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Abstract

The Supplementary Material contains the proofs for all mathematical results stated in the main paper. We also describe
in more detail the Quasi-random Fourier feature map approach in Section 3.1 of the main paper.

1. Proofs for main mathematical results
For clarity, we restate all the mathematical results that we wish to prove here.

Theorem 1. Assume that v # p, v > 0, u > 0. Then

lim ’log(C(i>

D—o00 p(

x T 71p) —10g(Cs ) +uID)HF = oo. (1
Theorem 2. Assume that y = p > 0 and that imp_,. Kp(z,y) = K (z,y) for every pair (x,y) € X x X. Then

lim Hlog(C@D(x) +7Ip) —10g(Cs () + D) HF = ||10g(Co(x) + VIn) — log(Ca(y) + vI3)|lens- 2

D—o0

We need the following preliminary results. Let H be a separable Hilbert space, equipped with norm || ||, and A : H — H
be a bounded linear operator. We recall that the operator norm of A is defined to be

1] = sup 1421 ®
w#0 |||l
If A is self-adjoint, compact, and positive, then
||AH = )‘max(A)a “4)
where A\pax(A) denotes the largest eigenvalue of A. The trace norm of A in this case is given by
oo
Aller =D Ak(A) = tr(A). )
k=1

Lemma 1. Let H be a separable Hilbert space. Let r € N be fixed. Let A € L(H) be a self-adjoint, positive operator with
finite rank v < oco. Then

Al < [|Allns < V/TIAll, (6)
A[] < || A[ler < r[|A]]. ()

Thus convergences in the || ||us norm, the || ||tx norm, and the || || norm are all equivalent to each other.



Proof. By definition of the || || and || ||gs norms and the finite rank assumption, we have
I = Aax(4) < XT:AJQ-(A) = [|Allfis < rAnax(4),
j=1
from which the first inequality follows. Similarly, for the second inequality, we have
A1 = Ac(4) < 3 2(4) = 4]l < A (4) = 71 AL
j=1

This completes the proof of the lemma. O

Lemma 2. Let H be a separable Hilbert space. Let r € N be fixed. Let A,{Ax}ren be self-adjoint, positive operators of
rank at most r, such that limy_, o || Ar — A||lus = 0. Then

lem [|log(I + Ag) —log(I + A)||lus = 0. 8)

Proof. By assumption, the operators in the sequence (Ax — A)gen all have rank at most 2r. Thus from Lemma 1, the
convergence || A, — Al|us is equivalent to the convergence || Ax — A||.

The operators in the sequence (log(I + Ay))ren are also self-adjoint, positive, and of rank at most r. The operators in the
sequence (log(7 4+ Ay) —log(I + A))ren have rank at most 2r and thus the convergence || log(I + Ay) — log(I + A)||us is
equivalent to the convergence ||log(I + Ax) — log(I + A)||. Thus we have

[|Ar — Allns = 0 <= ||Ar — A4]| = 0 <= Anax(4k) = Amax(A).
It follows that

log(1 + Amax(Ag)) = log(1 + Amax(A)) <= ||log(I + Ag) — log(I + A)|| = 0
< ||log(I + Ag) —log(I + A)||lus — 0.

This completes the proof of the lemma. O

Lemma 3. Let H be a separable Hilbert space. Let r € N be fixed. Let A, { Ay }ren be self-adjoint, positive operators of
rank at most r, such that limy_, o || A — A||lus = 0. Then

klim tr[log(I + Ag) —log(I + A)] = 0. )

Proof. By assumption, the operators in the sequence (log(/ + Ax))ren are also self-adjoint, positive, and of rank at most .
The operators in the sequence (log(I + Ay) — log(I + A))ken have rank at most 2r and by Lemma 2, limy_, o || log(I +
Ay) —log(I + A)||lus = 0. By Lemma 1, this convergence is equivalent to convergence in the || ||¢, norm. Thus we have

[tr[log(I + Ag) — log(I + A)]| < ||log(I + Ag) —log(I + A)|tr — 0
as k — oo. This completes the proof of the lemma. O

