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A. Notation
A.l. L? norm of a vector-valued function

We define the LP norm of a vector-valued function f :
Q c RY — R"™ with components {f;}", (e, f =

(fla"'a.f’ﬂ)—r) by

P
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where ||f(x)|| = (3, |f:(x)|P)}/? is the p-norm in R™.
With this convention,
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that is, the p-th power of the norm of f is the sum of the p-th
power of the norms of its components.

The two most common cases are p = 1 and p = 2,
which, for the gradient of an image, VI = (I, Iy)T, yield
simple expressions:

V110 = / (L) + L)) dx @)

and
IV 110 = /Q () + 2(x)dx.  (22)

A.2. Hessian Matrix

The Hessian matrix of a function, such as the IWE (used
in (7)), is denoted by

Hess(I) = < ?j ijz > 23)

where the subscripts indicate derivatives.
The trace of the Hessian matrix is the Laplacian, which
is used to define loss function (6).

B. Area of the Image of Warped Events

To measure the “thickness” of the edges of the IWE (e.g.,
Fig. 3a), one could count the number of pixels with count of
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warped events above a threshold, e.g., one event. However,
this is brittle since it depends on this arbitrary threshold.
We propose to define the above-mentioned edge thickness
or “area” of an edge-like image like the IWE (3) in a more
sensible way as a weighted sum of the interior of the level
sets of the image, as we show next.

B.1. Definition of the Area of an Image

Using a Gaussian function (kernel) as a smooth approx-
imation to the Dirac delta, (x — p) ~ N (x; p, 0%1d), the
image of warped events (3) has, strictly speaking, an un-
bounded support (area of pixels with non-zero value). To
have a meaningful support measure, we instead count the
number of pixels with value greater than' ),

supp(l; A) / H(I(x) > \)dx, 24)

where H(-) is the Heaviside function. Fig. 9 shows sev-
eral examples of it. This figure also illustrates the princi-
ple of area minimization, for a 1-D signal (3) with just two
warped events. As observed, the area or thickness of I is
minimized if the events are warped to the same location
(AX' = 0 <+= x; = X)), which is the desired event
alignment condition of corresponding events.

To have a support metric that does not depend on the
particular value of the threshold A used (for fixed kernel
width o), we sum (24) over all threshold values,

supp(/) = / h p(\) supp(I; A) dA, (25)

0

using a decreasing weighting function p, such as e, thus
emphasizing the areas corresponding to A =~ 0 over those
associated to A > 0. In this way, an algorithm mini-
mizing (25) will focus its attention on decreasing the area
contribution of small thresholds, which are more important
since the areas of larger thresholds are smaller due to the
A-support sets {x € R?|I(x) > A} forming a family of
nested subsets.

'We assume that 7(x) > O either because event polarity is not used
(br, = 11in (3)) or because the support here defined is applied to images of
positive and negative events separately, and the results are added.
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Figure 9: Illustration of the “area” or support of a 1-D im-
age (3) with two events. The sum of the Gaussian kernels
centered on each warped event (in blue) produces I(x) (in
black), whose support (i.e., the set {x € R|I(z) > A =
0.2}) is displayed in solid red. The more aligned the events
(smaller Az = xf, — z), the smaller the support of I(x).

Notice that it is not possible to use p = const since this
leads to supp(I) = N, which does not depend on the mo-
tion parameters 6 we wish to optimize for. Using weighting
functions with unit area (ie., [;° p(A)dA = 1) allows us
to interpret (25) as a convex combination of supports (24),
thus setting the correct scale so that (25) has the same units
as (24).
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Figure 10: Ilustration of the area (26) of a patch/image
of warped events. Warped events [(x;0) (left column)
and corresponding per-pixel support maps F'(I(x;0)/10)—
F(0) in (26) (right column), for two different motion pa-
rameters 0 (top: 6, = suboptimal; bottom: 85 = 6™ op-
timal). Support scores (26): supp(I) = 0.72 |Q| (top) and
supp(I) = 0.65 |Q] (bottom), with |Q| = 31% = 961 pix-
els. The bottom patch has a smaller area (i.e., thinner edges)
than the top patch, thus showing a better event alignment.

B.2. Simplification of the Area of an Image

Substituting (24) in (25) and swapping the order of inte-
gration gives

supp(l) = /Q/OOO p(A) H(I(x) > N\)dAdx

I(x)
:// p(N) dA dx
QJo

_ / PO dx
Q
_ /Q (F(I(x)) — F(0)) dx, 26)

where F'(A) = [ p(A)d\ is a primitive of p, and F(0)
is constant. This is an advantageous expression compared
to (25), since it states that supp(/) can be computed using
the values of I(x) directly, without having to compute (24)
for every threshold A\ and then sum up the results. By us-
ing a continuous image formulation, we have analytically
integrated the partial sums (24).

Fig. 10 illustrates (26). It shows the warped events



I(x;0) on a 31 x 31 image patch for two different pa-
rameters 01,05 (depth values, in this example [35]). It
also shows the corresponding integrands of (26), or “per-
pixel support maps” F(I(x;0)/X) — F(0) = 1 —
exp(—(I(x;0)/ o)), with Ay = 10 warped events. Pixels
with I(x) 2 Ao events contribute more to the support (26)
than pixels with I(x) < Ag events, as shown in the support
maps (right column of Fig. 10), which are color-coded from
blue (low contribution) to red (high contribution).

