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This supplementary material accompanies our main submission. In an effort to further explore select topics covered in
the main text and provide the necessary tools for future experimentation we provide the following. First, we extend G1oU
definition to a more general case for both convex and non-convex shapes. Then, we show an analytical solution for Lg7,/
as a loss for n-orthotopes. Next, we provide proofs for the GIoU properties described in the main text. Then, we show the
derivation of the gradient of La1,r7. Finally, we provide more qualitative object detection results.

1. GIoU extention

In this section, we extend G1oU definition to the arbitrary shapes (convex or non-convex). If both A and B are not convex
shapes, the current definition for L1, cannot fulfill the second property of a metric, i.e. identity of indiscernibles. Because
if A = B, C as the smallest enclosing convex shape for A and B will not overlay A and B. Therefore Lg,u (A4, B) # 0
(Check Sec. 3.3.2 for an intuition). To address this limitation, we extend the definition of GIoU, making it applicable to both
convex and non-convex shapes.

To generalize GIoU, we re-define C to be attained by applying a function, e.g. geometric operations, on the one of the
shapes, i.e. C = Fa p(B), F:R"™—= R",such that Fa,p ensure that A and B are enclosed by the smallest possible C.
The definition for F4 g can be rather arbitrary; however it should fulfill the following properties:

o The output space of F should be identical to its argument space, i.e. if C' = F4 p(B), then C,B C S € R".

e The area (or volume) of C', should be monotonically decreasing when B tends to A by shape similarity and spatial
proximity.

e When two objects A and B overlay perfectly, i.e. A = B, the smallest object C for A and B is exactly A or B, and
therefore |C| = |A| = |B| = |ANB|=|AUB|.

Algorithm 1: Extension to Generalized Intersection over Union

input : Given two arbitrary shapes as a reference A and prediction B: A, B C S € R"
output: GloU
1 For A and B, find the smallest enclosing object C, where C' C S € R™, which is attained by applying a function, e.g. geometric
operations, on B, i.e. C = Fa, p(B), such that F4, g ensure that A and B are enclosed by the smallest possible C'
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One of the possible examples for the function F 4 g would be an affine transformation on the predicted shape B. Therefore
in this case, C' is tightest scaled, translated and rotated version of B, enclosing A and B. This definition is also consistent
with what we proposed in the case of axis aligned rectangles, where C' can be seen the tightest scaled and translated version
of the predicted box, enclosing both bounding boxes.

Compared to the definition proposed in the main text, this extension has two advantages: a) It addresses the limitation of
G1oU distance to be a metric when one of the shapes is non-convex, b) C encodes the shape information of the one of the
objects which reflects not only their proximity, but also their shape similarity.

2. Larou as aloss for n-orthotopes

In this section, we provide the analytical solution for Lgr.r7 as a loss for n-orthotopes. Note that any axis-aligned
hyperrectangle can be uniquely defined by any two corner coordinates. The subtraction of one coordinate from the other
gives the size along a given axis. We therefore use this representation for the following generalization to n-orthotopes.

Algorithm 2: L1, as a loss for axis-aligned n-orthotopes

input : The coordinates for two vertices of two axis-aligned n-orthotopes, i.e. the ground truth @9 and predicted OP n-orthotopes:

09 = (:C?,lvxg,lv e ,IEZJ,ZC‘?’Q,CE%% e vxZ,Z) C R2n7
or = (lej,lvxg,lv T 7xf1,17x117,27x12),27 T 7xf1,2) C R?",
0utput: L"GIoU‘
1 For the predicted n-orthotope O, ensuring 2% 5, > a¥ j, @5, > x5 1, -+ ,and 2}, 5, > 2
2 &7y =min(af 5, 27,), &5, =min(@f,,25,), -, &5, =min(a] 5,7 ),
3 &7, =max(aly,a27,), 25, =max(zh,,25,), -, &), =max(ay 5,2y ).
4 Calculating the volume of the ground truth n-orthotope O9: V9 = (x{ , — x{ ) x (2§ 5 — x5 1) X - X (x5 — 2} 1).
5 Calculating the volume of the predicted n-orthotope OP: V¥ = (&} 5 — &7 1) X (&5 5 — &5 1) X -+ X (21 5 — 2% ).
6 Calculating intersection Z between OF and O7:
7 xfl = max(ifﬂl,a:‘l’,l), x%yl = max(ig,l,xg,l), e :rﬁl = max(fsfh,l,xiyl),
8 xfg = min(if’l,xﬁ’yl), :c%yz = min(igl,mgyl), - z%)g = min(fcﬂyl,:ci,l),
o T — (I%2 - 301I1) X ($%2 - 1»’%1) X X (fgz - 3051) if 17%,2 > 1»’11,1735%,2 > 90%,17 e 795%,2 > 17%,1
0 otherwise.

