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1. Implementation details
1.1. Surface reconstruction

Data Preparation. For each point cloud X ⊂ R3 we cre-
ated training data by sampling two Gaussian variables cen-
tered at each x ∈ X . We set the standard deviation of the
first Gaussian to be the distance to the 50-th closest point in
X , whereas the second Gaussian standard deviation is set to
be the distance to the furthest point in X .

Network Architecture. We use an MLP as detailed in
equation 8 and equation 9 with ` = 7, i.e., 8 layers, where
douti , dini = 512 for interior layers and din1 = 3. We also
add a skip connection at the 4-th layer concatenating the in-
put point x ∈ R3 with the hidden variable y ∈ R509, i.e.,
[x,y] ∈ R512, where accordingly dout3 = 509.

Training Details. We train the network in the surface re-
construction experiment with ADAM optimizer [3], learn-
ing rate 0.0001 for 5000 epochs. Training was done on an
Nvidia V-100 GPU, using PYTORCH deep learning frame-
work [6].

1.2. Learning shape space

Data Preparation. To speed up training on the D-Faust
dataset, we preprocessed the original scans X ⊂ R3 and
sampled 500K points from each scan. The size of the sam-
ple is similar to [5]. First, we sampled 250K points uni-
formly (w.r.t. area) from the triangle soupX and then placed
two Gaussian random variables centered at each sample
point x ∈ X . We set the standard deviation of the first
Gaussian to be the distance to the 50-th closest point in X ,
whereas the second Gaussian standard deviation is set to
be 0.2. For each sample point we calculated its unsigned
distance to the closest triangle in the triangle soup. The dis-
tance computation was done using [1].

Network Architecture. Our network architecture is
Encoder-Decoder based, where for the encoder we have

used PointNet [7] and DeepSets [8] layers. Each layer is
composed of

PFC(din, dout) : X 7→ ν
(
XW + 1bT

)
PL(din, 2din) : Y 7→ [Y ,max (Y )1]

where [·, ·] is the concat operation. Our Architecture is

PFC(3, 128)→ PFC(128, 128)→ PL(128, 256)→
PFC(256, 128)→ PL(128, 256)→ PFC(256, 128)→
PL(128, 256)→ PFC(256, 128)→ PL(128, 256)→
PFC(256, 256)→ MaxPool→ FC(256, 256),

similarly to [4] SimplePointNet architecture. For the de-
coder, our network architecture is the same as in the Surface
reconstruction experiment except for din1 = 256 + 3, as the
decoder receives as input [z, x] ∈ R259. Where [z, x] is a
concatenation of the latent encoding z ∈ R256 and a point
x ∈ R3 in space.

Training Details. Training our networks for learning the
shape space of the D-Faust dataset was done with the fol-
lowing choices. We have used the ADAM optimizer [3], ini-
tialized with learning rate 0.0005 and batch size of 64. We
scheduled the learning rate to decrease every 500 epochs by
a factor of 0.5. We stopped the training process after 2000
epochs. Training was done on 4 Nvidia V-100 GPUs, using
PYTORCH deep learning framework [6].

1.3. Additional Experiments

Single reconstruction versus VAE reconstruction. One
of the key advantages of SAL is that it can be used for
reconstructing a surface from a single input scan or incor-
porated into a VAE architecture for learning a shape space
from an entire scans dataset. This raises an interesting ques-
tion, whether learning a shape space has also an impact on
the quality of the reconstructions. To answer this question,
we ran SAL surface reconstruction on each of the scans
used for training the main experiment of the paper (See ta-
ble 2 for more details). When comparing our SAL VAE
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Figure 1: Effect of the number of training epochs on reconstruction quality of test scans. Left to right in each row: epoch
500, 1500, 2500 and 3500.



training results on the registrations (ground truth) versus
SAL single reconstruction we see differences in favor of
our VAE learner, whereas the results on the original scans
are comparable. That is, SAL single reconstruction results
are 0.10, 0.17, 0.22; 0.07, 0.08, 0.10 on the registrations and
scans for the 5%, 50%, 95% percentiles respectively.