Basically, the red regions of the support maps approxi-
mately indicate the area of the IWE, whereas the blue re-
gions indicate the pixels where few warped events accumu-
late and therefore do not effectively contribute to the area
of the IWE. Clearly, the bottom patch has a smaller area
(i.e., thinner edges) than the top patch, as indicated by the
smaller area of the red regions. The image area (26) is used
to define the focus loss function (8).

C. Loss Function: Image Entropy

As anticipated in (12), event alignment may be achieved
by maximizing the entropy of the IWE, where

HeE) =~ [ plogpaii: @D
is Shannon’s (differential) entropy for a continuous random
variable whose density function (PDF) is p(z).

The PDF of an image is approximated by its histogram,
normalized to have unitary area. In a continuous formula-
tion, this is written as (see [50])

1 o
p) = o /Q 5z I(x:0)dx,  (28)

using the Dirac delta. This equation intuitively says that
pr(z) is computed as a ratio of areas: the “number of pixels”
of the IWE with value z, divided by the total “number of
pixels”, [Q = [, dx = N,

Substituting (28) into (27), the entropy of the IWE be-
comes

i)~ [

— 00

oo

p1(z)logpr(2)dz

_ 7/00 Iﬁll [ 3z~ 1) dclogpr ()

_ (12' ) </°o 5(2 — I(x)) logpl(z)dz) dx

1
:——/logpl (I(x)) dx. (29)
9] Jo

Observe that the entropy is maximized by favoring large
values of log(1/p;(I(x))) over smaller ones. Since log is
concave, it means that large values of 1/p;(I(x)) are fa-
vored, i.e., small values of p;(I(x)) are favored. For a PDF

that is concentrated around I = 0 (large pr(0), as shown
on the last column of Fig. 2), favoring small density values
implies that they must be achieved away from I = 0, i.e.,
for large |I| values (which are caused by the aggregation
of aligned events). Thus, maximizing the entropy increases
the range of I(x), producing a higher contrast image.

D. Loss Function: Image Range

We measure the image range by means of the support of
its PDF (28),

supp(pr) = / T o) supp(pr(2): N dr, (0)

where the weight function p(A\) > 0 emphasizes the contri-
butions of small | \| over those of large |\|, according to the
typical shape of the PDF of the event image (concentrated
around A = 0).

Mimicking the steps in Section B, Eq. (30) can be rewrit-
ten as

supp(pr) = /_00 /OOO p(AN) H(pr(z) > A\)dAdz

o rpr(z)
= / / p(A\)d\dz
—o0 J0

= [ o s
= [ Foiey-FO)a 6

— o0

where F'(\) is a primitive of p(\), and F'(0) is constant.

The motion parameters are found by maximizing (31),
i.e., (13). The same weighting functions and primitives as
for the image area (Section 3.3) may be used (with even
symmetry if event polarity is used in the IWE (3)). This
approach is inspired by the maximization of the entropy of
the PDF of the image of warped events, as explained in Sec-
tion C.

E. Loss Function: Spatial Autocorrelation
E.1. Moran’s I Index

Moran’s I index (17) (or “serial correlation coeffi-
cient” [47]) is a measure of spatial autocorrelation, i.e., it
measures how similar is one object with respect to its neigh-
bors. It is a concept that applies to variables whose values
are known in unstructured grids (spatial units), in general
(see Fig. 11).

If the variable of interest z consists of the intensity val-
ues of an image, z; = I(x;), which is defined on a regular
(pixel) lattice {x;}, and the weights w;; are shift-invariant
(they do not depend on the particular location of pixels ¢ and
7, only on their relative spatial arrangement) and symmetric
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Figure 11: Ilustration of spatial autocorrelation by Moran’s
index. A negative index indicates dispersion, whereas a pos-
itive index indicates clustering. The IWE differs from the
figure above in the sense that its pixel values vary continu-
ously with respect to the warping parameters, i.e., they are
not fixed values that move around as in the figure. Image
courtesy of ArcGIS.com https://pro.arcgis.com/en/pro-app/
tool-reference/spatial-statistics/spatial-autocorrelation.htm

w;; = wj;, then itis possible to write Moran’s / index using
a convolution. In the formalism of continuous images z(x)
over a domain €2, Moran’s I index becomes

Moran(z) = |—§12| /Q 2°(x) (2°(x) x w(x)) dx,  (32)

where the standardized image 2°(x) = (z(x) — z)/o, is
obtained by normalizing z with its mean z and variance o2
over ). The weights w(x) should produce, in the convolu-
tion z*(x) * w(x), a sum of the neighboring values of 2°(x)
(excluding the central value at x). Thus, it is natural to con-
sider the weights from a Gaussian kernel G, (x) with a zero

at the origin:
Go(x) — G5 (0)5(x)

w(x) = 1=G,(0) . (33)

The integrand of (32) is the local Moran’s I index, and
it is the element-wise product of the standardized variable
z® with a low-pass filtered version of itself. It is positive
if both z* and neighboring values z*(x) * w(x) are higher
or lower than the mean; and it is negative if the value and
neighboring values are on opposite sides of the mean (one
higher, the other lower). Increasing event alignment corre-
sponds to favoring negative local Moran indices (dissimilar
IWE pixels next to each other), and therefore, a negative
(global) Moran’s I index.