10 Finding the coordinate of smallest enclosing n-orthotope O°:
11 Jf’f,1 = min(i”f’l,xil), mg,l = min(i‘g,u“’g,l)’ R 93%,1 = min(:ﬁfm,mfm),
12 27, = max(2} , 27 1), w5, =max(25,,25,), ---, xn9=max(i} 7 ,),
13 Calculating the volume of O°: V° = ({2 — 27 1) X (@82 —251) X - -+ X (Th2 — Th.1).

1 IoU = 5, where the union I/ is attained by Y = VP + V9 — 7.

ve—-u
ToU = IoU — .
15 GIoU oU Ve

16 Larov =1—GIoU.

3. GIoU properties

As briefed in the main text, GIoU has some appealing properties. In this section, we provide the proof for each of these
properties.

3.1. Scale invariance

Proposition 1: JoU and GIoU are invariant to the scale of the problem.
Proof 1: In order to prove this proposition, we use the following theorem.

Theorem: For any arbitrary area/volume VA C S € R™, if the space S is scaled by a scaling factor -, i.e. |§| = vl§|,
any area/volume in this space will be scaled by this scaling factor, i.e. V|A| = 7| A|, where A C S € R™.

Since the intersection Z = AN B C S, union Y = AU B C S, the smallest enclosing object for A and B, C C S



and C. = C\AU B C § are also arbitrary areas/volumes in the space S, scaling the space, i.e. |S| = ~|S|, will scale their
volume as well, i.e. |Z| = v|Z|, [U| = y|U|, |C| = v|C| and |C.| = ~|C.|, where Z, U, C, C. C S.
Therefore,
P oay L L T |7
IoU(A, B) = = =L = IoU(A, B)
Iz
and similarly, . }
- T C. T C. A C
W L < - <A -
e A 2/ RTel

3.2. GIoU, a lower bound for IoU

Proposition 2: GIoU is always a lower bound for [oU, i.e. VA, B C S, GIoU (A, B) < IoU(A, B), and this lower bound
becomes tighter when A and B have a stronger shape similarity and proximity, i.e. lims_, g GIoU (A, B) = IoU (A, B).

= GIoU(A, B)

Proof 2: To prove this proposition, we use the following trivial properties for the smallest enclosing object C' for A and
B:

e ANBCACAUBCCCS
e ANBCBCAUBCCCS
Asaresult, AUB| < |C| < |Sl,or 0 < |C| —|AUB| < |S| — |AU B|. Therefore, 0 < ICI-|AVB| |S|7|ICA‘UB‘ or

IC]
—|AUB ANB
_Is] ||C‘U | < = IADB} to each term of inequality, i.e.:

— |C‘_“£UB| < 0. Consequently, we can add the value JoU =
|AN B| B IS| — AU Bj < |AN B| B |C| — |AU B < |AN B|
|AU B| |C| ~ |AUB| |C| ~ |AUB|

——
GIoU(A,B) IoU(A,B)

When A and B have a stronger shape similarity and proximity, the difference between |A U B| and |A N B| is small. The
difference between |A U B| and the volume of the smallest enclosing object |C| also needs to be less significant. Otherwise
A and B should be far apart from each other to ensure |C| > | A U B| which contradicts the first argument. Therefore:

~0
—_—
: _|AnB| [C]-|AUuB| |ANB|
i, GIoU(A. B) = g C| =aup  UADB)

Proposition 3: when two objects A and B overlay perfectly, i.e. if |A U B| = |A N B|, then GIoU = 1. Also GIoU value
asymptotically converges to -1 when the ratio between occupying regions of two shapes, A U B, and the volume (area) of the
enclosing shape C tends to zero, i.e. lim GIoU(A,B) = —