Lemma 4. Let H be a separable Hilbert space. Let v € N be fixed. Let A,{Ax}ren, B, {Bk}ren be self-adjoint, positive
operators of rank at most r, such that limg_, » || Ax — Al||lus = 0 and limg_, ||Bx. — B||us = 0. Then

klim tr[log(I + Ax)log(I + By)] = tr[log(I + A)log(I + B)]. (10)
—o00
Proof. From Lemma 2, we have

lim ||1og(I + Ay) — log(I + A)| s = 0,
lim |[log(I + By) — log(I + B)|sss = 0.
k—o0



Thus, using Cauchy-Schwarz inequality and the definition (A, B)gs = tr(AT B), we obtain

[tr[log(I + Ag)log(I + By) — log(I + A)log(I + B)]|

= |tr[log(I + Ay)log(I + By) —log(I + Ay)log(I + B) +log(I + Aj)log(I + B) —log(I + A)log(I + B)]|
= |tr[log(I + A)(log(I + By) —log(I + B)) + (log(I + Ag) —log(I + A))log(I + B)]|

= |(log(I + Ay),log(I + Bi) —log(I + B))us + (log(I + Ax) —log(I + A),log(I + B))us|

< |(log(I + Ag),log(I + By) —log(I + B))us| + [(log(I + Ax) — log(I + A),log(I + B))ns|

< [[log(I + A)llus||log(I + Bx) —log(I + B)l[us + || log(I + Ag) —log(I + A)||us]|log(I + B)|lns.

Taking limit on both sides as £ — oo, we obtain
klim tr[log(I + Ay)log(I + By) — log(I + A)log(I + B)] = 0.
— 00
This completes the proof of the lemma. O

Lemma 5. [2] Let H1 and Ho be two separable Hilbert spaces. Let A : H1 — Ho and B : Ho — H1 be two bounded
linear operators. Then the nonzero eigenvalues of BA : Hy1 — H1 and AB : Ho — Ha, if they exist, are the same.

In the following, we identify 7 with £2 and R with a D-dimensional subspace of ¢2, that is
a=(a;)2 €RP <= a=(as,...,ap,0,0,...) € (. (11)

For the data matrices X = [&1,...,Zm), Y = [y1,- .., ym). let K[x], K[y], Kp[x], Kp[y] be the m x m Gram matrices,
defined by

(K[x))ij = K(zi,2;), (Kplx])ij = Kp(zi,25), (Klyl)i=Kiy), (Kply)ij = Kp(yi,v).

Lemma 6. Let H = (2, with RP identified with a D-dimensional subspace of H as in Eq. (11). Assume that limp_, Kp (z,y) =
K (z,y) for all pairs (z,y) € X x X. Then

Aim 10,0 — Caeo s = 0. (12)

Proof. Let A= ——®(x)J,, : R™ — H, then

AAT = Cy(n), ATA= %JmK[x]Jm.

By Lemma 5, the nonzero eigenvalues of Cy(y) = AAT are the same as those of %JmK [x]Jm = AT A. Similarly, the

nonzero eigenvalues of C<i>D (x) are the same as those of %Jmf{ p[x]Jm. This also implies that both C¢(x) and C<i>D(x) have
rank at most m — 1, since rank(J,,,) = m — 1.
Since imp_,oo Kp(x;, x;) = K (x4, z;) for all pairs (x;,x;), 1 < 1,5 < m, we have, as m x m matrices,

lim ||JmkD[X]Jm = I K [x]Jm||F = 0.
D—o0

Since Jp K p[x]Jym and J,, K [].J,, are finite matrices, convergence in the || ||z norm is equivalent to convergence in the
operator || || norm. Thus we have

Jim [T S p[X] T — T K[X] T || = 0 <= Jim Amax (T KD [%]Tm) = Amax (S K [%]Jm)
—00 —00

< Dlgnoo )‘max(C@D(x)) = )\max(c‘i'(x)) — Dlgnoo HCéD(x) - Cq)(x)” =0

= lim [[C4 ) = Capollus) =0,

by Lemma 1, since both C@D(x), Cay(x) have rank at most m — 1. This completes the proof of the lemma. O



Proof of Theorem 1. Consider the expansion

2

Hlog (C@,DM +71D) — log (C‘i)D(y> + “ID) er -

C; C;