E.2. Geary’s Contiguity Ratio

Geary’s contiguity ratio is a generalization of Von Neu-
mann’s ratio [50] of the mean square successive difference
(numerator of (18)) to the variance (denominator of (18)).
Geary’s contiguity ratio is non-negative, and its mean is 1
for random images. Values of C' significantly lower than
1 demonstrate positive spatial autocorrelation (the variable
of interest is regarded as contiguous), while values signifi-
cantly higher than 1 illustrate negative autocorrelation.

In the formalism of continuous images, Geary’s contigu-
ity ratio can be written as

11

(2) = 37/, c(x)dx, 34)

with local score efficiently computed using convolutions:

c(x) = (2°(x))? + (2°(x))? * D (x) — 22°(x) (2" % @) (%)

(35)
Notice that the last term in (35) also appears in Moran’s
index (32). Thus, Geary’s C' is inversely related to Moran’s
I, but they are not identical.

Homogeneous regions of an image z(x) have a positive
spatial autocorrelation, indicated by ¢(x) < 1. The re-
gions with large values of (35), i.e., negative spatial auto-
correlation, are those corresponding to the edges of the ob-
jects (dissimilar intensity values on each side of the edge).
Thus, Geary’s local statistic (35) acts as an edge detector
(see Figs. 13 or 15).

F. Loss Function: Aggregation of Local Statis-
tics

Similarly to (14), aggregating other local statistics of the
IWE also yield focus measures. For example, the aggrega-
tion of the local mean absolute deviation (ALMAD),

ALMAD(J) i/MAD(X;I)dX7 (36)
Q
with
1
MAD(x;[) = —— I(u;0) — ;)|dua, (37
(5 = (g o 11050) — i D, @7

is closely related to (14) since both aggregate local mea-
sures that are edge-detectors of I ((15) uses the the L? norm,
whereas (37) uses the L' norm). Using a weighted neigh-
borhood (e.g., Gaussian kernel G,,), (37) can be efficiently
approximated by the formula with two convolutions:

MAD(x; I) =~ ’I(X) - (I(x) * G[,(x))’ * Gy (x), (38)

where the inner convolution approximates the local mean,
w(x; I) =~ I(x)*G,(x), and the outer convolution averages
the magnitude of the local, centered IWE (integrand of (37))
over the neighborhood around x.

Omitting the local mean in (15) and (37) leads to local
versions of the MS and the MAV, respectively. These op-
erators, however, are not edge detectors; nevertheless, they
also work as focus loss functions since the images on which
they are applied, the IWEs, are edge-like images (the events
are brightness changes, i.e., they are related to the temporal
derivative of the brightness signal). Similarly to the (global)
MAV, the local MAV does not provide enough information
to estimate the warp parameters 8 if polarity is not used (as
indicated in Table 2).
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G. Plots of the Local Loss Maps

Most of the loss functions considered can be written as
integrals over the IWE domain. Figs. 12, 13, 14 and 15 vi-
sualize the integrands (i.e., “local loss”) of most focus loss
functions, for two scenes: dynamic and boxes from the
dataset [45]. Images are given in pairs (with a common
caption below the images): local loss before optimization
(without motion compensation, on the left), and after opti-
mization of the corresponding focus loss function (motion-
compensated, on the right). Each image pair shares the
same color scale for proper visualization of how the local
loss changes before and after optimization. For reference,
since the local loss are transformations of the IWE, Figs. 12
and 14 also provide, on the top right, the IWE before and
after optimization with one of the loss functions (the vari-
ance).

The local loss of area-based loss functions is the support
map, as in Figs. 3b and 10. The focus loss given by the
IWE range (13) is not expressed as an integral over the im-
age domain, therefore, no image integrand is visualized in
the above-mentioned figures. MAV and local MAV are not
displayed either since they cannot be optimized with respect
to the parameters.

Notice that all local loss maps are represented using the
same color scheme, from blue (small) to large (yellow). For
objective functions formulated as maximization problems
(variance, gradient magnitude, etc.), visually good maps
are those that are almost “blue” for IWEs with bad event-
alignment parameters, and that clearly show “yellow” re-
gions where events align (due to good parameters @). For
objective functions formulated as minimization problems
(e.g., area-based, loss based on the mean timestamp per
pixel), the situation is the opposite: good local loss maps
become less yellowish and more blueish as event alignment
improves due to good parameters 6.

H. Additional Experiments on Accuracy Eval-
uation

Tables 3 and 4 provide further quantitative evaluations of
the considered focus loss functions. Results correspond to
the boxes and poster sequences in [45], undergoing a ro-
tational motion with velocities close to 1000 °/s. Looking
at the RMS errors, these are small compared to the excur-
sion of the signal. The RMS columns of these tables are
summarized in Table 2.

I. Additional Plots of Focus Loss Functions in
Optical Flow Space

Figs. 16 and 17 present experiments with events in
a small space-time window (31 x 31 pixels and At =
200 ms), yielding approximately 2000 events, from a se-

quence of the dataset [45]. The goal of these figures is to
visualize the “shape” or “signature” of the focus loss func-
tions (as heat maps, pseudo-colored from blue to red).

