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A. Theoretical Analysis
A.1. Proof of lemmal(l]

Lemma 1 If Ep|S — cye| < C, C> 0, Eg|csre — Crg] < A4,
supy |Epf — Erjoserf| < Ao, for any f € P,Q, A1,A2 >0,
then there exists some constant C > 0, for any measurable
Sunction f € P,Q, f >0,

Eo|Th —cigr| < C+|Erjosepf —Egf|+Eg|Th— S|
+2sup |Eqyos(x)cof — Excof]
+2 Supf |ET10T2()C)€Qf_EXEQf‘
(D
Proof
Eg|Ts _Ctgt| < Ep|S — ore| + |EQ|T2 _Ctgf‘ _EQ‘S_CWCH

+‘EQ‘S_CSFC‘ _EP|S_ CsrcH
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Using triangle inequality,

|EQ‘T2 _Ctgt| _EQ‘S_CS}’CH < ‘EQ|T2 — Ctgt _S+Csrc||
< Eg|T> — S|+ Eglergr — Cre
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It follows:

EQ|T2 _Ctgt| < EP|S_Csrc| +EQ|T2 _S‘ +EQ‘Ctgt _Csrc|
|EglS — csre| — Ep[S — Corel|
<CH+ M +E|T, -S|
+|EQ|S7CSVC| 7EP‘S7C.YVCH
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Then, we focus on the analysis of the last term,

|EQ|S_Csrc| EP|S_Csrc||

<sup;|Eqf —Epf|

<A +sups|Erioserf — Erjoseqf|
+sups |Eryoseof — Erjonenf|
+sups |Eronycof — Eof| )

Since

|Etioscof — Eryonyeof] 6)
S |ETloS€Qf_EQf| + |ET10T2€Qf_EQf|

and
|ET,05epf — ETj080 ] )
<|Eroserf —Eof|+ |Etj0sc0f — Eof]
Combining (@), (@), (7), we get
‘Ele_ercl - EP‘S_CSFCH
<Az +sups|Eroserf — Eof| )

+2sup |Eroseof — Eof]
+2sup |Eronyenf — Eof|

Substituting (8)) into (@), the desired result follows.

A.2. Proof of lemma

Lemma 2 Assume Er,oscp|csre — Crgt| < C, ETjoseg|Csre —
Crgt| L C, Eryosep|cigr] < C, Erjoscglcsre| < C, for some C >
0, then there exists some constant C > 0, such that for any
measurable function f >0, and f € P,Q,

<C+ ETI oS6P|S - Csrc|

+supy |Erioscof —Eof|  (9)
+EQ|T2 —S|

supy |Eryoserf — Egf|

Proof
Using the definition of sup , for S, there exists some con-
stant C > 0, such that:

sup|Er,osepf — Eof| < |ErjoserS —EpS|+C  (10)
f

It follows:

sup |ET10SEPf _EQf‘ < IETIOSEPS —ETloSeP|Csrc - Ctgl'
+ET1 oSeQ‘Csrc - Ctgf| - EQS| +C
(11)

Using triangle inequality, we get

< ET]OS€P|S_ Csrc| +C

+|ET0se0|Csre — crge| —E@S|+C

< C+ETIOSEP|S - Csrcl

+|ET] 0S€QCrgt — EQTZ‘ —|—EQ|T2 — S|

< C+ET| oSEP|S - CSFC|

—l—supf |ET1 oSle_ EQf| +EQ‘T2 — S|
(12)

supy |Eryosepf — Eof|