+ (log~y — log ) D. (13)

Cs OF
log (%(") + ID> —log (%(” + ID> + (logy —log ) Ip

F

2 Cs (%) Cs ()
+ 2(logy — log p)tr <log (% + ID) — log (%y + ID)>
F

With R” identified as a subspace of H = ¢2, we have by Lemma 6 (with the scaling factors ~, 1), that

2 2

lim
D—o00

H Copeo  Cawm
B B

H Copy)  Ca)
7 1

=0, lim
HS(H) D—o00

=0.
HS(H)

By Lemma 3, we have

Ch X C X
lim tr <1og (L” + ID)) =tr (log < e 4 1H>) =tr [1og <iJmK[x]Jm + Im)} ,
D—o0 5 0 ym

C; C
lim tr (log (M + b)) = tr (log ( 20 IH)) =tr {log (iJmK[y]Jm n Im)} .
D—oo 1% 12 Hum

Since these two quantities are both finite, for v # p, as D — oo, clearly the right hand side of Eq. (13) goes to infinity. This
gives us the desired limit. O

Proof of Theorem 2. Without loss of generality, we identify 7 with ¢? as above and identify R” with a D-dimensional

subspace of ¢2 as in Eq. (11). When v = y, we have
Cax C
log <& N IH) g <ﬂ n IH)
Y v

HS
2 2
C Cax C
+ Hlog (ﬂ + IH) — 2tr {log (ﬂ + IH> log (& + Iy>} .
HS v HS vy 0l

2

2
|[log(Cpxy + vI2) — log(Cay) + vIn)||ous =

Ca(x
log( 26x) —I—IH)
8

It follows from Lemma 5 that the first term is

2 2

HS

HS

2
=tr [log (LJmK[x]Jm + Im)} .
ym

1
log (;Cq)(x) + [’H)

log (vimq)(x)JiCD(x)T + IH)

1 T
log (,Y—me<1>(x) D(x)Jm + Im)

HS
2

log (LJmK[x]Jm + Im)
ym

HS

Similarly, the second term is

2

1
log (;C@(y) + I’H>

2
=tr {log (iJmK[y]Jm + Im)} .
HS ym

Thus we have

RS ’

2
I K[X]Jm + Im)] + tr [log <LJmK[y}Jm + Im)}
ym ym

Cox C
— 9tr {log (% + IH> log (% + IHH . (14)

|1108(Ca(x) +7I3) = log(Caqy) + ¥I2)|2ns = tr {IOg (

Similarly,

2 1 N 2 1 R 2
[10g(C , () +7ID) —10g(Cs () + ¥ID)||F = tr [log (%JmKD[X]Jm + Im):| +tr {log (%JmKD [y]Jm + Im):|

C; C
~ otr [log (%(") + ID) log (%(” + ID)} . (15)



With R? identified as a subspace of H = ¢2, we have by Lemma 6 (with the scaling factor ), that

2
Zopeg _ Ceeg ~0, lim H@,% 0
Y Y Y Y lHsw)

HS(H) D— oo
with the operators C<i>D (x)° Cq;.(x), C@D(y), Cq>(y) all have rank at most m — 1. It thus follows from Lemma 4 that

C‘ x CA C x C
lim tr [1og <L“ + ID) log (M + ID)} = tr {log (ﬂ + IH) log (ﬂ + IH)} . (16)
D—oo v ¥ v v

Similarly, since limp o, KD(mi, z;j) = K(x;,x;) for all pairs (z;, ;) and limp_, f(D(yi7 yj) = K(yi,y,) for all pairs
(¥i,Y5), 1 < 4,5 < m, we have, as m x m matrices,

2

lim || Kp[X]Jm — Jn K [X]Jm||r =0, lim |[JmKply]Jm — JmK[y]Jm||F = 0.
D— oo D—oco

It also follows from Lemma 4 that

2 2
lim tr [log <LJWIA(D[X]Jm + Im>} =tr {log (LJmK[x]Jm + Im>] , a7
D—oco ym ym
1 . 2 1 2
lim tr |:log (—J,,LKD [y]Jm + Im>:| =tr |:10g (—JmK[y]Jm + [m>:| . (18)
D— o0 ym ym