The top-left image shows the patch on the intensity
frame (not used) corresponding to the space-time window
of events, highlighted in yellow, and three candidate flow
vectors {0;}2_, (marked with red, blue and green arrows,
respectively). The ground truth flow is close to O, =
(—40, 0)pixel/s. The top row also shows the warped events
(IWE patch) using the three flow vectors, without polarity in
the IWE (Fig. 16) or with polarity (Fig. 17). The remaining
rows show the focus loss functions in optical flow space,
with +60 pixel/second around 0. Some focus functions
are designed to be maximized (and therefore should present
a local maximum at €5), while others are designed to be
minimized (and should present a local minimum at 85).

Without Polarity. Rows 2 and 3 of the figures show the
variance, MS, MAD, MAV and their aggregation of local
versions. They are all visualized in the range [0, 1], by di-
viding by the maximum value of the focus function. With-
out using polarity (Fig. 16), the variance presents a nice
peak at the correct optical flow 6, the peaks of the MS
and MAD functions are not as pronounced, and the MAV
function does not have the maximum at the ground truth
location (we explained that, without polarity, the MAV can-
not be used to estimate ). The local versions (third row of
Fig. 106) are slightly narrower than the global versions. The
fourth row presents the four area-based focus losses (Sec-
tion B), whose goal is to be minimized, and indeed, they
present a local minimum at @5. There are not big differ-
ences in these four area-based losses. The fifth row shows
more statistics-based losses. The range and Geary’s C show
a local maximum at the correct flow. Moran’s index shows
a local minimum, as expected, at the correct flow. The en-
tropy, without using polarity, does not have a local maxi-
mum at the correct flow. Instead, using polarity (Fig. 17),
it does have a local maximum at 5. The last two rows of
Figs. 16 and 17 show focus loss functions based on the IWE
derivatives and their variances (composite losses). They all
present a clear peak at the correct depth (as the case of the
variance and local variance); some of them are more narrow
than others (all are visualized in the range [0, 1], for ease of
comparison). The gradient magnitude (based on Sobel op-
erator), the DoG magnitude and the LoG magnitude seem
to be the smoothest of these two rows.

With Polarity. Fig. 17 shows the results on the same ex-
periment as Fig. 16, but using event polarity in the IWE.
In a scene with approximately equal number of dark-to-
bright and bright-to-dark transitions, the number of posi-
tive and negative events is approximately balanced, and so,
the mean of the IWE is approximately zero. Thus, in this



Focus Loss Function Without polarity With polarity

Wy Wy W, m o RMS Wy Wy W, m o RMS
Variance (4) [33,35] 1569 19.53 2034 -031 1842 1852 | 16.03 19.67 21.12 -0.64 18.78 18.94
Mean Square (9) [33,30] 16.05 20.03 2370 -049 19.83 1993 | 16.04 19.67 2136 -0.57 18.86 19.02
Mean Absolute Deviation (10) 1540 1899 2399 -049 1940 1946 | 1593 19.15 23.67 -0.57 1940 19.58
Mean Absolute Value (11) - - - - - - 1595 19.16 2422 -0.61 19.60 19.77
Entropy (12) 19.29 21.73 4448 0.03 28.14 2850 | 18.03 20.50 41.10 -0.20 26.19 26.54
Area (8) (Exp) 1970 21.57 5323 0.10 3141 31.50 | 1589 19.12 23.60 -0.27 19.39 19.54
Area (8) (Gaussian) 18.12 20.20 3922 0.10 2578 25.85 | 15.67 18.77 22.11 -033 18.69 18.85
Area (8) (Lorentzian) 20.56 21.69 5504 042 3230 3243 | 1548 1936 28.11 -0.02 20.85 20.98
Area (8) (Hyperbolic) 1871 20.67 4799 0.07 29.05 29.13 | 1569 1890 2286 -0.27 18.99 19.15
Range (13) (Exp) 18.68 2272 4459 039 28.16 28.66 | 17.29 19.38 4950 -048 28.23 28.72
Local Variance (14) 16.17 1955 1890 -041 1794 1821 | 16.04 19.55 19.61 -0.21 18.15 18.40
Local Mean Square 1837 2142 3465 059 2431 2481 | 16.68 2021 2267 -0.05 19.53 19.86
Local Mean Absolute Deviation | 16.36 19.39 28.35 -0.35 21.10 2137 | 15.78 19.06 2137 -020 1847 18.74
Local Mean Absolute Value - - - - - - 18.13 20.17 34.00 -0.42 23.61 24.10
Moran’s Index (17) 17.87 20.74 3424 -099 2387 2428 | 1697 20.01 3331 -0.08 23.18 23.43
Geary’s Contiguity Ratio (18) 1748 2021 3393 -0.58 2350 23.87 | 16.00 1942 23.07 0.04 19.25 19.50
Gradient Magnitude (5) 16.12 1953 1784 -0.71 1758 17.83 | 1590 1946 1893 -0.79 1791 18.10
Laplacian Magnitude (6) 1563 2092 1842 -0.01 18.09 18.32 | 1452 1993 1828 0.03 17.36 17.58
Hessian Magnitude (7) 1626 19.69 1929 -0.22 18.14 1841 | 1589 1943 1846 -0.30 17.70 17.93
Difference of Gaussians (DoG) 1479 2022 2754 0.66 2050 20.85 | 1499 20.52 2225 043 18.92 19.25
Laplacian of the Gaussian (LoG) | 14.64 20.45 26.00 0.50 20.09 20.36 | 1442 20.09 18.80 047 1749 17.77
Variance of Laplacian 1630 19.70 1878 -0.45 18.02 1826 | 1595 1945 1871 -0.32 17.81 18.01
Variance of Gradient 16.26 19.71 20.11 -0.00 1849 18.69 | 16.10 19.75 2139 0.31 18.84 19.08
Variance of Squared Gradient 16.50 20.02 1964 -0.10 1846 18.72 | 16.22 20.08 20.56 0.06 18.72 18.95
Mean Timestamp on Pixel [37] 4248 3940 166.81 0.54 82.87 82.89 - - - - - -

