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A. Theoretical Analysis
A.1. Proof of lemma 1

Lemma 1 If EP|S− csrc| ≤ C, C > 0, EQ|csrc− ctgt | ≤ λ1,
sup f |EP f −ET1◦S∈P f | ≤ λ2, for any f ∈ P,Q, λ1,λ2 > 0,
then there exists some constant C > 0, for any measurable
function f ∈ P,Q, f > 0,

EQ|T2− ctgt | ≤C+ |ET1◦S∈P f −EQ f |+EQ|T2−S|
+2sup f |ET1◦S(x)∈Q f −Ex∈Q f |
+2sup f |ET1◦T2(x)∈Q f −Ex∈Q f |

(1)

Proof

EQ|T2− ctgt | ≤ EP|S− csrc|+ |EQ|T2− ctgt |−EQ|S− csrc||
+|EQ|S− csrc|−EP|S− csrc||

(2)
Using triangle inequality,

|EQ|T2− ctgt |−EQ|S− csrc|| ≤ |EQ|T2− ctgt −S+ csrc||
≤ EQ|T2−S|+EQ|ctgt − csrc|

(3)
It follows:

EQ|T2− ctgt | ≤ EP|S− csrc|+EQ|T2−S|+EQ|ctgt − csrc|
|EQ|S− csrc|−EP|S− csrc||
≤C+λ1 +EQ|T2−S|
+|EQ|S− csrc|−EP|S− csrc||

(4)
Then, we focus on the analysis of the last term,

|EQ|S− csrc| − EP|S− csrc||
≤ sup f |EQ f −EP f |
≤ λ2 + sup f |ET1◦S∈P f −ET1◦S∈Q f |
+sup f |ET1◦S∈Q f −ET1◦T2∈Q f |
+sup f |ET1◦T2∈Q f −EQ f |

(5)
Since

|ET1◦S∈Q f −ET1◦T2∈Q f |
≤ |ET1◦S∈Q f −EQ f |+ |ET1◦T2∈Q f −EQ f | (6)

and

|ET1◦S∈P f −ET1◦S∈Q f |
≤ |ET1◦S∈P f −EQ f |+ |ET1◦S∈Q f −EQ f | (7)

Combining (5), (6), (7), we get

|EQ|S− csrc| − EP|S− csrc||
≤ λ2 + sup f |ET1◦S∈P f −EQ f |
+2sup f |ET1◦S∈Q f −EQ f |
+2sup f |ET1◦T2∈Q f −EQ f |

(8)

Substituting (8) into (4), the desired result follows.

A.2. Proof of lemma 2

Lemma 2 Assume ET1◦S∈P|csrc− ctgt | ≤ C, ET1◦S∈Q|csrc−
ctgt | ≤C, ET1◦S∈P|ctgt | ≤C, ET1◦S∈Q|csrc|<C, for some C >
0, then there exists some constant C > 0, such that for any
measurable function f > 0, and f ∈ P,Q,

sup f |ET1◦S∈P f −EQ f | ≤C+ET1◦S∈P|S− csrc|
+sup f |ET1◦S∈Q f −EQ f |
+EQ|T2−S|

(9)

Proof
Using the definition of sup f , for S, there exists some con-

stant C > 0, such that:

sup
f
|ET1◦S∈P f −EQ f | ≤ |ET1◦S∈PS−EQS|+C (10)

It follows:

sup f |ET1◦S∈P f −EQ f | ≤ |ET1◦S∈PS−ET1◦S∈P|csrc− ctgt |
+ET1◦S∈Q|csrc− ctgt |−EQS|+C

(11)
Using triangle inequality, we get

sup f |ET1◦S∈P f −EQ f | ≤ ET1◦S∈P|S− csrc|+C
+|ET1◦S∈Q|csrc− ctgt |−EQS|+C
≤C+ET1◦S∈P|S− csrc|
+|ET1◦S∈Qctgt −EQT2|+EQ|T2−S|
≤C+ET1◦S∈P|S− csrc|
+sup f |ET1◦S∈Q f −EQ f |+EQ|T2−S|

(12)


