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Abstract
This note contains the appendices of the paper Surface Networks.

A The Dirac Operator

The quaternions H is an extension of complex numbers. A quaternion ¢ € H can be represented in
a form ¢ = a + bi + ¢j + dk where a, b, ¢, d are real numbers and ¢, j, k are quaternion units that
satisfy the relationship i? = j2 = k2 = ijk = —1.
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As mentioned in Section 3.1, the Dirac operator used in the model can be conveniently repre-
sented as a quaternion matrix:

—1
P00 = 514y]
where ¢; is the opposing edge vector of node j in the face f, and Ay is the area, as illustrated in Fig.
A, using counter-clockwise orientations on all faces.
The Deep Learning library PyTorch that we used to implement the models does not support

quaternions. Nevertheless, quaternion-valued matrix multiplication can be replaced with real-valued
matrix multiplication where each entry ¢ = a + bi + ¢j + dk is represented as a 4 x 4 block

ej, feFjeV,

a —-b —c —d
b a —d c
c d a —b

d —c b a
and the conjugate ¢* = a — bi — ¢j — dk is a transpose of this real-valued matrix:

a b c d
—b a d —c
—c —d a b
—d c —b a



B Theorem 4.1
B.1 Proof of (a)

We first show the result for the mapping = — p (Axz + BAx), corresponding to one layer of .
By definition, the Laplacian A of M is

A = diag(A)"H (U - W),

where A; is one third of the total area of triangles incident to node j, and W = (w;_;) contains the
cotangent weights [9], and U = diag(W1) contains the node aggregated weights in its diagonal.
From [4] we verify that

IU-W| < V2max{ [U2+U;Y Ujw;; )
1 ’LNJ
< 2V2supw; jsupd,
i j
S 2\/§C0t(amin)dmax )

where d; denotes the degree (number of neighbors) of node j, amin is the smallest angle in the
triangulation of M and Sp,y the largest number of incident triangles. It results that

cot (amin ) Shax
inf j ./Zl j

which depends uniquely on the mesh M and is finite for non-degenerate meshes. Moreover, since
p(+) is non-expansive, we have

llp(Az + BAx) — p (Az' + BAZ')||

A <C =L,

|A(z —2") + BA(z — 2)|| )

<
< (1Al + Bl La)llz — 2] -

By cascading (2) across the K layers of the network, we obtain

le(M;2) = @(M;a)|| < | T (ARl + IBxlIZae) | llz — 2],

k<K

which proves (a). O

B.2 Proof of (b)
The proof is analogous, by observing that || D|| = /||A|| and therefore

ID|| <vLm. O

B.3 Proof of (¢)

To establish (c) we first observe that given three points p, ¢, € R3 forming any of the triangles of
M?

Ip—al’ (1= |V7lw)?  <lr®)—7@I° < lp—all’(1 +|V7|w)? 3)
Ap,q,7)*(1 = |V7]ecClma — 0(|VT|s?) < A(T(D),7(q),7(r)? < AP, 7)*(1 + | V7| Cpa + 0o(| V7|02 Y3



Figure 1: Triangular mesh and Cotangent Laplacian (figure reproduced from [2])

Indeed, (3) is a direct consequence of the lower and upper Lipschitz constants of 7(u), which are
bounded respectively by 1 — |V 7| and 1 + |V7|s. As for (4), we use the Heron formula

A(p,q;r)* = s(s = llp = all)(s = llp = r[)(s = [Ir = all),

with s = Z(|[p—q||+[lp—r||+|/r —q||) being the half-perimeter. By denoting s, the corresponding
half-perimeter determined by the deformed points 7(p), 7(q), 7(r), we have that

sr—=I7(p) =7(@)|| < s(1+|VT|eo) = lp—ql(1—=|VT|so) = s—lp—ql|+|VT|oc (s +|lp—ql|) and

sr—7(p) = TP = s(1 = |VT|) = lp = all(1 +|VT|oe) = s = lp—qll = [VT]oc(s + lp—qll) ,

and similarly for the || — ¢|| and || — p|| terms. It results in

+lp—dal , stllp—rl , s+lr—dl 2
A(r(p), 7(q), 7(r))* > A,,r2[1—VTOO<1+S + + —0(|VT|so
> Apg:r)? [1 = CVrlmag? = o[ 9717)|