Table 3: Accuracy and Timing Comparison of Focus Loss Functions. Angular velocity errors (in deg /s) of the motion

compensation method [

] (with or without polarity) with respect to motion-capture system. The six columns per case

are the errors in each component of the angular velocity and their mean, standard deviation and RMS values. Processing

N, = 30000 events, warped onto an image of 240 x 180 pixels (DAVIS camera [
]. Best value per column is in bold.

the Event Camera Dataset [

case, the MS is approximately equal to the variance, and
the MAV approximates the MAD. This is noticeable in the
second row of Fig. 17. A similar trend is observe in the
local versions of the four above statistics, albeit the local
variance and MAD present narrower peaks than the local
MS and MAV, respectively. The area-based focus functions
are computed by splitting the events according to polarity,
computing the areas of the two resulting IWEs and adding
their area values. The corresponding plots, in the fourth
row of Fig. 17 are similar to those without polarity (Fig. 16,
except for the vertical scale). The entropy and range im-
prove if event polarity is used, basically because the PDF
becomes double-sided and it allows us to distinguish pos-
itive and negative IWE edges/values. Moran’s index and
Geary’s C'ratio are not good focus losses if polarity is used,
since they present brittle local minimum/maximum, respec-
tively. The derivative-based losses present a clear peak at
the correct flow, and slightly more pronounced than their
counterparts in Fig. 16.

]). Sequence: boxes_rotation from

J. Additional Plots on Depth Estimation

Fig. 18 shows in more detail Fig. 6: depth estimation
for a patch from a sequence of the dataset [45]. The se-
quence was recorded with a DAVIS camera [52], camera
poses were recorded by a motion-capture system, and the
camera was calibrated, so the only unknown is the scene
structure (i.e., depth). Fig. 18b shows how the values of
the focus functions vary with respect to the depth parame-
ter @ = Z, for the events corresponding to the patch high-
lighted in Fig. 18a. Remarkably, the focus curves have a
smooth variation, with a clear extrema around the correct
depth value. Fig. 18a shows the warped events IWE) for a
depth Z = 1.11m, close to the peaks of the focus curves.
The IWE is pseudo-colored, from few event count (blue) to
large event count (red). It shows that the events produce
a sharp image at the patch location, whereas other parts of
the image are “out of focus” since events do not align at that
depth [15,35]. Clearly, some focus curves are narrower than
others (Fig. 18b), showing better properties for determining
the optimal depth location. We observe that the entropy and



Focus Loss Function Without polarity With polarity

W Wy W, 7 o RMS Wy Wy w, I o RMS
Variance (4) [33,35] 26.67 2024 3095 045 2593 2596 | 26.50 19.86 26.80 -0.20 2436 24.39
Mean Square (9) [33,30] 28.44 2589 4797 370 3343 3410|2690 21.23 3079 1.19 26.14 26.31
Mean Absolute Deviation (10) 2725 2216 42.66 125 3043 30.70 | 27.11 21.73 40.03 1.71 29.40 29.62
Mean Absolute Value (11) - - - - - - 27.18 22.19 4033 2.18 29.65 29.90
Entropy (12) 32.81 41.12 6870 3.63 4698 47.54 | 27.65 2273 4927 236 3298 3321
Area (8) (Exp) 33.12 2250 7375 -0.73 4294 43.12 | 26.31 19.53 3336 -042 2636 2640
Area (8) (Gaussian) 28.40 21.07 54.02 -059 3436 3450 | 26.15 19.20 30.70 -041 2531 2535
Area (8) (Lorentzian) 28.51 21.69 5741 -092 3571 3586 | 2630 19.63 3377 -059 2652 2657
Area (8) (Hyperbolic) 27.39 20.65 50.78 -0.84 32.82 3294 | 2627 1935 3201 -041 2584 2588
Range (13) (Exp) 32.18 3773 61770 344 4332 43.87 | 2448 19.53 4599 1.56 29.86 30.00
Local Variance (14) 2695 2049 2887 1.11 2534 2544 | 2648 2032 2566 0.88 24.06 24.15
Local Mean Square 2847 2558 47779 379 3328 3395|2674 2125 3141 126 2630 2647
Local Mean Absolute Deviation | 47.61 53.19 84.85 455 61.67 61.89 | 2642 20.03 2941 095 2522 2529
Local Mean Absolute Value - - - - - - 27.19 2234 4157 222 30.10 30.37
Moran’s Index (17) 28.32 21.57 4731 1.39 3232 3240|2770 20.99 44.18 132 3090 30.96
Geary’s Contiguity Ratio (18) 27.63 20.78 31.44 0.89 26.56 26.61 | 26.52 20.25 2890 1.19 2515 25.23
Gradient Magnitude (5) 26.61 20.50 24.69 0.61 23.85 2393 | 2634 20.01 2440 -0.20 23.54 2358
Laplacian Magnitude (6) 2724 2074 2676 0.64 2485 2491 | 2629 2025 2446 0.61 23.60 23.67
Hessian Magnitude (7) 2720 2240 2681 095 2539 2547|2636 2024 2461 080 23.66 2374
Difference of Gaussians (DoG) 24.51 18.01 3097 145 2441 2450|2429 17.85 2430 0.75 22.10 22.15
Laplacian of the Gaussian (LoG) | 24.66 17.96 32.85 1.27 25.10 25.15 | 2420 17.78 30.04 1.30 23.94 2401
Variance of Laplacian 26.85 27.84 2510 0.77 26.52 26.59 | 26.26 20.23 2438 0.53 2356 23.62
Variance of Gradient 26.85 27.84 25.10 0.77 2652 26.60 | 26.63 20.29 2544 096 24.12 2422
Variance of Squared Gradient 26.80 21.14 3036 129 2597 26.10 | 26.72 20.94 25.63 1.13 2432 2443
Mean Timestamp on Pixel [37] 64.94 87.19 2114 094 121.1 1212 - - - - - -