Number of epochs used for training SAL VAE. Figure
1 shows reconstructions of test scans for different stages of
training on the D-Faust dataset. Given the main paper dis-
cussion on SAL limit signed function, we additionally add
reconstructions from relatively advanced epoch as 3500,
showing that no error in contouring occur.

2. Proofs
2.1. Proof of Theorem 3

Theorem 3. Consider a linear model f(x;θ) = ϕ(wTx+
b), θ = (w, b), with a strong non-linearity ϕ : R → R.
Assume the data X lies on a plane P =

{
x|nTx+ c = 0

}
,

i.e., X ⊂ P . Then, there exists α ∈ R+ so that (w∗, b∗) =
(αn, αc) is a critical point of the loss in equation 2.

Proof. For simplicity, we restrict our attention to absolutely
continuous measures DX , that is defined by a continuous
density function µ(x). Generalizing to measures with a dis-
crete part (such as the one we use for the L0 distance, for
example) can be proven similarly.

Denoting θ = (w, b), the loss in equation 2 can be writ-
ten as

loss(w, b) =

∫
Rd
τ(f(x;θ), hX (x))µ(x)dx.

Denote by r : Rd → Rd the linear reflection w.r.t. P ,
i.e., r(x) = x − 2nnT (x − x0) = (I − 2nnT )x − 2cn,
where x0 ∈ P is an arbitrary point. hX and µ are invariant
to r, that is hX (r(x)) = hX (x), µ(r(x)) = µ(x).

The gradient of the loss is∇w,bloss(w, b) =∫
Rd

∂τ

∂a
(f(x;θ), hX (x))∇w,bf(x;θ)µ(x)dx, (1)

where∇w,bf(x;θ) = ϕ′(wTx+ b)[x, 1].
Let w = αn and b = αc, where α ∈ R+ is currently

arbitrary. We decompose Rd to the two sides of P , Ω+ ={
x|nTx+ c ≥ 0

}
, and Ω− = Rd \ Ω+. Now consider the

integral in equation 1 restricted to Ω− and perform change
of variables x = r(y); note that r consists of an orthogonal
linear part and therefore dy =

∣∣∣det ∂y∂x

∣∣∣ dx = dx. Further-

more, property (i) implies that ∂τ∂a (a, b) = −∂τ∂a (−a, b), and
since ϕ is anti-symmetric andwTr(x) + b = −(wTy+ b)
we get

∂τ

∂a
(f(r(y);θ), hX (r(y))) = −∂τ

∂a
(f(y;θ), hX (y)).

As ϕ is anti-symmetric, ϕ′ is symmetric, i.e., ϕ′(a) =
ϕ′(−a) and therefore

ϕ′(wTr(y) + b) = ϕ′(wTy + b).

Plugging these in the integral after the change of variables
we reach

−
∫

Ω+

∂τ

∂a
(f(y;θ), hX (y))ϕ′(wTy + b)[r(y), 1]µ(y)dy.

An immediate consequence is that ∇bloss(w, b) = 0. As
for ∇wloss(w, b) we have:∫

Ω+

∂τ

∂a
(f(x;θ), hX (x))ϕ′(wTx+ b)(x−r(x))µ(x)dx.

Since x− r(x) = 2nnT (x−x0) we get∇wloss(w, b) =

2n

∫
Ω+

∂τ

∂a
(f(x;θ), hX (x))ϕ′(wTx+b)nT (x−x0)µ(x)dx.

The last integral is scalar and we denote its integrand by
gα(x) (remember that (w, b) = α(n, c)), i.e.,

∇wloss(w, b) = 2n

∫
Ω+

gα(x)dx = 2nG(α),

where G(α) =
∫

Ω+
gα(x)dx. The proof will be done if we

show there exists α ∈ R+ so that G(α) = 0. We will use
the intermediate value theorem for continuous functions to
prove this, that is, we will show existence of α−, α+ ∈ R+

so that G(α−) < 0 < G(α+).
Let us show the existence of α+. Let x ∈ Ω+ such that

γ = nTx+ c > 0 and µ(x) > 0. Then,

gα(x) =
∂τ

∂a
(ϕ(αγ), hX (x))ϕ′(αγ)γµ(x).