= min
and similarly
A(r(p), 7(a), 7(r))* < Alp, ¢,7)? [1 +CIV7|cagi — o(lvflooz)} :
By noting that the cotangent Laplacian weights can be written (see Fig. 1) as

G+ O G G+,
A(i, j, k) A(i,j,h)

wij =

we have from the previous Bilipschitz bounds that

min min

_ R Ry S R - Ry S RN
T(wi ;) < w; [1 — C’|VT|OOO¢_2] 1—|—2|VT|Oo [1 - C|VT|ooa_2] ! ( W ik _ ik y____jh * “ih ,

Ali, j, k) A, j, h)

- [+ 2+, +
7(wig) 2 wig [1+ CIVTIcoga] =27 [1+ C|Vr| 0] 1( Il e e )

Ali, j, k) A, j, h)

which proves that, up to second order terms, the cotangent weights are Lipschitz continuous to
deformations.



Finally, since the mesh Laplacian operator is constructed as diag(A)~1(U — W), with A; ; =
3 > k(i kyer Al k), and U = diag(W1), let us show how to bound [|A — 7(A)]| from
Aii(1 = am|V7lo = 0(| V7)) < 7(Ais) < Ais(1 4 am|V7loo +0(|VT]?)  (5)
and
wij (1= Bu|VT|oe = 0(1V7]oe”)) < T(wij) < wii(1+ Bt V7l +0(|V75%)) . (6)

Using the fact that A, 7(.A) are diagonal, and using the spectral bound for k x m sparse matrices

from [3], Lemma 5.12,
l
VI <max Y iy (ZI%—I) ,
33 Yi, ;70 r=1
the bounds (5) and (6) yield respectively
7(A) = A +e;), with |le;]| = o(|VT|s) , and
T(U-W) = U-W+n,, with ||n;]| = o(|]VT|0) -
It results that, up to second order terms,
[A=rA)] = |[r(A) (W) =r(W)) - AN U - W)

- [ w0 )|

H (1 I o(|v7|oo2)) A YU =W +n,) - AU - W)H
= |leeA+ A .| + o(|V7|”)
= o(|7|s0)

which shows that the Laplacian is stable to deformations in operator norm. Finally, by denoting z.,
a layer of the deformed Laplacian network

Z, = p(Az + Br(A)x)

it follows that

|2 —2-| < [B(A-7(A)z| Q)
< ClB|[IVTloolla]l - ©)
Also,
12 =3[l < Al —y) + B(Az —7(A)y)|
< ([AI+[IBITADIz = yll + 1A = 7(A) |||
< A+ IBIIAI Iz =yl + CIV 7o [l ©)
D S T

and therefore, by plugging (9) with y = 2, K layers of the Laplacian network satisfy

[@(z; A) = @(z; (A < II s lz=a 1+ > II6GN80) | VTl

JSK-1 J<K—-135'<j

< |c II e B+ > TI66"%0) || IVrl<lzl. O.

J<K-1 J<K—-14'<j



B.4 Proof of (d)

The proof is also analogous to the proof of (c), with the difference that now the Dirac operator is no
longer invariant to orthogonal transformations, only to translations. Given two points p, g, we verify
that

lp—q—7p) — 1@l < |7l llp—dll

which, following the previous argument, leads to

1D — r(D)|| = o(|7]...) - (10)

C Theorem 4.2
C.1 Proof of part (a)

The proof is based on the following lemma:

Lemma C.1 Let x,yn € H(Mpy) such thatV N, |lzn||n < ¢|lyn|n < ¢ Letxny = En(an),
where En is the eigendecomposition of the Laplacian operator Ay on My, , with associated
eigenvalues A1 ... \n in increasing order. Let v > 0 and (8 be defined as in (??) for x and yn. If
B> 1land||lxny —yn|| < eforall N,

AN (zn —yn)|? < CE 772 | (11)

where C'is a constant independent of € and N.