Table 4: Accuracy Comparison of Focus Loss Functions on the poster_rotation sequence from dataset [45]. Angular

velocity errors (in deg /s) of the motion compensation method [

] (with or without polarity) with respect to motion-capture

system. The six columns per case are the errors in each component of the angular velocity and their mean, standard deviation

and RMS values. Processing N, = 30 000 events, warped onto an image of 240 x 180 pixels (DAVIS camera [

column, the best value is highlighted in bold.

the range curves have wide peaks, and therefore do not de-
termine depth very precisely.

Semi-dense 3D Reconstruction. Fig. 19 shows depth es-
timation for every pixel of a reference view along the tra-
jectory of the event camera. For every pixel, we compute
focus curves, as those in Fig. 18b, and select the depth at
the peak. To capture fine spatial details, the focus functions
are computed on patches of 3 x 3 pixels in the reference
view, weighted by a Gaussian kernel to emphasize the con-
tribution of the center pixel. We also record the value of the
focus function at the peak for every pixel of the reference
view. These values are displayed as a “focus confidence
map” in Fig. 19. For better visualization, the focus values
are represented in negative form, from bright (low focus
value) to dark (high focus value). The confidence map is
used to select the pixels in the reference view with largest
focus, i.e., the pixels for which depth is most reliably esti-
mated. The above selection yields a semi-dense depth map,
which is displayed color coded, overlaid on the intensity
frame from the DAVIS camera [52] at the reference view.

]). On each

We used adaptive thresholding [46, p.780] on the focus con-
fidence map, and a median filter to remove spike noise from
the depth map. As it is seen, depth is most reliably esti-
mated at strong brightness edges of the scene. Finally, the
depth map is also visualized as a point cloud, color-coded
according to depth (Fig. 19).

The figure compares some representative focus func-
tions. In general, we obtain good depth 3D reconstructions
with the methods tested. Some methods produce slightly
noisier 3D reconstructions than others, and some recover
more edges than others. This is due to both the shape of
the focus confidence maps and the adaptive thresholding
parameters. We observe that focus functions as simple as
the local mean square (MS) or the local mean absolute de-
viation (MAD) produce good results. These semi-dense 3D
reconstruction methods may be used as the mapping mod-
ule of an event-based visual odometry system, such as [23],
to enable camera pose estimation from the 3D reconstructed
scene.
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Figure 12: Visualization of the local loss (i.e., integrands of the Focus Loss Functions), pseudo-colored from blue (small)
to yellow (large). Same scene as in the top row of Fig. 2 (i.e., without using polarity). Images are given in pairs: local
loss before optimization (no motion compensation, Left), and after optimization of the corresponding focus loss function
(motion-compensated, Right). The local loss of area-based loss functions is the “support map”, as in Figs. 3b and 10.
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Figure 13: Visualization of local scores (i.e., integrands) of the Focus Loss Functions (continuation).
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Figure 14: Visualization of the local loss (i.e., integrands of the Focus Loss Functions). Scene boxes, IWE not without using
polarity. Same notation as Fig. 12.
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Figure 15: Visualization of local scores (i.e., integrands) of the Focus Loss Functions (continuation).
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Figure 16: Visualization of the Focus Loss Functions (as heat maps, pseudo-colored from blue to red). The top-left image
shows a selected patch (highlighted in yellow) and three candidate flow vectors {6;}%_,. The ground truth flow is close to
65 = (—40,0)pixel/s. The top row also shows the warped events (IWE patch) using the three flow vectors, without using
polarity in the IWE. The remaining rows show the focus loss functions in optical flow (i.e., image velocity) space.
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Figure 17: Visualization of the Focus Loss Functions (as heat maps, pseudo-colored from blue to red). Same notation as in
Fig. 16, but using polarity in the IWE.
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—Variance
——Mean Square
Mean Absolute Dev.
— Entropy
- - -Area (Exp)
Area (Gaussian)
- - -Area (Lorentzian)
- - -Area (Hyperbolic)
----- Range (Exp)
Local Variance
----- Local Mean Square
----- Local Mean Absolute Dev.
Gradient Magnitude
————— Laplacian Magnitude
- - -Hessian Magnitude
- - -Difference of Gaussians
Laplacian of the Gaussian
- - -Variance of Laplacian
- - -Variance of Gradient
1.2 1.4 1.6 1.8 2 Variance of Squared Gradient
Depth [m]