Proof 3: When two objects A and B overlay perfectly, then |A| = |B| = |AN B| = |A U B|. Therefore, the smallest
object C' for A and B is exactly A or B, i.e. |C| = |A| = |B| = |AN B| = |A U B|. Then, we have:

[ANB| |C|-|AUB] |AN B IC| - |A| - |B| + AN B|
GIoU(A, B — _
VAB) =308~ 10 A Bl AN D] c]
AL Al - Al
A4 -4 A

In the other extreme case, when the ratio between occupying regions of two shapes, A U B, and the volume (area) of the
enclosing shape C tends to zero, i.e. |C| > |AUB| or |C| > |A|+|B|—|ANB]. This case is possible, when |C| > |A|+|B]
and |A N B| = 0. Otherwise if |A N B| > 0, A and B should have a stronger shape similarity and proximity. Therefore
according to Proof 2, the difference between |A U B| and |C| is less significant, which contradicts |C| > |A U B|. Thus,
|C| > |A| + |B| — |A N B| is possible, when |C| > |A| 4+ |B| and |A N B| = 0. Consequently, we have:

=0 ~(cl ~0
ANB C A B ANB
im  GloU(A,B) = AOBL _[Cl= A= Bl +]ANB|
bl AUB| ]
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3.3. Larou iIs a metric

The proof to show IoU as a distance, i.e. L;,y = 1 — IoU, is a metric has been provided in different articles [1, 3, 4, 5].
In this section, we provide a proof to show GIoU as a distance, i.e. Lgrou = 1 — G10oU, holds all properties of a metric
such as non-negativity, identity of indiscernibles, symmetry and triangle inequality.

3.3.1 Non-negativity

Proposition 4: For any two shapes A and B, Lg1,u is non-negative, i.e. VA, B C'S, Larou (A, B) > 0.

Proof 4: To prove this, we use the aforementioned trivial properties in Proof 2 for the smallest enclosing object C' for
Aand B,ie. ANBCAUBCC. Thus0 < |[ANB|<|AUB|and 0 < |AUB| < |C]|. Since |AU B| > 0and |C| > 0,

we can divide each inequality with these positive values, i.e. 0 < Iﬁag} <land0 < % < 1. Therefore, by summing up
these two inequalities, we have:
O<|A0BMJAUB|<2
~ |AU B| (el

We then multiply —1 to each side of inequality:

|AnB| |AUB]

—-2< — <0.
- lAuB| cr -
Next, we add 2 to each side of inequality:
|[ANB| |AUB]| |AN B |AUB
0<2— — <2=0<1- - < 2.
- |AU B| |cl - - |AU B| |cr -
|[ANB| |C|—]AUB|
=0<1- <2
- |AU B| |C| -
Lcrou

Consequently, Lgou > 0.

3.3.2 Identity of indiscernibles
Proposition 5: L;,0(A,B) =0< B = A.

Proof 5: As we discussed in Proof 3, when two objects A and B overlay perfectly, i.e. A = B, the smallest object C'
for A and B is exactly A or B, and therefore |C| = |A| = |B| =|ANB|=|AU B|.

AorB =0
|[ANnB| |C|]-]AUB]
if A=B = Loru(4,B)=1— — =1-140=0
1 = GIU( ) |AUB|+ |O| +
——
AorB

To show if Lgr.u(A, B) =0 = A = B, we can prove this by contradiction, i.e.

IANB| |C|—|AUB IANB| |C|—|AUB

if Loro(A,B)=0=1
if Laru (4, B) =0 =1 - 75 IC] AU B C

1

if A= B,then AU B # AN B. Thus, 0 < Iﬁggi < 1. Moreover, as discussed in Proof 2, —w < 0. Therefore,

IANB| |C|-|AUB|
— <1

if A+ B
itAZB= AUp c

which contradicts Iﬁsg: — ‘Cl_lchIUB‘ = 1. Consequently, Lgrov (A, B) =0= A= B.