One layer of the network will transform the difference x; — x5 into p(Ax1 + BAz1) — p(Azs +
BAzy). We verify that

lp(Azy + BAz1) — p(Azy + BAzs)|| < [|Allflz1 — 22|l + [[ B[ Az — 22)]] -

We now apply Lemma C.1 to obtain

B—1
lo(Awy + BAw) — plAzs + BAz)| < [[Allles -z + C|Bler — w77
B—1 —1
< ller 2l 5 (Al — 220507 + 0 BY)
B—1
< C(IAl+ Bl — o757

where we redefine C' to account for the fact that |21 —2||2*~1) " is bounded. We have just showed
that
o™ = V) < frllat” — 287 (12)

with f,. = C(||A|| + || B||) and g, = [5_771}2 By cascading (12) for each of the R layers we thus
obtain

[Pa(z1) = Palz2)]| <

R
HfT 7‘/>7‘g7'/‘| Hxl 71,2HH?’:19T , (13)

r=1

which proves (??) [J.



Proof of (11): Let {ey,...,en} be the eigendecomposition of A . For simplicity, we drop the
subindex NN in the signals from now on. Let (k) = (x, ex) and Z(k) = Ax&(k); and analogously
for y. From the Parseval identity we have that ||z||? = ||2]|%. We express [|A(x — y)]| as

1A —y))? =D A(E(k) — §(k))> . (14)
k<N

The basic principle of the proof is to cut the spectral sum (14) in two parts, chosen to exploit the
decay of Z(k). Let

Zk’Zk Z(k)? _ Zk’zk Z(k)? _ Zk’>k i (k)? <1
I3, >p T(k)? Sw (k)2 T

and analogously for y. For any cutoff k£, < N we have

F(x)(k) =

1A=l = 3 XE@EE) = 0) + 37 N @E) - g(k)?
K<k, k> ke
< )\2 4 2(F () (k) |21, + Fw) (k) lyl3)
< ML+ 2F (k) (|23, + lyll3,)
< AL +4F(k,)D?, 15

where we denote for simplicity F'(k.) = max(F(x)(k«), F(y)(ks)). By assumption, we have
A2 < k* and
k) < Z E20=P) ~ p1H20v-0)
k' >k

By denoting § =  — y — 1/2, it follows that
|A@ =) $ @R + 4D (16)
Optimizing for k, yields

22vk21 =1 — 934 D%% =21 = 0, thus

275725
ks = |:4ﬁD:| " . a7

€
By plugging (17) back into (16) and dropping all constants independent of /V and e, this leads to

. 1
HA(Q: - y)|l2 ,S 62 VB = 52_ 5711/2 ,

which proves part (a) L.

C.2 Proof of part (b)

We will use the following lemma:

Lemma C.2 Let M = (V, E, F) is a non-degenerate mesh, and define

A, 024 0%+ 02
m(M) = sup , m2(M) = sup I L k

———, \M) = pin - (18)
(i,5)eE A (i,j,k)EF A(i, j, k) M)



Then, given a smooth deformation T and x defined in M, we have
[(A = 7(A))z[| < C|VT|o[[Az] (19)
where C' depends only upon 11, 12 and 1s.

In that case, we need to control the difference p(Az + BAzx) — p(Ax + B7(A)x). We verify
that
lp(Az + BAz) — p(Az + Br(A)x)|| < ||BI[[[(A = 7(A))z]| .
By Lemma C.2 it follows that ||(A — 7(A))z|| < C|VT|w||Az|| and therefore, by denoting xil) =
p(Ax + BAx) and :rél) = p(Az + B7(A)x), we have
1 1
ot = 5" < CIVrlaoll Azl = €IV T|so ]2 (20)
By applying again Lemma C.1, we also have that
JAat? —r(A)z] = Az — (A +7(8) - Ay
|G —a5") + (r(8) = M)z
B1—1
Cllat? = 25 |77 + |Vrloo 25 1

B1—1

C|VT|o =172 |

IN

A

which, by combining it with (20) and repeating through the R layers yields

R

B (2, M) — a2, 7(M)]| < C|Vr| Il 57 @1

which concludes the proof [.
Proof of (19): The proof follows closely the proof of Theorem ??, part (c). From (5) and (6) we
have that

7(A) = A(I+G,), with |G| < C(m2,73)|VT|eo ,and
TU-W) = A+ H;)(U-W), with |H;|eo < C(n2,13)|VT| -
It follows that, up to second order o(|V'7|s>) terms,
T(A) - A T(A) T (U) = 7(W)) = AN (U = W)
= (AR +G) I+ H)U = W) - AU - W)
~ A'H.(U-W)+G,A. (22)