(b) Focus functions vs depth for the events corresponding to the patch highlighted in Fig. 18a.

e

Focus score
o
N

oo
»
o
[e]
—

Figure 18: Depth Estimation. Focus functions in Fig. 18b are shown normalized to the range [0, 1] for easier visualization.
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Figure 19: 3-D reconstruction of a scene using several focus loss functions. Semi-dense depth maps (overlaid on grayscale
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Sequence slider_depth from [45], with N, = 1 000 000 events over a time span of 2.93 s and a camera baseline of 85 cm.



K. Analytical Derivatives of Focus Loss Functions

In this section, we provide the analytical derivatives of some of the focus loss functions used. A significant advantage of
the proposed focus loss functions is that they are defined in terms of well-known analytical operations, and so, we can use
powerful tools from Calculus to compute and simplify their derivatives. This becomes useful in the optimization framework
of Fig. 1, both, for speed-up and increased accuracy over numerical derivatives.

Let the vector of parameters defining the space-time warping of events be 8 = (6y,...,03)" € RM,

Derivative of the IWE. The derivative of the IWE (3) with respect to the warp parameters 8 is, replacing the Dirac delta
with an approximation, such as a Gaussian, §(x) ~ N(x; 0, €2Id), and using the chain rule,

or & L 0x(0)
%_—;bkv./\/'(x—ka),(),e Id) 20 (39)
0%,.(0) _

where VA is the gradient of the 2D Gaussian PDF, and the derivative of the warp is a purely geometric term: T
W' (x}.,tx; 0).
Loss Function: Mean Square (MS). The derivative of the MS, (9), is, by the chain rule,

0 1 dI(x)
5Ms() = |Q|/92I(x) 550X (40)

Loss Function: Variance. The derivative of the variance of the IWE (4) is given in [33]. Letting
I°(x) = I(x) = p(1) (41)
be the centered IWE, the derivative of the variance is, by the chain rule,

0 B i o, L 0I°(x)
aavar(”|sz|/92[ T @

(formally, the same formula as (40), but with the centered IWE playing the role of the IWE in (40)) with

orc oI oI
0 o0 " (aa) (“43)

since the mean y(-) and the derivative are linear operators, and therefore, commute. The previous result (39) may be substi-
tuted in (43).
Loss Function: Mean Absolute Value (MAV). Derivative of the MAV is

0 1 . 0I(x)
(,)HMAV(I)m/ngn(I(X)) 20 dx. (44)

From a numerical point of view, it is sensible to replace sign(z) by a smooth approximation, e.g., sign(z) ~ tanh(kz), with
parameter k£ >> 1 controlling the width of the transition around x = 0 (see [53]).

Loss Function: Mean Absolute Deviation (MAD). The derivative of the MAD, (10), is, by the chain rule and using (43),

0 oI¢(x)

1 [
%MAD(I) = @/ngn(l (x)) 90 dx. (45)




Loss Function: Entropy. The derivative of entropy (12) is, stemming from (29),

1 AU) oI)
g0t P1(2) = /Q [ pi () 9

dx, (46)

where p’;(z) = dpy/dz. This formula can be obtained by differentiating (29) and applying the chain rule,

0 _pil(x) 9
2 logpr (I(x)) = m %I(X) 47)

Implementation Details: We approximate the density function p;(z) by a smooth histogram of the IWE (3). First, a
high-resolution histogram (e.g., 200 bins) is computed and normalized to unit area (like a PDF), and then it is smoothed by a
Gaussian filter, e.g., of standard deviation 0 = 5 bins. The smoothed PDF is the convolution

p7(2) = pr(2) * N'(2:0,0%), (48)

and it is straightforward to show, using the convolution properties and interchanging the order of integration, that it is equiv-
alent to the function obtained by replacing the Dirac delta in (28) with a smooth approximation (such as the Gaussian:

5§+ N):
pi(z) = L /N(z — 1(x);0,0%)dx. (49)
Q] Jo

Smoothing (i.e., filtering) mitigates the noise due to bin discretization and improves robustness (size of the basin of attraction)
of the entropy-based focus function (12). Thus, the term in the integrand of (46) is approximated by

) | e7)G)
piz) " pf(2)

) (50)

where the derivative (p7)’ is computed using central, finite-differences on the samples of p7(z). Linear interpolation is used
to interpolate the samples of p7 and (p7)’.

Loss Function: Image Area. The derivative of the area (8) is

AI(x)
96

55w = [ p160) 25 51)

with weighting functions p(\). See Section 3.3 for different choices (exponential, Gaussian, Lorentzian and Hyperbolic).