3.3.3 Symmetry
Proposition 6: For any two convex shapes A and B, Larou (A4, B) = Larou (B, A).

Proof 6: Based on commutative laws of set algebra, we have AU B = BU A and A N B=B N A. Moreover, the smallest
enclosing convex hull (shape) between any A and B is a symmetric function and does not depend on the order of A and B,
i.e. Ca,p = Cp, 4. Accordingly, we have:

|IBNA| |Cg,al—|BUA| 1 |[ANB| |Cap|—|AUB|
|BUA| |CB,A| |AUB| |CA7B‘

= Lcrou(A, B)

Larou(B,A)=1—

3.3.4 Triangle inequality

Proposition 7: For any three shapes A;, A; and Ay, triangle inequality holds true, i.e.

Larov(Ais Ak) < Larou(Aiy Aj) + Larov(A4;, Ag).

! Proof 7a (special cases):
Case 1: If none of the pairs from A;, A; and Ay, overlap, i.e. |A; N Ax| = |A; N Ag| = |A; N A;|=0:
Since 0 < [AiUAl [A:U4;] |A;UA,

| I . )
Conl * 1C1 10l < 1, the following inequality also holds true:

|A; U Ag| < |A; U Ajl |AjUA,€|_
ICikl  —  [Cisl 1Cj

2+

By multiplying —1 and adding 4 to each side of the inequality, we have:

B |A; U Ag| <9_ |A; U Ajl o _ |AjuAk|.

2 <
|Ci i |Ci4 |Cjxl
Since |[4; N A,| = |A; N Ag| = |A; N Aj| = 0, we can subtract some zero values, e.g. the terms }QZGQZI = }ﬁjgﬁ’zi =
}ig’:z} = 0, from each side of the inequality:
o [Ai M Ag| AU Ay 9 |[AiNAj| A U A Lo |4 N A |AjUAk.|.
AU Al [Cikl T [AUAL (G [A; UAR [Cjkl
AN Ay t1- |A; U A <1- |A; N A 1o |A; U Aj| t1- |A; N A t1— |AjUAk.|.
|4i U Ay |Ci [Ai U A |Ci g [Aj U Agl Cjk

Lo AN AL [Cikl =AU A A AL G = AU A ] A N ARl [Cel — A7 U Asl

<1 +1

|A; U Ay |Cik T AU A Cij |A; U Ag| Cjik
LGrou(a;,Ay) Larou(a;.A)) LaroU(ay,Ay)
Case 2: If one of the pairs overlay perfectly, e.g. |A; U Ax| = |A; N A| = |Ci xl:
In this case,
|AiﬁAk| |A1UA]€|
Larov(Ai, Ay) =2 — - =0,

( ) |4; U Ayl |Ci ke
=1 =1

!Deriving the exact proof appears to be far from straightforward. Therefore, we show the validity of this proposition by 1) an exact proof for special
cases, 2) experimentally, checking 10® random samples for any counterexample.



and also |A; U Ag| = |A; U Ajl, |A; N Ai| = |A; N 45|, |Cj k| = |C; ;| Therefore, we have:

[Ain Ayl A U4
|Ai U Al 1Ci

<2

Larov(Ai, Aj) + Larov(Aj, Ap) =4 —2 % ( ) > Larou(Ai, Ag).

Case 3: If only one of the shapes are very far from the other two, e.g. |A; N Ax| =0, |A; N A;| =0, |A; U A| < |C; x| and
[Ai U Aj| < |Cijl:

In this case, we have:

|A1 N Ak| B |Az U Ak|

Larov(Ai, Ay) = 2 — ~ 2,
arou( k) 4; U Ay Cor
=0 ~0

AN Ayl JAU4l
AU Ayl |G ’
—_— Y

=0 ~0

Larov(Ai, Aj) =2 —

and
|A; N Ak A U A

|A; U Ag| Cj k]

0<Lcrov(Aj,Ap) =2 — <2,

Therefore, the triangle inequality holds true in this case:

Larou(Ai, Ax) < Larou (A, Aj) + Larou(Aj, Ax).

Case 4: For general case, we check the correctness of the proposition by evaluating many random samples, detailed next.