By writing A7 H, = I?T/I*l, and since A is diagonal, we verify that

7 -Ai,i

HTi':HTi' ,.th
(i = ()i 5 v

Aii < 1, and hence that

AT H (U = W) = Hy A, with [Hy|oo < Cl1,72,73) V7o - (23)
We conclude by combining (22) and (23) into
[(A—=7(A)zll = G-+ Hr)Az
Cl(n177727773)‘V7—‘00”Ax” )

IN

which proves (19) (I



C.3 Proof of part (c)

This result is a consequence of the consistency of the cotangent Laplacian to the Laplace-Beltrami
operator on S [9]:

Theorem C.3 ([V], Thm 3.4) Let M be a compact polyhedral surface which is a normal graph
over a smooth surface S with distortion tensor T, and let T = (det TY2T =1, If the normal field
uniform distance d(T,1) = || T — 1| oo satisfies d(T,1) < ¢, then

[Am —Ag|l <e. 24)
If A pq converges uniformly to Ag, in particular we verify that

[l ) = Nzll3s) -

Thus, given two meshes M, M’ approximating a smooth surface .S in terms of uniform normal
distance, and the corresponding irregular sampling 2 and 2’ of an underlying function Z : S — R,
we have

lp(Az + BApz) — p(Az’ + BApea")|| < || Allllz — 'l + [ Bl Apa — Anea’]| . (25)
Since M and M’ both converge uniformly normally to S and Z is Lipschitz on S, it results that
|z —z|| < Le, and 2" — z|| < Le,

thus ||z — 2’| < 2Le. Also, thanks to the uniform normal convergence, we also have convergence
in the Sobolev sense:
lz = Zlls S e, 2" = Zlln Se,

which implies in particular that

lz—a'lly Se. (26)
From (25) and (26) it follows that
|p(Az + BApmz) — p(Az’ + BAsex)|| < 2||A||Le + (27)
+||BH||AM$—Asf—i—Asf—AM/fElH
< 2e( AL+ IB]) -

By applying again Lemma C.1 to & = p(Ax + BAyx), ' = p(Ax’ + BA '), we have
_ -y _ JUP S et _B1—=1
I - &l < Cll& - # |5 S e

We conclude by retracing the same argument as before, reapplying Lemma C.1 at each layer to
obtain

1 pi(z) — Pap ()| < Cdl=m=m . O,



D Proof of Corollary 4.3

We verify that
lp(BAz) — p(Br(A)r ()| < [|B[|Az —7(A)7(z)|
< IBllflA(z = 7(x)) + (A = 7(A))(r(2))]]
< [IBl([A(z = 7(@)] + (A = 7(A)) (7 ()] -

The second term is o(| V7| ) from Lemma C.2. The first term is
lz = 7(@)ll < AT =)zl < V27|l

where || V27| is the uniform Hessian norm of 7. The result follows from applying the cascading
argument from last section. [J



E Preliminary Study: Metric Learning for Dense Correspon-
dence

As an interesting extension, we apply the architecture we built in Experiments 6.2 directly to a dense
shape correspondence problem.

Similarly as the graph correspondence model from [8], we consider a Siamese Surface Network,
consisting of two identical models with the same architecture and sharing parameters. For a pair
of input surfaces My, M5 of Ny, N, points respectively, the network produces embeddings F; €
RN1xd and Fy € RN2*4, These embeddings define a trainable similarity between points given by

e<E1,i7E2,j>

> Eay 28)

Sij =

which can be trained by minimizing the cross-entropy relative to ground truth pairs. A diagram
of the architecture is provided in Figure 2.

In general, dense shape correspondence is a task that requires a blend of intrinsic and extrinsic
information, motivating the use of data-driven models that can obtain such tradeoffs automatically.
Following the setup in Experiment 6.2, we use models with 15 ResNet-v2 blocks with 128 output
features each, and alternate Laplace and Dirac based models with Average Pooling blocks to cover
a larger context: The input to our network consists of vertex positions only.

We tested our architecture on a reconstructed (i.e. changing the mesh connectivity) version of the
real scan of FAUST dataset[|]. The FAUST dataset contains 100 real scans and their corresponding
ground truth registrations. The ground truth is based on a deformable template mesh with the same
ordering and connectivity, which is fitted to the scans. In order to eliminate the bias of using the
same template connectivity, as well as the need of a single connected component, the scans are
reconstructed again with [5]. To foster replicability, we release the processed dataset in the additional
material. In our experiment, we use 80 models for training and 20 models for testing.