Loss Function: Image Range. The derivative of the support of the PDF of the IWE (13) is

O supp(pr) = ﬁ /Q o r(160)) 2 (52)

where p'(\) = dp/dA is the derivative of the weighting function. This can be shown using the chain rule and the derivative
of the PDF of the IWE (28), expressed in terms of the derivative of the Dirac delta.

Result: Derivative of a Convolution. The derivative of a convolution of the IWE with a kernel K (x) is computed
component-wise:

0 B 0 B 0I(x) L 0I(x)
M(I*K)(X)_<""89i(I*K)(X)"“)_(”" 26, *K(x),...>— 20 *@ (53)
1x1 1><VM 1x1

IxM

Loss Function: Local MS. The derivative of the aggregated local MS of the IWE is, by the chain rule and (53),

% i (2](){) ag(;c) > * G, (%) dx. (54)

I*(x) * G (x) dx = /

Q



Loss Function: Local Variance. The derivative of the aggregated local variance of the IWE is, by the chain rule on (14),

20 Var(x Idx = / — Var(x; I) dx, (55)
where, using (16) and result (53), the integrand becomes

%Var( n'% (21( )82(0")) % Gy (x) — 2(1(x) % G (X)) <ag(;) *GU(X)). (56)

Loss Function: Local MAV. The derivative of the aggregated local MAV of the IWE is, using the chain rule and the
compact notation (53),

8‘90 I(x)] * Gy (x) dx = /Q <sign([(x))ag(ex)) x Gy (x) dx. (57)

Loss Function: Local MAD. Letting 7¢(x) = I(x) — u(I)(x) be the locally-centered IWE, with local mean p(I)(x) =
1(x) * G, (x), the derivative of the aggregated local MAD of the IWE is, using the chain rule and the compact notation (53),

a% /Q 119(x)| * Gy (x) dx = /Q (sign(lc(x))ajaéx)> x Gy (x) dx, (58)
with derivative of the locally-centered IWE
oI°(x)  01(x) or
o~ o0 "\ag)™ o9

since the local mean and the derivative are linear operators, and hence, commute.

Loss Function: Gradient Magnitude. The derivative of the squared magnitude of the gradient of the IWE (5) is

0 oVI(x
s VT = [ 29160)7 S ax, (60)

with 2 x M matrix (assuming equality of mixed derivatives by Schwarz’s theorem),
2 a al
aVI(X) o %Ix N 9z 00 (61)
- 9 = 2 a1 |-
00 30 ly By 00

(60):/92 <I (x )ai (agy) +Ix(x)§y (82(;)» dx. (62)

Loss Function: Laplacian Magnitude. Following similar steps as for the gradient magnitude, the derivative of the mag-
nitude of the Laplacian of the IWE (6) is

Hence, (60) becomes

o) oI
%HAIH;(Q) = /Q 2A1(X)A( a(;))dx. (63)

(59) 55 (5 5 45)

where we defined




Loss Function: Hessian Magnitude. The derivative of Hessian magnitude (7) is
0 0
%H Hess(1)[|72() = Z %”Imimjniﬂ(ﬂ)v (65)
0]

where x;, x; are variables x,y of the image plane. Using once more Schwarz’s theorem to swap the differentiation order,
each of the four terms in the sum (65) is

0 oI (x
sl = [ 210,00 (%557) i (66)

iy

where subscripts x;, z; indicate differentiation with respect to those variables.

Loss Function: Difference of Gaussians (DoG). The derivative of the squared difference of Gaussians applied to the IWE
can be written in a compact way, using (53) on the DoG(x) = (G4, — G4, )(x) filter, with o1 > 0, as

0 2 dx = * x OI(x) X
8—0‘/Q(I(x)>kDoG(x)) dX—/Q2(I(x) DoG( ))( 50 * DoG(x )) dx, (67)

In expanded form,

55 L (60 DG dx = [ 207G )) (15 G (H57 60 = 250 5 Gt ) ix (o9

In the experiments, we used o7 = 1 pixel and o5 = 307.

Loss Function: Laplacian of the Gaussian (LoG). The derivative of the squared difference of the Laplacian of the
Gaussian of the IWE can be computed from the formula for the DoG, using the fact that the DoG approximates the LoG
if o9 = 1.607.

Loss Function: Variance of the Laplacian. Derivative of the variance of the Laplacian:

1
Var(AL) = o / (AL(x) - par)dx. 69)

where the mean is ua; = ﬁ fQ AI(x)dx. The derivative of (69) with respect to the parameters 0 is, using (64),

Svaan = o [ 201 usn (2 (55) - (2 (55)) ) ax 10)

Loss Function: Variance of the Squared Gradient Magnitude. The derivative of the variance of the squared gradient
magnitude

Var(IVIIE) = o [ (IV7GOI® = s Pax. an
with mean fijv 12 = g7 Jo, [VI(x)|%dx, is, using (61),
) LOVI LOVI
50 Va9 112) = g [ 2009117 = myongy (2000 = (20907 G ) ) @)

Loss Function: Variance of the Gradient Magnitude. Derivative of the variance of the gradient magnitude
o1
Var([[VI]]) = QI/(IIVI(X)II - pyvry)?dx, (73)

with mean fi¢ ) = %f || VI(x)||dx, is, also using (61),

) 1 - (V)T VI (V)T VI
56 Va9 = o [ 219 M|v1|)<||v1” Al u(Hw” aa>>d’<~ (74)
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