Combining the expressions in Eqgs. (14), (15), (16), (17), (18), we obtain
A [[10g(Cg , ) +71p) —108(C () + 1Ip)|[F = [|10g(Cap) +7I3) = 10g(Cay) + ¥1)|lens:-

This completes the proof of the Theorem. O

2. Further information on the Hilbert-Schmidt distance between covariance operators

For completeness, in this section we provide the mathematical expression for the Hilbert-Schmidt distance between two
RKHS covariance operators. This was used for carrying out the corresponding experiments on the Fish dataset in the main
paper. Let K be a positive definite kernel on an arbitrary non-empty set X and H ¢ be its corresponding RKHS. Let Cy )
and Cy(y) be the covariance operators corresponding to two n X m data matrices x and y, respectively, sampled from X'.
Following [2], let K[x], K[y], and K [x,y] denote the m x m Gram matrices defined by

(K[x])ij = K(xi,75), (K[yDij = K(yi, ;). (K[x,y])ij = K(zi,95), 1<i,5 <m.

Then the Gram matrices and the covariance operators are related by
o(x)"0(x) = K[x], ®y)'e(y)=Kly], ®x)"0(y)=K[xyl
Here ®(x)” denotes the transpose of ®(x) in the case dim(H ) < oo and the adjoint operator of ®(x) in the case
dim(Hg) = oo.
Lemma 7. The Hilbert-Schmidt distances between two RKHS covariance operators Cgx) and Cy(y) is given by

1
m2

2 1
HC@(X) - C<I>(y)||%{$ = 7<JmK[X]7K[X]Jm>F - W<JmK[Xa Y]vK[X;Y]Jm>F + W<JmK[y]aK[Y}Jm>F (19)

Proof of Lemma 7. By definition of the Hilbert-Schmidt norm and property of the trace operation, we have

1 1 2
[Cay = Coplfs = |00, 2607 = 003, (3)"

HS
= BT ®00 fhs — o ()T @ ()T, DY) T B(y) s + — [0y I ()" s

= %tr[fb(x)quD(x)T‘I)(x)Jmfb(x)T] - %tr[@(X)Jmi)(x)Tq)(y)qu)(y)T] + #tr[@(y)Jmtb(y)T(I)(y)Jm(D(y)T]
= %tr[([([x].]m)2 — 2Ky, X|Jn K[X, y]Jm + (K[y]Jm)?]
= %K‘JMK[X]? K[X]‘]m>F - 2<JmK[X7 YL K[Xa Y]Jm>F + <JmK[Y]7 K[Y]Jm>F]

This completes the proof of the lemma. O



3. Further information on the Quasi-random Fourier features

Consider again the expression of the kernel K (z,y) = k(z — y) by Bochner’s theorem
k(l' — y) = / eii@“ziwdp(w) (20)
- / p(w)dw(z )¢w( )dw, where ¢, (z) = e~ Hwz)
R’!L

The Random Fourier feature maps arise from the Monte-Carlo approximation of the integral in Eq. (20), using a random set
of points w;’s sampled according to the distribution p. In this section, we describe in more detail the Quasi-random Fourier
features approach proposed recently by [4]. This approach is based on the methodology of Quasi-Monte Carlo integration
[1], in which the w;’s are deterministic points arising from a low-discrepancy sequence in [0, 1] (see below for more details).

Assume that the distribution p in Eq. (20) has the product form p(w) = H?Zl p;(w;). Assume that each component
cumulative distribution function 1;(z;) = [*7_p;(z;)dz; is strictly increasing, so that the inverse functions 1/1;1 :[0,1] —
R are all well-defined. Let ¢p : R® — [0,1]" be defined by (x) = ¢(z1,...,2,) = (¥1(x1),...,¥n(2,)). Then
its inverse function ¢y~ : [0,1]® — R™ is well-defined and is given component-wise by ¢ ~'(2) = %~ (21,...,20) =

(W1 (21), s W (2n))-
With the change of variable w = )~1(t), the integral in Eq. (20) becomes

