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1. Converting (Int;,) and (Res;) into the form (1)
Firstly, recall that in the paper, the common form of the sub-problem is
min  max r;(x)
x€ER3 %
st. clx+d; >0 Vi,

where x are the variables of interest (3D coordinates or camera position—both 3D quantities in each sub-problem):

A;x+ b;
oy = I bl
c, x+d;
is the ¢-th pseudo-convex residual function, and
aT b, 1
A = [ iﬁl] e R?*3, b, = [“ ] €R? ¢, eR3 and d; € R
) bi,2
are constants.
1.1. From (Int;,) to (1)

In the paper, the intersection sub-problem (Inty) is defined as

) le»:QSk _|_t}:2

min max 55
J stk + tj

p

u;r —
S 75

st. Risp+t >0V

where

ul
Uk = [u%’k:| S R?

3.k

)

2

3)

(Inty)

“)

is the 2D reprojection of the k*" scene point s;, onto the j** image. Then, defining the following constants transfers (Inty,)

into the form of (1).
X =Sy,
ajy =uj R} - R},
a;f’:Q :uikR? — R?,
bi71 :u;’kt;’ — t},
bi,2 :uikt? - t?,
ciT :R;fsk + t?, and

d; =t3.
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1.2. From (Res;) to (1)

The resection sub-problem (Res;) is defined as

RJl:QSk _|_t]12
min max 3. 1 3
k stk + tj

ujr —
t; 7

p
st. Risp +t5 >0 Vk,

where u; ;. has the same definition as in (4). Then, defining the following constants transfers (Res;) into the form of (1).

b2 =u’ Ris; — Risy,
¢/ =[0,0,1], and
d; :R?sk.
2. Gradient formula
2.1. Gradient of residual function when p = 2
As seen in (2) above, if p = 2, the residual function becomes

\/(a;'1:1x +bi1)? 4 (2] yx + b 2)?
CZTX +d;

ri(x) =

Let
g(x) = (a;flx +b1)? + (a%x + by)?,

then (7) becomes

N|=

9(x)

X+dl’.

ri(x) = .

g

Then by the quotient rule, the partial derivative of r;(x) w.r.t. z; is

ori(x)  og(x)7% - U (eTx 4+ d;) — g(x)3c]

oxi (cIx +d;)?

By (8),

dg(x)
oxJ

=2(a];x +bi)al; +2(afx + by)a],
Substituting (11) into (10) yields

Ori(x) _ 590073« B - (cfx +d) — g(x)Ec]

oxJ (Ci X + d,)
_ 3x9() 7 (efx 4 di) - [2(afix + bi)al, +2(alyx +ba)al,] — g(x)ic]
B (ch +d;)?
9077 (e x + i) - [(@fyx + bi)al + (al,x +bo)al,] — g(x)2¢]
B (cI'x +d;)? ’

(RCS]’)

(6)

(7

®)

9

(10)

an

12)
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such that the gradient of r;(x) when p = 2 is

Ir; (x)
Tox1 1
o | 90972 - (el x +di) - [(alix + br)aia + (al,x + bo)aig] — g(x)%c;
Vri(x) = x| = : ’ (13)
Ox (eFx + d;)?
ori(x) '
ox3

Nl

2.2. Gradient of residual function when p = 1

If p = 1, the residual function (2) becomes

_ |af 1 x + bi| + |a]x + b o

i ) 14
T (X) C;TX i dZ ( )
which is the maximum over the following four terms:
1 (al1x 4 bi1) + (af ox + bi2)
' C;»TX + dz ’
9 (al1x +bi1) — (afox + b;2)
' cI'x+d; ’
T T (15)
3 —(aj1X +b;1) + (8j5x + b;2)
. cI'x+d; ’
4 —(al 1 x +bi1) — (afx + bi2)
' CZTX —+ di ’
thus is a linear fractional function of x in the form of
T
q; X+ v
i(X) = %, 16
i) = v a (16)

where q7 € R3 and v; € R is determined by which term in (15) is largest. Therefore, the gradient of r;(x) when p = 1 is

(cFx+d;)q; — (ol x + vi)c;

Vr — 17
rilx) (cTx + d;)? an
2.3. Gradient of residual function when p = oo
When p = oo, the residual function (2) becomes
T T
max(|a; ;x + b; 1], |a; ox + b;
m(x) _ (| 1 = ,1| | 2 ,2|)’ (18)
C; X+ d;
which, similar to (15), is the maximum over four terms:
al'x+b1 —al,x+b1 al,x—+bo —al,x+b;
Ti(X) _ max( 7,1 7,1 2,1 7,1 1,2 4,2 1,2 7,2 )7 (19)

ClTX—l-di ’ ClTX—l-di ’ CZTX—Fdi ’ CZTX—Fdi

thus is a linear fractional function of x in the same form with (16), and the gradient of 7;(x) when p = oo is therefore
formulated by (17) as well.

3. Proof of Lemma 2

Lemma 2 says:“Given a descent direction X for a function f(x) at X, the larger (A, —V f (X)) is, the faster f(x) is reduced
along the direction X 4+ a for o > 0”.
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Proof. By the definition of gradient, for a positive «,

such that

~Vf()'x = lim

a—0t «

If we have 2 descent directions A; and Ao that satisfy
~Vi@) A > -V f(x)" g,
then

Vi) A — Vi)

pn J@H A = f@) Lt ad) = f(@)

a—0t « a—0t [0}
_ iy LA —f@heh)
a—0t «

which yields the conclusion
flz+aX) < flz+ aXy),

for any sufficiently small positive a.

(20)

ey

(22)

(23)

(24)
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