Since the ground truth correspondence is implied only through the common template mesh, we
compute the correspondence between our meshes with a nearest neighbor search between the point
cloud and the reconstructed mesh. Consequently, due to the drastic change in vertex replacement
after the remeshing, only 60-70 percent of labeled matches are used. Although making it more chal-
lenging, we believe this setup is close to a real case scenario, where acquisition noise and occlusions
are unavoidable.

Our preliminary results are reported in Figure 3. For simplicity, we generate predicted cor-
respondences by simply taking the mode of the softmax distribution for each reference node ¢:
j(z) = argmax; s; ;, thus avoiding a refinement step that is standard in other shape correspondence
pipelines. The MLP model uses no context whatsoever and provides a baseline that captures the
prior information from input coordinates alone. Using contextual information (even extrinsically
as in point-cloud model) brings significative improvments, but these results may be substantially
improved by encoding further prior knowledge. An example of the current failure of our model is
depitcted in Figure 5, illustrating that our current architecture does not have sufficiently large spatial
context to disambiguate between locally similar (but globally inconsistent) parts.

We postulate that the FAUST dataset [1] is not an ideal fit for our contribution for two reasons:
(1) it is small (100 models), and (2) it contains only near-isometric deformations, which do not
require the generality offered by our network. As demonstrated in [7], the correspondence perfor-
mances can be dramatically improved by constructing basis that are invariant to the deformations.
We look forward to the emergence of new geometric datasets, and we are currently developing a
capture setup that will allow us to acquire a more challenging dataset for this task.
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Surface Networks

Surface Networks
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Q) m1_2(v) := argmax (Fy),E3

/

Figure 2: Siamese network pipeline: the two networks take vertex coordinates of the input models
and generate a high dimensional feature vector, which are then used to define a map from M; to
M. Here, the map is visualized by taking a color map on M, and transferring it on M,

4

Reference

Ground Truth

aaaaaaaaaaaa

Laplace MLP

Figure 3: Additional results from our setup. Plot in the middle shows rate of correct correspondence
with respect to geodesic error [6]. We observe that Laplace is performing similarly to Dirac in this
scenario. We believe that the reason is that the FAUST dataset contains only isometric deformations,
and thus the two operators have access to the same information. We also provide visual comparison,
with the transfer of a higher frequency colormap from the reference shape to another pose.
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Figure 4: Heat map illustrating the point-wise geodesic difference between predicted correspon-
dence point and the ground truth. The unit is proportional to the geodesic diameter, and saturated at

A

Figure 5: A failure case of applying the Laplace network to a new pose in the FAUST benchmark
dataset. The network confuses between left and right arms. We show the correspondence visualiza-
tion for front and back of this pair.
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F Further Numerical Experiments

Ground Truth AvgPool Laplace Dirac

ANDNMNASNS
adl o N o BN o B o
r» r r rr
VB S S B
» -~ P ror

Figure 6: Qualitative comparison of different models. We plot 1th, 10th, 20th, 30th and 40th pre-
dicted frame correspondingly.

13



Ground Truth AvgPool Laplace Dirac
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Figure 7: Qualitative comparison of different models. We plot 1th, 10th, 20th, 30th and 40th pre-
dicted frame correspondingly.
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Ground Truth AvgPool Laplace Dirac
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Figure 8: Qualitative comparison of different models. We plot 1th, 10th, 20th, 30th and 40th pre-
dicted frame correspondingly.
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Ground Truth AvgPool Laplace Dirac
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Figure 9: Qualitative comparison of different models. We plot 1th, 10th, 20th, 30th and 40th pre-
dicted frame correspondingly.
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Ground Truth Laplace Dirac

e
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Figure 10: Dirac-based model visually outperforms Laplace-based models in the regions of high
mean curvature.
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Figure 11: From left to right: Laplace, ground truth and Dirac based model. Color corresponds to
mean squared error between ground truth and prediction: green - smaller error, red - larger error.
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Figure 12: From left to right: set-to-set, ground truth and Dirac based model. Color corresponds to
mean squared error between ground truth and prediction: green - smaller error, red - larger error.
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