/ e T p(w)dw =/ eV W a—u) gy @h
R? [0,1]™

Instead of approximating the left hand side of Eq. (21) using a random set of points {w; }]D:1 in R™ sampled according to p,
in the Quasi-Monte Carlo approach, one approximates the right hand side using a deterministic, low-discrepancy sequence
of points {¢;}1, in [0, 1]™. This sequence gives rise to a deterministic sequence

wj=1""'(t;), 1<j<D, 22)

from which we construct the Fourier feature map as described by Egs. (23), (24), and (25),

cos(WTz) = (cos({w1,z)),...,cos((wp,z)))" € R, (23)
sin(W7'x) = (sin({wr,z)),...,sin((wp,z)))” € R”. (24)
bp(x) = %(COS(WTQZ); sin(W7'z)) e R*P, (25)

just as in the case of random Fourier features. In our experiments, {t;} le is a Halton sequence, whose implementation is
readily available in MATLAB'.

3.1. Low-discrepancy sequences

In this section, we briefly review the concept of low-discrepancy sequences in Quasi-Monte Carlo methods. For a com-
. =N
prehensive treatment, we refer to [3]. Letn € N be fixed. Let I" = = [0,1)™ and denote its closure by I = [0, 1]™. For an
integrable function f in 1", we consider the approximation

N
| fwdum 3 1) 26

using a deterministic set of points P = (z1,...,xy), which are part of an infinite sequence (2;);ey in I, such that the
integration error satisfies

RS
|57 3 st - |, st =0 @)

Uhttp://www.mathworks.com/help/stats/quasi-random-numbers.html




This convergence can be measured via the concept of discrepancy as follows. Let N be fixed. For an arbitrary set B C 1"
define the counting function

N
A(B;P) = xn(z)), (28)
j=1

where x5 denotes the characteristic function for B. Thus A(B; P) denotes the number of points in P that lie in the set B.
Let B be a non-empty family of Lebesgue-measurable subsets of 1 " The discrepancy of the set P with respect to B is
then defined by

AB:P) vol(B)‘ , (29)

Dy (B; P) = sup N

BeB

with vol(B) denoting the volume of B with respect to the Lebesgue measure.
The star discrepancy D% (P) is defined by

Dy (P) = Dn(J"; P), (30)

where J* denotes the family of all subintervals of I™ of the form H;’L:I [0, ;). The star discrepancy and the integration error
are related via the Koksma- Hlawka inequality, as follows. Define

= [

k=11<i1 < <ip<n

duil e duik, (31)

_
Buil e 8uik

which is called the variation of f on 1" in the sense of Hardy-Krause.

Theorem 3 (Koksma-Hlawka inequality). If f has bounded variation V() on T" in the sense of Hardy-Krause, then for
any set (x1,...,xN) inI™,

N
¥ 2 @) = [ S S VD () (2)
j=1
By Theorem 3, to achieve a small integration error, we need a sequence (;) jen With low discrepancy Dy (21, ..., xn) —
0 as N — oo. Some examples of low-discrepancy sequences are Halton and Sobol’ sequences (we refer to [3, 1] for
the detailed constructions of these and other sequences). The Halton sequence in particular satisfies D% (21,...,2n5) =
C(n)(bgijév)n for N > 2.

3.2. The Gaussian case

In this section, we give the explicit expression for the functions ¢ and 1)1, as defined above, in the case of the Gaus-
sian kernel. It suffices for us to consider the one-dimensional setting here, since the multivariate case is defined compo-

. . . : _e=p? o222 :
nentwise using the one-dimensional case. For K(z,y) = e =7, we have p(z) = 7u=¢~ © . Recall the Gaussian
. 2 . .
error function erf defined by erf(z) = % fow e~ * dz and the complementary Gaussian error function erfc defined by

erfe(z) = % f;o e~ dz=1-erf (x). By definition, the cumulative distribution function ¢ for p is given by

0‘222

z o o * 1 g, 1 To
w(x)—[mp(z)dz—l—/z p(z)dz—l—ﬁ/z e 4dz—1—ﬁ/x;e du—l—ierfc(?>.

It follows that the inverse function )~ ! is given by

=y '(t) = %erfcfl(Z —2t) = %erffl(Qt -1). (33)
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