can be observed

on dataset 0046, which does not contain sharp turns.

• We have the ability to use line features, which—

if sufficiently available—can provide higher accuracy

than point features. This behavior is demonstrated on

dataset 0095, which does contain a sufficiently large

amount of lines in the building facades.

• While being more susceptible to violations of the Ack-

ermann assumption, the fact that we use correspon-

dences over many views nonetheless returns elevated

overall robustness of our method. This is demonstrated

by the fact that we generally provide the lowest RMS

error.

6. Conclusion

We have presented a new algorithm to estimate the pla-

nar motion of ground vehicles for which the motion is non-

holonomic and can be locally approximated by a circular

arc. The derivation is based on an extension of the planar

tri-focal tensor to the case of an arbitrary number of views

and the Ackermann motion model. We are furthermore able

to include both point and vertical line features into the es-

timation. We prove that—starting from a sufficiently large

method Error
Datasets

0046 0095 0104

1pt

Rmse(R) 0.3338 0.4170 0.3633

Median(R) 0.0037 0.0044 0.0027

Rmse(t) 0.0465 0.0984 0.0954

Median(t) 0.0430 0.0890 0.0731

Rmse(R) 0.2735 0.3753 0.3213

1FNV Median(R) 0.0033 0.0050 0.0034

(point features) Rmse(t) 0.0383 0.0629 0.0495

Median(t) 0.0281 0.0432 0.0325

Rmse(R) 0.5537 0.4160 0.3951

1FNV Median(R) 0.0062 0.0056 0.0053

(line features) Rmse(t) 0.0384 0.0628 0.0497

Median(t) 0.0290 0.0427 0.0319

Table 1. Performance Comparison on KITTI Datasets

window and a number of frames—the improved signal-to-

noise ratio leads to an increase in the accuracy of the inter-

frame rotation angle. This conclusion is particularly sup-

ported by our results on real data. However, a question that

is not yet exhaustively addressed by our work is how the

size of the window is impacting on the validity of the Ack-

ermann model. While it seems that the conditions of our

analysed real data lead to a situation in which the gain in

signal-to-noise ratio prevails over a reduced validity of the

Ackermann model, it is also clear that this depends on a suf-

ficiently large camera framerate. Our future work addresses

this issue by assuming a linear model for the first-order dif-

ferential of the vehicle orientation. Given that the intercept

of this model can be propagated over time, this formulation

can still be cast as a uni-variate rank minimization problem

in which only the slope of the linear model is estimated.
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