Furthermore, since β−1 ≥ ϕ′(a) ≥ β > 0 we have that

gα(x) ≥ ∂τ

∂a
(ϕ(αγ), hX (x))γµ(x)

{
β ∂τ

∂a ≥ 0

β−1 ∂τ
∂a < 0

= g̃α(x).

Note that g̃α(x) is monotonically increasing and for
sufficiently large α ∈ R+ we have that g̃α(x) >
0. Since

∫
Ω+

g̃α(x)dx > −∞ for all α ∈ R+

the integral monotone convergence theorem implies that
limα→∞

∫
Ω+

g̃α(x)dx > 0. Lastly, since∫
Ω+

gα(x)dx ≥
∫

Ω+

g̃α(x)dx,

the existence of α+ is established. The case of α− is proven
similarly.



2.2. Local plane reproduction with MLP

Theorem 1. Consider an MLP as defined in equation 8.
Assume that locally in some domain Ω ⊂ Rd the dataX ∩Ω
lies on a plane P =

{
x|nTx+ c = 0

}
, i.e., X ∩ Ω ⊂ P .

Then, there exists a critical point θ∗ of the loss in equation 2
that reconstructs P locally in Ω.

By ”reconstructs P locally” we mean that θ∗ is critical
for the loss if DX is sufficiently concentrated around any
point in P ∩ Ω.

Proof. We next consider a general MLP model f(x;θ) as
in equation 8. We denote by supp(µ) the support set of µ,
i.e., {x|µ(x) > 0}. Let us write the layers of the network
f(x;θ) using only matrix multiplication, that is

fi(y) = diag
(
H(Wiy + bi)

)(
Wiy + bi

)
, (2)

where H(a) =
{

1 a ≥ 0

0 a < 0
is the Heaviside function.

Let µ be so that supp(µ) ⊂ Ω, and fix an arbitrary x0 ∈
supp(µ) ∩ P . Next, let θ ∈ Rm be such that: (a) there
exists a domain Υ, so that supp(µ) ⊂ Υ and for which all
the diagonal matrices in equation 2 are constants, i.e., Υ
is a domain over which f(x;θ) (excluding the final non-
linearity ϕ) is linear as a function of x. Therefore, for x ∈
Υ we have the layers of f satisfy

fi(y) = Di

(
Wiy + bi

)
,

and Di are constant diagonal matrices. Over this domain
we have

f(x;θ) = ϕ
(
w(θ)Tx+ b(θ)

)
,

and therefore

∇θf(x;θ) = A∇w,bf(x;θ), (3)

where ∇w,bf(x;θ) = ϕ′(w(θ)Tx+ b(θ))[x, 1], and A ∈
Rm×(d+1) is a matrix holding the partial derivatives of
w(θ) and b(θ). (b) over Υ there exists w(θ) = n and
b(θ) = c. The existence of such θ is guaranteed for exam-
ple from Theorem 2.1 in [2].

Similarly to the proof of Theorem 3 there exists α ∈
R+ so that ∇w,bloss(αw(θ), αb(θ)) = 0. Scaling the
w, b components of θ by α and denoting the new param-
eter vector by θ∗, we get that ∇w,bloss(w(θ∗), b(θ∗)) =
0 (see equation 1) and therefore equation 3 implies that
∇θloss(θ∗) = 0, as required.

2.3. Proof of Theorem 1

Theorem 1. Let f be an MLP (see equations 8-9). Set, for
1 ≤ i ≤ `, bi = 0 and Wi i.i.d. from a normal distribution
N (0,

√
2√
douti

); further set w =
√
π√
dout`

1, c = −r. Then,

f(x) ≈ ϕ(‖x‖ − r).