Proof 7b (random sampling):

Over 109 iterations we sample 3 convex hulls, denoted at H;, H;, Hy,, each composed of 4 points, where each point is
represented by its (z,y) coordinate. For each pair of elements in this randomly sampled set of 3 convex hulls, we compute
Lcrov, e.g Larov(Hi, Hi), Larov(Hi, Hj), and Larou(Hj, Hy). To compute the intersection for each pair of convex
hulls, as required to compute L.y, wWe check for intersection points between any pair of the line segments that compose
each convex hull. Each point on both convex hulls in the pair is checked to determine if the point is enclosed in the other
convex hull. Intersection of two hulls is calculated by forming a new convex hull: the tightest convex hull of the enclosed
points and the intersection points as determined above. C'is calculated by forming the tightest convex hull of all points. The
following condition is then tested: L rov (H;, Hi) < Larov(Hi, Hj)+ Larov (Hj, Hy). Throughout all samples the above
condition held.

4. Gradient of L.

In this section we provide the gradient of L& 7,r7. Following the derivation of L1,y we include the derivations necessary
to account for different bounding box representations.

4.1. Notation

We follow the same notation as the main text. Given bounding box B, where BY denotes ground truth and B? denotes
a prediction, B = (x1,y1,x2,y2) and (x1,y;) is the upper left corner of the bounding box and (x2,ys) is the lower right
corner of the bounding box, or in vector form:

T

_
B= . (M

Y2



4.2. L. Gradient
Let OGIoU

3770y, 072073 denote the derivative of GIoU with respect to x1, y1, T2, y2 or in the general case, simply:

Let Vg, 4, z.,y. indicate the gradient function with respect to =y, Y1, T2, 2 or generally, Vp.

Intersection Z between prediction bounding box BP and ground truth bounding box BY is given by:

V BZ is given by:

oF = max(#,2f), o} = min(a}, af),

ylz = maX(Qf, y]?)7 y21 = mln(:&ga yg)
Tn = (y3 — 1)

T, = (x:zz - x%)

T Ih XTIy if Zp>0,Z, >0
o otherwise.

o -1 2>
e Z, ) (0 L= (I )
0z ( ) ( ) * {O otherwise \" "
£ I ) ()0
oy 0 otherwise

0z 1 25 <ad
— =(Z, (0 2=
0xo ( ) ( ) + {0 otherwise ( h)

D g

=0 oo () () ()
o) 0 otherwise

Recall the smallest enclosing box B¢ is given by:

Area of B¢, called A¢ is given by:

V g A€ is given by:

2§ = min(#,29), a5 = max(i, 29),

y§ = min(g7,y7), y5 = max(95,93)
Aj, = (y5 — 1)
A, = (2§ — x7)

A = Af x A

0A <Afu)<0)+ -1 &< (AL>

o0x1 0 otherwise

B0 e (42) ( ) (o)

0

oy otherwise

oo ()0 2o (o)

Oxo v 0 otherwise

50~ {0 otere (45)+ (42) (0)
0

Yo otherwise

BGIoU
0B

2

3)

“)

®)

(6)

(M

®)

9

(10)

Y

12)

13)

(14)

15)



Recall:

T A°-U
Therefore:
0GIoU (UL ZEEW f 7, 50,7, >0  AY(VU) —U(VpA°)
de )0 otherwise. Ac?
Where:

VU =VpAI + VAP — VT
Recall that prediction area is given by:
AP = (95 — @) x (&5 — &)
Ground truth area is given by:
A7 = (g3 — 97) x (25 — 27)
(

Generally, the element-wise derivative for area A (A9 or AP), for point

aA R . " N
o = (g2 — 01)(—=1) + (0)(&2 — &1) = U1 — U2
8A . . R R
; = (92 —91)(0) + (=1)(Z2 — 1) = &1 — 22
1
8A N R N N
o =02 —91)1)+ (0) (&2 —Z1) =92 —
0A N R N R R
" = (92 —91)(0) + (1)(Z2 —x1) = &2 — &4
2
Therefore: ) ) .-
[U($E)-1 (%ﬁl**§¥%>47 Ac(Gar - FE)-u%ar)
dGIoU Ag
BgﬁéU U(ayl) I(%:i 3y1 A( ?f 81/1)7 (%31/)
ag%U = dAP oz e[ 9AP 45 DAC
W U(B.cz)i (612 8m2) o A (812 612)7 (8L2 )
aGIoU . . AC ]
dyz U(C%!Iz )L (}?2 _6%12) _ AC(%zz 5::2 55U (%ﬁz )