Proof. To prove this theorem reduce the problem to a sin-
gle hidden layer network, see Theorem 2. Denote g(x) =
f`−1◦· · ·◦f1. If we prove that ‖g(x)‖ ≈ ‖x‖ then Theorem
2 implies the current theorem.

It is enough to consider a single layer: h(x) = ν(Wx+
b). For brevity let k = dout. Now,

‖h(x)‖2 =

k∑
i=1

ν(Wi,: · x)2 =
1

k

k∑
i=1

ν(
√
kWi,: · x)2.

Note that the entries of
√
kWi,: are distributed

i.i.d. N (0,
√

2). Hence by the law of large numbers
the last term converge to

‖x‖2
∫
Rk
ν

(
y · x
‖x‖

)2

µ(y)dy

= ‖x‖2
∫
Rk
ν(y1)2 1

(2πσ2)k/2
e−
‖y‖
2σ2 dy

= ‖x‖2
∫
R
ν(y1)2 1√

2πσ2
e−

y21
2σ2 dy

=
‖x‖2

2

∫
R
y2

1

1√
2πσ2

e−
y21
2σ2 dy

= ‖x‖2 ,

where in the second equality, similarly to the proof of
Theorem 2, we changed variables, y = Ry′, where
we chose R ∈ Rk×k orthogonal so that RT x

‖x‖ =

(1, 0, . . . , 0)T .

Skip connections. Adapting the geometric initialization
to skip connections is easy: consider skip connection layers
of the form s(y) = 1√

2
(y,x), where x ∈ Rd is the input to

the network and y ∈ Rdouti is some interior hidden variable.
Then ‖s(y)‖2 = 1

2 ‖x‖
2

+ 1
2 ‖y‖

2. According to Theorem
1 we have ‖y‖ ≈ ‖x‖ and hence ‖s(y)‖2 ≈ ‖x‖2.

2.4. Proof of Theorem 2

Theorem 2. Let f : Rd → R be an MLP with ReLU ac-
tivation, ν, and a single hidden layer. That is, f(x) =

wT ν(Wx + b) + c, where W ∈ Rdout×d, b ∈ Rdout ,
w ∈ Rdout , c ∈ R are the learnable parameters. If b = 0,
w =

√
2π

σdout1, c = −r, r > 0, and all entries of W are
i.i.d. normal N (0, σ2) then f(x) ≈ ‖x‖ − r. That is, f is
approximately the signed distance function to a d−1 sphere
of radius r in Rd, centered at the origin.

Proof. For brevity we denote k = dout. Note that plugging
w, b, c in f we get f(x) =

√
2π
σk

∑k
i=1 ν(wi ·x)− r, where

wi is the ith row of W . Let µ denote the density of mul-
tivariate normal distribution N = (0, σ2Ik). By the law of



large numbers, the first term converges to
√

2π

σ

∫
Rk
ν

(
u · x
‖x‖
‖x‖

)
µ(u)du

=

√
2π ‖x‖
σ

∫
Rk
ν

(
u · x
‖x‖

)
µ(u)du

=

√
2π ‖x‖
σ

∫
Rk
ν(v1)µ(v)dv

=

√
2π ‖x‖
σ

∫
Rk
ν(v1)

1

(2πσ2)k/2
e−
‖v‖2

2σ2 dv

=

√
2π ‖x‖
σ

∫
R
ν(v1)

1√
2πσ2

e−
v21
2σ2 dv1

=

√
2π ‖x‖
2σ

∫
R
|v1|

1√
2πσ2

e−
v21
2σ2 dv1

= ‖x‖ ,

where in the second equality we changed variables, u =
Rv, where we chose R ∈ Rk×k orthogonal so that
RT x

‖x‖ = (1, 0, . . . , 0)T , and used the rotation invariance
of µ, namely µ(Rv) = µ(v). In the last equality we used
the mean of the folded normal distribution. Therefore we
get f(x) ≈ ‖x‖ − r.
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