4.3. Handling Different Qutput Representations

,9) [(29,99) or (ZP, gP)], is given by:

(16)

A7)

(18)

19)

(20)

ey

(22)

(23)

(24)

(25)

In cases where the predicted bounding box BP, is represented by the top left and bottom right coordinates and it is not

guaranteed to adhere to 25 > 2% and % >y, we apply:

) = min(2,28), 25 = max(al, 2b),
9 = min(yy,v3), 95 = max(yy, y5)
In these cases, we use the following partial derivatives:
ozt 1 of < b oY 1 af >ab
ozl 0 otherwise 0z} 0 otherwise

a:f;g:{l e S {1 < b

O 0 otherwise Oz} 0 otherwise

(26)

27

(28)



o 1wl <uh o )1yl >yl 29)
oYy 0 otherwise Oy 0 otherwise
gy 1 oyl > b s |1yl <wys 30)
oYy 0 otherwise Oy 0 otherwise

Alternatively, for networks that represent bounding boxes with (z,y, w, h) where (x,y) is the coordinate of the top-left
corner and w, h are width and height respectively, the following additional step during back propagation may be necessary —
a coordinate space transformation from the network’s representation to the B = (x1, y1, Z2, y2) representation. This is given
by:

8

‘Ifm*Tw T
_ Tn
Ty =S| _ | 31
& | = (€29)
Ty + 5 )
xy""% Y2

T(I7 y7 w’ h) =

The Jacobian of 7' is given by:

N|—=
‘ o

N[

J(@,y,w, h) = (32)

O = O =
_ o = O
o= O
= O

Transpose of the Jacobian is given by:

T (x,y,w, h) = (33)

o =
N[
o = O

O~ O
N O = O

jan}
|
rol—

Therefore:

ox
dy
ow
oh

O =
o = O

oy (34)

N [—=
= O = O

[o5)

Q

Q

G

o
|
O~ O

N[—=

5. Further qualitative results

In this section we show further qualitative results. In general we believe that qualitative results are well correlated with our
quantitative results showing that L7,y is superior to L,y which is superior to MSE loss for localization. However, in some
cases we see that L7,y and L,y are not able to perform classification as well as the baseline losses due to sub-optimal
normalization between the new localization loss and classification loss.

Figure 1. Example results from COCO validation using Mask R-CNN [2] trained using (left to right) Lgrou, L1ou, £1-smooth losses.
Ground truth is shown by a solid line and predictions are represented with dashed lines.

Fig. 2 shows a result from both Mask R-CNN [2] and YOLO v3 [6] where GIoU exhibits the strong localization accuracy,
but has a decreased classification score. Also, notice the localization accuracy vs classification score between YOLO v3 and



Mask R-CNN across all losses. As noted below, some dashed outlines are almost transparent since the opacity of these
dashed line is set to the network output score for a given prediction bounding box. Solid white lines indicate ground truth.

Figure 2. Example results from COCO validation for both YOLO v3 [6] (left) and Mask R-CNN [2] (right) trained using (left to right):
Larou, L1ov and MSE for YOLO v3 and Larov, L1ou and £1-smooth for Mask R-CNN. Ground truth is shown by a solid white line and
predictions are represented with a dashed line. The opacity of the prediction corresponds to the confidence of the prediction.

Fig. 3 shows two cases where GIoU exhibits increased localization accuracy, however classification is not quite as high
as the baseline. Also, notice the trade-off between classification and localization that has occurred in the £,y samples.

_______

Figure 3. Example results from COCO validation using YOLO v3 [6] trained using (left to right) Lo, L1ot7, and MSE losses. Ground
truth is shown by a solid line and predictions are represented with dashed lines.

Fig. 4 shows two results from YOLO v3 [6] in cluttered scenes where Lg7,u performs much better on average in local-
ization while maintaining good classification. Opacity of the dashed line for a prediction is set to the network output score.
Solid white lines indicate ground truth.

Figure 4. Example results from COCO validation using YOLO v3 [0] trained using (left to right) Lo, L1007, and MSE losses. Ground
truth is shown by a solid white line and predictions are represented with dashed lines. Opacity of the dashed line corresponds with the
network’s score for the given bounding box.
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